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Foreword

As Lord Kelvin was renowned for saying – “to measure is to know” – and indeed pre-
cision measurement is one of the most challenging and fundamentally important areas of
experimental physics.

Over the past century technology has advanced to a level where limitations to preci-
sion measurement systems due to thermal and quantum effects are becoming increasingly
important. We see this in experiments to test aspects of relativity, the development of more
precise clocks, the measurement of the Gravitational Constant, experiments to set limits on
the polarisation of the vacuum, and the ground based instruments developed to search for
gravitational radiation.

Many of these experimental areas use laser interferometry with resonant optical cavities
as short term length or frequency references, and thermal fluctuations of cavity length
present a real limitation to performance. This has received particular attention from the
community working on the upgrades to the long baseline gravitational wave detectors,
LIGO, Virgo and GEO 600, the signals from all likely sources being at a level where
very high strain sensitivity – of the order of one part in 1023 over relevant timescales – is
required to allow a full range of observations. Research towards achieving such levels of
strain measurement has shown that the thermal fluctuations in the length of a well designed
resonant cavity are currently dominated by those due to mechanical losses in the dielectric
materials used to form the multi-layer mirror coating used, with the fluctuations of the
mirror substrate materials also playing an important part.

Now that the importance of thermal noise in coatings and substrates is of clear importance
in a range of precision experiments using optical cavities, it is very timely that a book be
dedicated to these issues, and that the theoretical and experimental physicists at the forefront
of their field from many laboratories around the world, have collaborated together in writing
this.

The book is unique in that it ranges from discussions of the theoretical basis of thermal
noise in mirrors and substrates, through the technology of depositing coatings and the
techniques for measuring mechanical loss and thermal noise to the importance of this noise
source in a range of applications. The real challenge of bringing this about will become

xi



xii Foreword

very clear to the reader as will the rewards to be gained in areas such as precision timing
and gravitational wave detection, these areas being well described by another quotation of
Lord Kelvin – “When you are face to face with a difficulty, you are up against a discovery.”

Professor James Hough, Kelvin Professor of Natural Philosophy,
University of Glasgow, January 2011



Preface

Dedicated to Robert Kirk Burrows

In 1999, I was a young postdoc moving to Syracuse University to work on LIGO, which
had been a dream of mine since I was first introduced to gravitational wave detection as
an undergraduate in Kip Thorne’s class at Caltech. I had done my PhD in gravitational
wave detection, but using the older technology of resonant masses rather than LIGO’s laser
inteferometry. I was concerned that my background would not prove appropriate. I soon
found a common issue, thermal noise, that I was able to focus on. Beyond just a good fit for
me, thermal noise was actually a topic in flux within LIGO at the time. A talented young
theorist at Caltech named Yuri Levin had just shown that the optical coatings on the LIGO
mirrors could well contribute much more thermal noise than anyone had anticipated. What
was missing were realistic numbers to plug into Yuri’s formulas to see just how big of an
impact coating thermal noise might have. This became one of my principal roles in LIGO,
as part of a group of experimentalists interested in this question at Stanford, Glasgow, as
well as Syracuse and other collaborating institutions.

Since then, we in LIGO have found that coating thermal noise is a very important limit
to sensitivity, and we have engaged in over a decade of theoretical, experimental, and
modeling work to better understand and reduce it. One of the key difficulties was that
we had to engage coating thermal noise within the strict limits of optical performance, as
LIGO coatings also have to satisfy some of the strictest specifications on optical absorption,
scatter, uniformity on a large scale, and other more conventional optics concerns. In the
last few years, I started to see that other precision measurement fields were also hitting the
same coating thermal noise limit.

Collaboration between fields on coating thermal noise started with a discussion in a
bar in Harvard Square between myself and Markus Aspelmeyer, having been introduced
by Professor Nergis Mavalvala whose research interests overlap with both of ours. I saw
that a workshop on coating thermal noise involving researchers from many precision
measurements fields as well as coating technologists, optical engineers, and others could
be mutually beneficial. We held this workshop in March of 2008, and it is still accessible
on the web at http://www.ligo.mit.edu/∼gharry/workshop/workshop.html.
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xiv Preface

Finally, this book came out of late night conversations with my graduate school roommate
and friend, Kirk Burrows, during our annual vacations on North Carolina’s Outer Banks.
He would always encourage me to write a book, so after the workshop had proved a success
and the opportunity with Cambridge University Press presented itself, I decided the time
was right. All of us who have worked to make this book happen hope it proves valuable
to both those currently in the trenches battling coating thermal noise and all the other
coating issues discussed herein, but also to researchers in new fields just coming up to these
limitations.

This book, like any book, is the result of many people’s hard work, inspiration, dedica-
tion, and collaboration. The editors and authors would like to especially thank Matt Aber-
nathy, Juri Agresti, Warren Anderson, Craig Benko, Eric Black, Birgit Brandstätter, Aidan
Brooks, Gianpietro Cagnoli, Christof Comtet, Rand Danenberg, Carly Donahue, Raffaele
Flaminio, Ray Frey and the entire LIGO Scientific Collaboration Publication and Presen-
tation Committee, Daniel Friedrich, Peter Fritschel, Eric Gustafson, Ramin Lalezari, Yige
Lin, Jean-Marie Mackowski, Andrew McClung, John Miller, Nazario Morgado, Mark Not-
cutt, Laurent Pinard, Takakazu Shintomi, David Shoemaker, Matthew Swallows, Toshikazu
Suzuki, Takashi Uchiyama, Akira Villar, Stephen Webster, Valerie Williams, Dal Wilson,
Hiro Yamamoto, and the post-graduate class in Advanced Electromagnetics at the Univer-
sity of Sannio for useful input and feedback on chapter drafts. Some material in this book
is based upon work supported by the United States National Science Foundation under
grants 0757058 and 0970147. Any opinions, findings, and conclusions expressed in this
material are those of the authors and do not necessarily reflect the views of the National
Science Foundation. We would also like to thank the Italian National Institute for Nuclear
Physics (INFN) for financial support.



1

Theory of thermal noise in optical mirrors

yuri levin

1.1 Introduction

Mechanical and optical thermal noises play an important role in many precise optome-
chanical experiments, in which positions of test bodies are monitored by laser beams.
Much of the initial experimental and theoretical research in this area was driven by the
physics of gravitational-wave interferometers, where thermal fluctuations are expected to
be the dominant source of noise in the frequency band between about 10 and 100 Hz
(Harry et al., 2002) (see Chapter 14). Recently, it has become clear that controlling ther-
mal noise will be key in several other fields, notably in designing laser cavities with
higher frequency stability (Numata et al., 2004) (see Chapter 15), in reaching the quantum
limit in macroscopic opto-mechanical experiments (Kippenberg and Vahala, 2008) (see
Chapter 16), and in cavity QED experiments (Miller et al., 2005) (see Chapter 17). In this
chapter we review the statistical-mechanics formalism which is used to theoretically calcu-
late mechanical and optical thermal noise. For completeness, we also add a discussion of
another important limitation in mechanical measurements, the so-called Standard Quantum
Limit.

1.2 Theory of mechanical thermal noise

The theory of time-dependent thermodynamical fluctuations has been extensively devel-
oped for the past century. One of the fundamental results in this field is the Fluctuation–
Dissipation Theorem, which was originally formulated by Callen and Welton (1951).
Callen and Welton’s insight was that the intensity of random fluctuation in some macro-
scopic degree of freedom x̂ of the thermodynamic system was proportional to the strength
with which x̂ was coupled to the microscopic degrees of freedom of the heat bath. Since
the same coupling is responsible for damping of motion in x̂, one obtains a proportionality
relation between the microscopic thermal fluctuations of the quantity x̂ and the damping
coefficient for the macroscopic motion when x̂ is driven externally. For optomechanical
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2 Y. Levin

experiments, x̂ is typically an integrated quantity over a mirror surface. For example, in
experiments with a test mass position readout by a laser, x̂, is given by

x̂ =
∫
f (�r)x(�r, t)d2r. (1.1)

Here �r is the location of a point on the test-mass’ mirror surface, and x(r, t) is the dis-
placement of the mirror along the direction of the laser beam at point �r and time t .
The form factor f (�r) depends on the laser beam profile and is proportional to the laser
light intensity at the point �r (Gillespie and Raab, 1995); it is usually normalized so that∫
f (�r)d2r = 1.
The Fluctuation–Dissipation Theorem is then applied to the variable x̂ by performing a

mental experiment (Levin, 1998) consisting of the following three steps.

� Apply an oscillatory pressure P (�r, t) = F0 cos(2πf t)f (�r) to the face of the test mass.
This is equivalent to driving the system with an external interaction Hamiltonian Hint =
−F0 cos(2πf t)x̂.

� Work out the average power, Wdiss, dissipated in the test mass under the action of this
oscillatory pressure.

� Compute the spectral density of fluctuations in x̂ from

Sx̂(f ) = 2kBT

π2f 2

Wdiss

F 2
0

, (1.2)

where kB and T are the Boltzmann’s constant and the temperature of the mirror respec-
tively, and f is the frequency at which the spectral density is evaluated.

This method is straightforward to use. Once the dissipative processes are understood, the
calculation reduces to a problem in elasticity theory (Levin, 1998; Bondu et al., 1998) and,
in the case of thermoelastic noise (see Section 1.3 and Chapter 9), time-dependent heat
flow (Braginsky et al., 1999; Liu and Thorne, 2000). For the important case of so-called
structural damping (Saulson, 1990),

Wdiss = 2πfUmaxφ(f ), (1.3)

whereUmax is the energy of elastic deformation at a moment when the test mass is maximally
contracted or extended under the action of the oscillatory pressure, and φ(f ) is the loss
angle characterising the dissipation. If the frequency band being measured is well below
the normal modes of the test mass (as is often the case in gravitational wave detectors,
see Chapter 14, frequency stabilization, see Chapter 15, and cavity QED experiments,
see Chapter 17) one can assume constant, non-oscillating pressure P (�r) = F0f (�r) when
evaluating Umax. On the other hand, in many microscopic opto-mechanical experiments
the detection frequencies are comparable to mechanical resonance frequencies, such as
discussed in Chapter 16, and one needs to solve a time-dependent elasticity problem in
order to find Umax.
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For the case of structural damping, and for frequencies much smaller than the mechanical
resonant frequencies of the system, the thermal noise is approximately given by (Harry et al.,
2002)

Sx̂ = 2kBT√
π3f

1 − σ 2

Ywm

[
φsubstrate(f ) + 1√

π

d

wm
Aφcoating(f )

]
, (1.4)

where

A = Y ′2(1 + σ )2(1 − 2σ )2 + Y 2(1 + σ ′)2(1 − 2σ ′)
YY ′(1 − σ ′2)(1 − σ 2)

. (1.5)

Here Y and Y ′ are the Young’s moduli of the substrate and coating, respectively, σ and
σ ′ are their Poisson’s ratios, d is the coating thickness, wm is the radius where the field
amplitude of the Gaussian laser beam is 1/e, and φsubstrate and φcoating are the loss angles of
the substrate and the coating, respectively. This expression is valid when the beam size wm
is much smaller than the size of the mirror. When the latter approximation breaks down,
one can find a series solution (Bondu et al., 1998; Liu and Thorne, 2000) or an analytical
solution for the coating thermal noise contribution (Somiya and Yamamoto, 2009) for
axisymmetric configurations and use direct finite-element methods to calculate Umax for
cases without the axial symmetry (Numata, 2003). See also Chapter 4.

Of the two contributions on the right-hand side of Equation 1.4, the one from the coating
is projected to be the greater in most precision experiments. There are two essential reasons
why the contribution from the coating is so large. The first one is geometrical: the sources
of thermodynamically fluctuating random stress are spread out throughout the substrate
and the coating, but the ones near the coating are closer to the surface and thus have greater
effect on its displacement. This geometrical effect explains why the coating noise scales
as 1/w2

m while the structural substrate noise scales as 1/wm (Levin, 1998). The second
reason is that coating losses per volume are typically orders of magnitude greater than that
of the substrates (see Chapters 4 and 7). Several practical proposals on how to reduce the
unfavorable geometric factor have been investigated. The basic idea behind these proposals
is to either increase the effective beam size by reconfiguring its shape towards a flat-top
geometry or by working with higher-order cavity modes, see Chapter 13. Decreasing the
mechanical loss of the coating is a great challenge in thermal noise research, and is discussed
in Chapter 4. Other ideas for improving coating thermal noise are discussed in Chapters 6
and 8.

1.3 Theory of optical thermal noise

So far we have described mechanical thermal noise which appears due to small thermally
driven random changes of the mirror’s shape and results in random displacement of the mir-
ror’s surface. However, this description is not complete. Upon striking the mirror surface,
the light penetrates several wavelengths into the coating, before being completely reflected.
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The temperature within this skin layer of the coating is not constant, but fluctuates ther-
modynamically. These temperature fluctuations lead to random changes in the phase of the
reflected light via two physical effects.

� The mirror surface shifts randomly due to the coating’s thermal expansion. This is known
as the coating thermoelastic noise (Braginsky and Vyatchanin, 2003a; Fejer et al., 2004),
and

� The optical pathlength inside the coating changes randomly, due to the temperature
dependence of the coating’s index of refraction. This is known as the thermorefractive
noise (Braginsky et al., 2000).

The thermorefractive and thermoelastic noises are typically anti-correlated, which
reduces their impact on noise (Evans et al., 2008; Gorodetsky, 2008) and are discussed in
detail in Chapter 9 (see also Section 6.6). The theoretical evaluation of both of these noises
involves calculating the spectra of thermal fluctuations of temperature-dependent quantities
of the form

δT̂ (t) =
∫
q(�r)δT (�r, t)d3r. (1.6)

Here δT (�r, t) is the local fluctuation in temperature and q(�r) is the form factor proportional
to the local intensity of light and the thermo-refractive coefficient ∂n/∂T . A variation of
the Fluctuation–Dissipation Theorem has been devised that allows one to calculate directly
the spectral density ST̂ (f ) (Levin, 2008). The calculation proceeds via a mental experiment
similar to the one in the previous section. It consists of the following three steps.

� Periodically inject entropy into the medium, with the volume density of the entropy
injection given by

δs(�r)
dV

= F0 cos(2πf t)q(�r), (1.7)

where F0 is an arbitrarily small constant.
� Track all thermal relaxation processes in the system (e.g. the heat exchange between

different parts of the system) which occur as a result of the periodic entropy injection.
Calculate the total entropy production rate and hence the total dissipated power Wdiss

which occurs as a result of the thermal relaxation.
� Evaluate the spectral density of fluctuations in δT̂ from

Sx̂(f ) = 2kBT

π2f 2

Wdiss

F 2
0

. (1.8)

This formalism was instrumental in the calculation of total thermo-optical coating
noise (Evans et al., 2008). It is likely to be useful for computing thermorefractive noise in
experiments with non-trivial optical geometry, see Benthem and Levin (2009) for example.
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1.4 Standard quantum limit

There is another source of noise which places an important limitation on opto-mechanical
experiments. From the early days of quantum mechanics, it was clear that by precise
measurement of a test mass’ position one inevitably, and randomly, perturbs its momentum
in accordance with the Heisenberg uncertainty relation �p ≥ h̄/(2�x). Thus no matter
which measurement device one uses, one inevitably introduces a back-action noise into
the system; the higher the intrinsic precision of the measuring device, the greater the back-
action noise. One can express this mathematically via the uncertainty relation (Braginsky
and Khalili (1992))

Sx(f )SF (f ) − |SxF (f )|2 ≥ h̄2/4, (1.9)

where Sx(f ) is the spectral density of the intrinsic measurement noise, SF (f ) is the spectral
density of the back-action noise, and SxF (f ) is the spectral density of the correlation
between the measurement error and the back-action perturbation. For a vast majority of
measuring devices the cross-correlation term SxF is zero. Then the intrinsic and back-action
noises, added in quadrature, enforce a limit on how precisely the position of a test-mass can
be monitored. This is known as the standard quantum limit (SQL) (Braginsky and Khalili
(1992) and references therein). For a free test body of mass m, the SQL is given by

SSQLx (f ) = h̄

m(2πf )2
. (1.10)

As the coating noise is reduced due to technological progress, precision optical experiments
will reach the SQL. However, the SQL is not a fundamental limit and can be overcome by
using techniques of quantum optics which are capable of introducing correlations between a
measurement error and a back-action perturbation, see Section 11.3 for discussion. Practical
proposals exist on how to reach sensitivities below the SQL, see Kimble et al. (2001);
Buonanno et al. (2001).



2

Coating technology

shiuh chao

2.1 Introduction

The preparation and deposition of coatings can determine many of their basic properties.
This chapter discusses the major technologies for creating thin film coatings, with an
emphasis on those technologies most useful to precision measurement applications, as a
baseline for the other chapters to expand on. There are many types of optical coatings,
but we will be concerned with stacks of multi-layer thin films of dielectric materials with
different refractive indices and thicknesses. Through optical interference effects, various
optical functions can be achieved by properly selecting the materials and designing the layer
thicknesses. Traditionally, the major application of coatings has been in imaging systems,
including coatings on lenses, windows, and filters for purposes such as anti-reflection, band
passing, polarization selection, etc. (Macleod, 2010; Baumeister, 2004a). With the advent
of the laser and its diverse applications, high quality coatings for laser optics have become
in high demand. Dielectric mirror coatings, which are often used in active or passive optical
cavities, are particularly important.

The dielectric mirror is composed of a stack of thin films with pairs of alternating high
and low refractive index materials. Conventionally, each layer has a quarter wave of optical
thickness. Optical thickness is defined as dopt = dn, where d is the physical thickness of the
layer, and n is the refractive index of the coating material. Given this, a quarter wave layer
has dopt/λ = 1/4, where λ is the wavelength of light for which the coating is designed.
Reflectance of the mirror increases with the increasing number of pairs and the increasing
refractive index difference between the pair materials in general. For a quarter wave stack,
the reflectivity in air at normal incidence can be found from

r = 1 − ns (n1/n2)2p

1 + ns (n1/n2)2p , (2.1)

where r is the reflected field amplitude, ns is the refractive index of the substrate, n1 and
n2 are the refractive indices of the two coating materials, and p is the number of pairs of a
high and low index material in the coating.

Optical Coatings and Thermal Noise in Precision Measurement, eds. Gregory M. Harry, Timothy Bodiya and Riccardo DeSalvo.
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High-end applications for the mirror coatings all require that the coatings have low
optical losses, i.e. low absorption (see Chapter 10) and low scattering (see Chapter 11). In a
ring laser gyroscope, for example, extremely low backscattering (typically less than a few
ppm) in the mirror is required in order to avoid frequency lock-in so that low rotation rates
can be detected (Kalb, 1986). Furthermore, some additional applications now require low
thermal noise (see Chapter 5, 14–17). Beginning in the 1970s, researchers also intensively
studied laser induced damage stemming from optical coating losses in high energy laser
applications, such as laser ignition fusion (Stolz and Taylor, 1992).

In addition to low optical losses, narrow-band thin film filters composed of multiples of
half-wavelength thick films in between quarter wave stacks are required to have a narrow
pass-band width as low as sub-nm and to be environmentally stable while operating in the
field. These types of filters are critical for dense wavelength division multiplexing (DWDM)
technology in optical communication. These criteria impose high thickness control and
environmental stability requirements on the coatings (Takashashi, 1995). The stringent
requirements of high-end applications drove rapid progress in optical coating technology
since the 1970s. This chapter introduces coating methods, coating processes, and thin film
materials used in high-end coating technologies with the purpose of stimulating further
research and development activities on coatings for precision measurement.

2.2 Coating methods

Various coating methods have been developed to provide films with desired qualities such
as good optical characteristics, uniformity, precise thickness control, absence of stress and
defects, strong adhesion, ease of fabrication, large throughput, and low fabrication cost.
Among the many factors that affect the film qualities, one of fundamental importance is
the kinetic energy of the coating material atoms when impinging on the substrate prior to
condensation. Upon arriving at the substrate surface, the atoms need a sufficient amount of
energy to overcome the activation energy of various mechanisms to reach proper sites for
nucleation and growth. This will allow for a close-packed structure and good adhesion to
the substrate and the neighboring layer (Neugebauer, 1970; Ohring, 2002). In the following
sections, we shall introduce different coating methods, with emphasis on energetics.

2.2.1 Thermal evaporation

Thermal evaporation is the most commonly used coating method. Source material is heated
by resistance heating or by electron beam bombardment to either the sublimation or melting
point. The evaporants then condense on the substrate to form a thin film. Most compounds
do not evaporate to form films that have the same composition as the source material, and
various means for reactive evaporation or multiple single element source co-evaporations
need to be implemented to insure the correct stoichiometry for the films. The average kinetic
energy of the evaporant when impinging the substrate is the thermal energy at the melting
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point, typically of the order of 10−1 eV. This is a relatively low energy and therefore the
atoms have difficulty migrating on the substrate surface and forming a dense, less porous
film. The film is therefore susceptible to moisture when exposed to the atmosphere, which
can lead to weak adhesion to the substrate and a low refractive index.

There are many methods to increase the energy of the evaporant (Vossen and Kern, 1978);
substrate heating, DC or RF biasing of the substrate, and more recently employed, ion beam
assisted deposition (IBAD). IBAD uses a low energy and high current broad ion beam to
bombard the substrate, assisting the film formation with denser packing and enhanced
oxidation/nitridation when the ion beam contains oxygen/nitrogen ions for deposition of
oxide/nitride films (Green et al., 1989). Since the evaporation process is performed in a high
vacuum, typically 10−6 Torr, the mean free path of the evaporant is a few tens of meters.
The evaporant distribution is nearly Lambertian; the evaporant has a large field of view.
In addition, a high evaporation rate is easy to achieve by increasing the temperature of
the melt with electron beam bombardment. Therefore, high throughput deposition can be
realized in a large box coater that can accommodate a large quantity of substrates positioned
in planetary rotation dome-shaped holders. Currently, electron beam evaporation with the
IBAD method is the primary coating technique for large quantities of fairly good quality
batched optical coatings.

2.2.2 Glow discharge sputtering

The glow discharge sputter deposition technique dates back to the nineteenth century,
when deposits of cathode material were observed in DC glow discharge environments.
In a straightforward planar DC glow discharge, the target serves as the cathode and the
substrate serves as the anode. At the state of “abnormal glow” for sputtering, most of the
discharge voltage falls in the Crookes dark space adjacent to the cathode. The positive ions
in the neighboring negative glow region gain kinetic energy, typically a few hundreds to
1000 eV, from the cathode fall and bombard the cathode to sputter off the cathode atoms.
The sputtered atoms have kinetic energy of a few tens of eV (see Section 2.2.3). Initiating
voltage for the glow discharge varies with the product of the gas pressure and the electrode
separation with a deep minimum according to Paschen’s law, which limits the operating
gas pressure and electrode separation. A typical value for electrode separation is a few cm
and for gas pressure is in the range of 10−2 Torr. This is a relatively high pressure and
the mean free path of the sputtered atoms is therefore short. The consequence is that the
kinetic energy of the sputtered atoms tends to be thermalized through multiple collisions
on the way to the substrate. A typical value for the kinetic energy of the sputtered atoms
when impinging the substrate is on the order of 1 eV, which is lower than that in ion beam
sputtering (see Section 2.2.3) but about ten times higher than that of the evaporation process.
Therefore, film qualities of adhesion, density, refractive index, and moisture susceptibility
are generally better than that of the films deposited by thermal evaporation. Nevertheless,
since the substrate is immersed in plasma during deposition, the films may be subjected to
UV damage and re-sputter.
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Both triode sputter, in which a thermionic electrode is added to the diode, and magnetron
sputter, in which a magnetic field is applied to confine the plasma, can increase the collision
probability between the electron and the gas atoms to enhance the plasma generation
efficiency. This allows lower gas pressure, lower power or larger electrode distance to
be accommodated. When the sputter target is an electrical insulator, a radio frequency
(13.56 MHz) source is applied. The heavier ion is less responsive to the high frequency RF
field than the electrons in the plasma, establishing a self-bias at the target for sputtering.
One advantage of glow discharge sputtering is that very large targets can be used, such that
large substrates, e.g. architectural window glass, solar panels, display panels, plastic rolls,
etc, can be coated in a load-lock conveyer-fed coater or a web-coater for uninterrupted
continuous large volume coating operations.

2.2.3 Ion beam sputter deposition (IBSD)

Most of the optical coatings for high-end applications mentioned in Section 2.1 are fab-
ricated by the ion beam sputter deposition method (IBSD). The ion beam source was
originally used as a spacecraft thruster, only later was it applied to ion etching and thin film
deposition. In recent years, the focused ion beam (FIB) technique has been developed for
semiconductor device fabrication, diagnosis, and nano-patterning (Joe et al., 2009). Wei
and Louderback (1979) first used the IBSD technique to sputter deposit mirrors for a ring
laser gyroscope, obtaining unprecedented quality. The technique then became the major
coating method for high quality optical coatings.

The schematic of an IBSD apparatus with a conventional Kaufman type ion source, i.e.
hot filament with extracting grids, is shown in Figure 2.1. High density plasma is generated
in the discharge chamber and ion beamlets are extracted, accelerated through the apertures
in the grids to form a broad ion beam, and hit the target. The target atoms are, then, sputtered
off and condense on the substrate to form the films. Several targets can be attached to the
rotatable target holder for coating multi-layers. Planetary rotation fixtures can be used to
obtain films with uniform thickness distribution.

Ion source

The conventional ion beam generation method is the use of the Kaufman type ion source.
Referring to Figure 2.1, electrons emitted from the hot cathode through thermionic emission
collide with gas atoms, typically argon gas, to produce positive ions and electrons. The
ionization energy for argon is 15.76 eV, and around a 40 V voltage difference between the
cathode and the anode with a few mTorr of gas pressure is sufficient to sustain the plasma.
The anode is typically held at a voltage from 500–1000 V above ground, and the plasma
potential is nearly the same value. The target is held at the ground potential. The average
kinetic energy of the ions is therefore 500–1000 eV when hitting the target. The screen grid
is held to roughly the anode potential and the accelerator grid is negatively biased to about
−100 V. Both grids are precisely aligned to each other so that ion beamlets are extracted
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Figure 2.1 Schematics of an ion beam sputter setup.

and accelerated through the apertures. Factors such as grid separation, aperture size, grid
curvature, applied voltage, plasma density, etc, affect the beam shape, beam divergence and
the current density. Thorough reviews for the physics and characteristics of the Kaufman
ion source are given in Kaufman et al. (1982); Harper et al. (1982). The grids are made
of graphite or molybdenum, which have higher resistance to ion bombardment within the
aperture. A plasma bridge neutralizer, usually a thermionic cathode or a hollow cathode
which emits electrons to neutralize the ion beam for sputtering the insulator targets, is
positioned aside the beam path. For depositing oxide films, oxygen gas with pressure around
10−4–10−5 Torr is fed into the sputter chamber to oxidize the films during deposition. A
second ion source is sometimes used to bombard the substrate for ion beam assisted sputter
deposition. The second ion source is generally low energy and high current so that the film
will not be re-sputtered and yet sufficient energy can be added to assist film growth. The
second ion beam could be an oxygen ion beam or a mixture of oxygen and argon to enhance
the oxidation for the oxide film.

A major drawback to the hot filament ion source is the frequent filament maintenance
required. The filament might break down during long-term continuous deposition (e.g.
coating for DWDM filters, the filament is subjected to ion bombardment and the ion
beam may become contaminated). Two other advanced plasma generation methods have
been developed to avoid hot filament issues; radio frequency (RF) and electron cyclotron
resonance (ECR) plasma generation. RF power, with a frequency of 13.56 MHz, is fed
into the discharge chamber, usually by inductive coupling, i.e. through a solenoid coil or
a flat spiral coil that is embedded in a dielectric shield. Electrons oscillate in the RF field
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and collide with the gas atoms to form plasma. In ECR plasma generation, a microwave
of 2.45 GHz is fed into the discharge chamber through an antenna shielded in a quartz
container. A static magnetic field with a strength of 856 Gauss, satisfying the electron
cyclotron resonance condition f = eB/ (2πm), is provided perpendicular to the electric
field. Electrons cycle the magnetic field lines and pick up energy resonantly from the
microwaves and make multiple collisions with the gas atoms along the way. Highly efficient
plasma generation can be achieved in a smaller discharge volume and with lower gas
pressure. Both RF and ECR plasma generation methods use the same grid configuration as
the Kaufman source to extract, accelerate, and focus the ion beam. Each ion source designer
typically has a unique design to achieve uniform plasma distribution, high current density,
proper energy range, good focus quality, large beam size, and low beam contamination.
The 13.56 MHz RF and 2.54 GHz microwave generations have become industry standards,
and the generators and tuning networks are readily available. However, among the different
types of ion sources, the hot filament ion source is still the least expensive choice.

Sputtering process

For depositing metal oxides or nitrides (e.g. tantala (Ta2O5), titania (TiO2), alumina (Al2O3),
aluminum nitride (AlN), disilicon trinitride (Si2N3)), metal targets are usually used for
their better thermal conductivity and oxygen or nitrogen gas is introduced into the sputter
chamber or discharge chamber to react with the sputtered atoms. Sputter yield, angular
distribution of the sputtered atom, and energy distribution of the sputtered atoms in the
IBSD process are major factors that affect the deposition rate, thickness uniformity, and
film quality. The following discussion is focused on polycrystalline targets as these are the
most commonly used metal targets in the IBSD process.

The ion energy for IBSD is in the range of 500–1000 eV when hitting the target. Within
this range, the ion penetration depth is only a few atomic layers (Harper, 1984). The sputter
yield, defined as the number of sputtered atoms per incident ion, is about unity for heavy
inert ions of argon, krypton, and xenon, and about 0.5 for neon and 0.01 for helium (Vossen
and Kern, 1978). Argon is therefore the most commonly used gas for IBSD due to its
high sputter yield and lower cost. The sputter yield is a function of the angle of incidence
of the ion beam. It increases with the angle of incidence to a maximum around 40–70◦

depending on the target material, and down to zero for grazing incidence (Melliar-Smith
and Mogab, 1978). This gives a guideline for orienting the target relative to the direction
of the ion beam in the IBSD chamber. The angular distribution of the sputtered atoms is
generally “under-cosine” for a normal incident ion beam, i.e. less than the cosine distribution
around the normal direction, but it is preferentially in the forward direction for oblique ion
incidence (Wehner and Rosenberg, 1960). Therefore, in a conventional IBSD chamber, the
normal of the substrate surface is oriented perpendicularly to the direction of the ion beam
and the angle of incidence for the ion beam is about 45◦ to the target.

The kinetic energy of the IBSD sputtered atoms has been systematically investigated only
in limited situations. It was found that the kinetic energy of the sputtered atoms from a copper
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target bombarded by krypton ions with ion energy in the range 80–1200 eV follows the
Maxwell distribution with a maximum at a few eV and the tail of the distribution extending
to 40 eV (Stuart and Wehner, 1964). Similar results were found for silver, palladium,
rhodium, and zirconium targets bombarded by mercury and krypton ions (Wehner and
Anderson, 1970). The average kinetic energy of the IBSD sputtered atoms is generally of
the order of 10 eV (Harper et al., 1982). Since the gas pressure in the sputter chamber of
IBSD is in the range of 10−5–10−4 Torr, the mean free path for the sputtered atoms is longer
than the target–substrate separation. Therefore, unlike the situation in the glow discharge
sputtering (see Section 2.2.2), the sputtered atoms in IBSD maintain their kinetic energy
upon arriving at the substrate surface. This energy is about 100 times larger than that of the
evaporation process and about 10 times larger than that of the glow discharge sputter. Upon
arriving at the substrate surface, the atoms have sufficient energy to migrate and reside
on the proper sites to form films with close-packed structures, high refractive indexes and
stronger adhesion than the films deposited by other means.

Advantages of IBSD can be summarized as follows.

� The ion energy and current density can be independently controlled.
� The target and the substrate are separated from the plasma generation environment.
� The angle of incidence to the target can be varied.
� Layers of different materials can be deposited by simply flipping the target around.
� The pressure of the deposition environment is low.
� The kinetic energy of the sputtered atom is high.

A disadvantage for IBSD is that the deposition rate is low, typically of the order of a few
tens of Ångstroms per minute. It normally takes about 10 minutes to deposit a quarter wave
film for a visible wavelength, several hours for a mirror stack, and more than 20 h for a
DWDM thin film filter. Therefore, highly reliable automation and stable coating processes
are important.

The coating methods introduced so far are in the category of physical vapor deposition
(PVD). Chemical vapor deposition (CVD), in which the reaction of chemical substances is
used to grow thin film material on the substrate epitaxially, i.e. lattice matching between
the neighboring materials, either in a plasma enhanced environment (PECVD), in a liquid
phase environment (LPE), with a metal-organic precursor (MOCVD), or other variations
such as molecular beam epitaxial (MBE), are major deposition methods, particularly for
semiconductor devices (Dobkin and Zuraw, 2003). Quarter wave stacks with high and
low index films in semiconductor optoelectronic devices can be deposited by alternately
changing the composition of the materials, e.g. AlxGa1−xAs (see Section 16.2.3).

2.3 Substrates

Substrates for high-end mirror applications are required to satisfy some or all of the follow-
ing criteria; chemical and mechanical stability to endure exotic operation environments or
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fabrication processes, low thermal expansion for displacement-sensitive precision measure-
ments or large optics, absence of bubbles and inclusions to avoid scattering and absorption
in high energy applications, optical homogeneity to avoid wave front distortion in precision
measurements, and low mechanical loss where low thermal noise is required. See Chapter 7
for a full discussion of thermal noise in substrate materials.

Fused silica is the most commonly used material that satisfies all of these criteria to
some extent. Fused silica has a wide transparency range from deep UV to IR (Neuroth,
1995). Synthetic fused silica is 100% SiO2 in amorphous form and is fabricated by using
a flame hydrolysis process from silicon halides such as SiCl4. Different manufacturers use
different trade names and numbering systems for different grades of fused silica. Other
materials, for example, Zerodur R© (Schott) have been used for ring laser gyroscopes,
Pyrex R© (Corning) for reflective telescope mirrors, and ULE R© (Corning) specifically for
the 98 inch diameter primary mirror of the Hubble Space Telescope. A concise introduction
on optical glass is given in Bach and Neuroth (1995). Grinding and polishing the substrate to
meet the stringent requirements for surface roughness and curvature are critical; a detailed
and thorough introduction for grinding and polishing is given in Karow (2004). See also
Chapter 11 for the role of surface roughness in scattering.

It is crucial that the substrate surface be free from contaminations to ensure good
adhesion, durability and lifetime for the coatings (Pulker, 1984a). Possible contaminants
include residues from polishing, oil and grease, metal ions, and dust particles. The cleaning
procedure is something of an art depending on the application and the experience of the
operator. In general, basic cleaning procedures include cleaning in an aqueous solution of
demineralized water with detergents, dilute acids or bases, and in organic solvents such as
isopropyl alcohol and acetone, often accompanied with heating and/or ultrasonic agitation.
Bonding strength between the contaminant particle and the surface can be very strong as
the particle size is reduced. Rubbing with lens tissue in solvent is often used. Stripping an
adhesive or a lacquer coating can be effective to remove small particles. Prior to thin film
deposition, effective cleaning can be performed in the coating chamber by plasma cleaning
with DC or RF biasing of the substrate, and more recently, with ion beam bombarding of
the substrate. A good introduction to the cleaning of optical glasses can be found in Pulker
(1984b) and Brown (1970).

2.4 Coating uniformity

Thickness uniformity of the film is crucial for coating large optics or a large quantity of
small pieces in a batch. The substrate holder is usually rotated with single axis rotation
or planetary rotation during the deposition. A static mask with a certain shape is often
used to partially shade the substrate in order to balance the flux distribution. The angular
distribution for the evaporant or the sputtered atoms is obtained by measuring the thickness
of the distributed test pieces in practice, then geometrical calculations can be performed
to design the proper mask shape (Pulker, 1984c; Baumeister, 2004b; Villa et al., 2000;
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Arkwright, 2006). Uniformity control with precision less than 0.7% over 500 mm diameter
has been reported (Sassolas et al., 2009).

It is important that the angular distribution of the evaporant and the sputtered atoms
be constant from coating run to coating run. A new target needs to be pre-sputtered
to change the surface from polycrystalline to a larger crystalline structure, which is a
stable structure resulting from annealing during prolonged sputtering. The angular dis-
tribution of the sputtered atoms will then be constant till noticeable indentation appears
from long term sputtering by an ion beam with an uneven beam profile (nearly Gaus-
sian). For evaporation processes, it takes a skillful operator to pre-melt the source
material in the crucible each time in order to form a constant molten surface for the
deposition.

2.5 Thickness control

Over the past decade, the needs of the DWDM thin film filter have driven the development
of thickness control. For the narrow band-pass filter in DWDM applications, several thin
film cavities are between the quarter wave high reflectors to give a bandwidth of a few
tenths of a nanometer with a flat top pass-band. The shape of the passband will be out of
specification for only a few tenths of a nanometer random deviation of the optical thickness
of the films. It is therefore of ultimate importance to control the refractive index and the
thickness of the films precisely and constantly.

There are, in general, three categories of thickness control. For less critical cases, control
through deposition time with a stable deposition process is sufficient. Control can also be
done by a crystal monitor in which the change of resonance frequency of a quartz crystal
as a layer of thin film is deposited is monitored. The thickness of the deposited film can
be deduced once the acoustical constants of the film material, which can be difficult to
obtain accurately, are known. However, crystal monitoring is indirect, and further cali-
bration between the thickness on the crystal and on the substrate needs to be performed.
Optical monitoring is the most effective means for optical coatings (Macleod, 1981). A
laser source for single wavelength monitoring or a wideband light source for spectro-
scopic monitoring are used either in reflection or transmission. For quarter wave stacks, the
reflectance/transmittance undergoes a minimum or a maximum, depending on the relative
refractive indices of the neighboring layers, when the layer’s optical thickness reaches quar-
ter wave. Terminating the deposition at the turning point of the reflectance/transmittance
yields a layer with quarter wave optical thickness. Sophisticated techniques of sensitive
optical monitoring include monitoring the non-quarter wave thickness, multi-wavelength
monitoring, spectroscopic monitoring, and thickness error compensation (Sullivan and
Dobrowski, 1992a,b). The substrate can be directly monitored as well. An up-to-date
review of optical monitoring is given by Buzea and Robbie (2005). The optical monitoring
system is often integrated into the coating system as a major accessory for coating process
automation.



Coating technology 15

2.6 Coating materials

Inorganic optical thin film materials are mostly halides (primarily fluorides), metal oxides,
nitrides, and chalcogenides. Fluorides have a transparency range down to 0.11 µm (LiF,
MgF), with refractive indices in the range of 1.3–1.6, and are mostly used for applications
in the UV. Chalcogenides, e.g. ZnS, CdS, ZnSe, ZnTe, are semiconductor materials for
use mostly in the IR range (up to 15 µm) together with silicon (1–9 µm) and germanium
(2–23 µm), and the refractive indices range from 2.2 to 4.5. Si3N4 is the most commonly
used nitride material with a transparency range from 0.25–9 µm and a refractive index
around 1.9 in the visible. Metal oxides are the optical thin film material that are most
widely used, with a transparency range going from UV (0.16 µm for SiO2) up to IR (8 µm)
and a refractive index range from 1.45 (SiO2) to 2.4 (TiO2) in the visible. These materials
are mostly used in the visible and near IR ranges.

Physical and optical properties of thin films vary a great deal depending on coating
methods and coating process parameters. Because of this, caution should be used regard-
ing optical constants from the literature. There are good reviews with detailed tables for
most of the optical thin film materials deposited by different methods, with the early ref-
erence work of Pulker (1984c) and more recently Bange (1997a); Friz and Waibel (2003);
Baumeister (2004c) as comprehensive sources when searching for desirable optical thin film
materials.

For high-end optical coating applications, the major requirements for the thin film
materials include, but are not limited to, (1) low absorption and scattering loss (see Chap-
ters 10 and 11), (2) mechanical and environmental stability, (3) low thermal noise for some
applications (see Chapter 4). Absorption loss mainly comes from non-stoichiometrical
composition, impurities, and defects in the film. For oxides and nitrides, introducing O2/N2

in the thin film formation process such as an O2/N2-containing ion beam or background
pressure, or post-deposition annealing in the O2/N2 environment are common practices
used to enhance the oxidation/nitridation of the film. Co-sputtering from multi-elemental
targets or co-evaporation from multi-elemental sources to adjust the stoichiometry of the
film from independent targets and sources are also useful. Scattering loss in the films mainly
comes from the grain boundaries and rough polycrystalline film structures. An amorphous
structure in which the film is in a non-crystalline state is therefore desirable not only for
reducing scattering loss but also for simplifying the design and the analysis of the thin film
stack. This is especially true when the crystalline structure of the film material is optically
anisotropic. Any microscopic inhomogeneity such as defects, voids, intrusions in the film or
inhomogeneities in the composition or thickness of the film can also contribute to scattering
loss.

For most applications in this book and many other high-end applications mentioned
in Section 2.1, tantala (Ta2O5), titania (TiO2) (for the high index layer) and silica (SiO2)
(for the low index layer) are commonly used thin film materials in the dielectric stack. In
the following, a summary of some of the known properties for these materials and their
composites deposited by IBSD is introduced. Properties by other deposition methods can
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Figure 2.2 Qualitative illustration ofK,αa , and αs for TiO2 versus annealing temperature. Annealing
time was 24 h (Wang and Chao, 1998).

be found in Anderson et al. (1997) for TiO2, Anderson and Ottermann (1997) for SiO2

and Bange (1997b) for Ta2O5.

TiO2. Titanium dioxide films have the largest refractive index in the visible among all the
oxides. It is the most-used high index material for optical thin film stacks. However, its
structural, physical and chemical properties vary too widely, depending on the preparation
methods, for it to lend itself to diversified applications. These may include photo-catalyst
and dye-sensitized solar cells in which a loosely packed film is required, and optical coatings
in which a densely packed film is required. Optical constants of TiO2 films have a wide
range, depending on the deposition methods and parameters (Bennett et al., 1989). Stress in
TiO2 films vary a great deal from tensile to compressive, heavily depending on the coating
method and process parameters (Anderson et al., 1997). The refractive index of TiO2 films
deposited by IBSD is 2.54 at 550 nm with an extinction coefficient in the lower 10−4

range (Wang and Chao, 1998), practically the largest refractive index among all the PVD
deposition methods with TiO2. The structure is amorphous when deposition is at an ambient
temperature. Figure 2.2 shows qualitatively the dependence of the extinction coefficientK ,
absorption coefficient αa and scattering coefficient αs on the annealing temperature deduced
from experimental data (Wang and Chao, 1998). The absorption coefficient decreases as
annealing temperature increases, indicating oxidation towards complete stoichiometry for
the film. The scattering coefficient begins to increase at around 225 ◦C, associated with the
appearance of the crystalline anatase phase.
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Ta2O5. Tantalum pentoxide films are extensively used as dielectric layers for micro-
electronic devices, and various methods including both PVD and CVD are used to
deposit the films. Its structural and electrical properties have been extensively studied
and reviewed (Chaneliere et al., 1998; Bange, 1997b). It can be readily deposited into an
amorphous structure by IBSD, and the refractive index can be as high as 2.18 at 550 nm,
practically the largest value obtained among the various PVD deposition methods for
Ta2O5 (Demiryont et al., 1985). A low extinction coefficient of 3 × 10−6 has been reported
by Binh et al. (1985). Absorption loss, scattering loss, and the laser induced damage thresh-
old of Ta2O5–SiO2 high reflector mirrors are all good, with surprising immunity to metal
contaminants that can be sputtered from the stainless steel of the coater walls and to a high
content of argon in the film (Becker and Scheuer, 1990). Currently, it is common practice
to perform post-deposition annealing at 400–500 ◦C for several hours. This can be done
without crystallization, bringing the total loss of the Ta2O5-high reflector down to the ppm
range or lower.

SiO2. Silicon dioxide is a glass-forming material; it is readily deposited into the amor-
phous form by almost all deposition methods. Refractive indices of the films that were
deposited by various PVD methods and subjected to different treatments ranged from 1.45
to 1.60 in the visible (Martin and Netterfield, 1989). The differences in refractive indices
is mainly attributed to the differences in porosity, and hence density, of the films. Sub-
strate heating, UV radiation, and ion bombardment during deposition and post-deposition
annealing increase the density of the film and the effect can be attributed to changing of
the bond angle distribution of the Si–O–Si bonds (Anderson and Ottermann, 1997). Stress
in the films also varies from tensile to compressive depending on the coating process. The
extinction coefficient of SiO2 films is as low as 5 × 10−6 (Kalb et al., 1986). A transparent
range close to bulk fused silica can be obtained. SiO2 films are the most commonly used
low index material for optical coatings from UV to IR.

Composites. The mixing of two or more different materials forms composite films with
properties that cannot be obtained from a single component material. Film stress can be
reduced by mixing, e.g. SiO2/Al2O3 (Selhofer and Müller, 1999), SiO2/ZrO2 (Pond et al.,
1989), germanium with fluorides and chalcogenides (Sankur et al., 1988), TiO2/Ta2O5 (Lee
and Tang, 2006). A refractive index that is not obtainable from a single component material
can be obtained by mixing a high and a low refractive index material in the proper proportion,
e.g. SiO2/TiO2 (Demiryont, 1985; Chen et al., 1996). Continuously changing the proportion
during deposition gives a graded index film for use as a rugate filter (Lee et al., 2006). Adding
SiO2 into TiO2 films increases the crystallization temperature of the TiO2 so that it can
sustain a higher annealing temperature. Higher annealing temperatures reduce absorption
loss and yet maintain the amorphous structure for low scattering loss (Chen et al., 1996;
Chao et al., 1999). The total loss of a high reflector mirror with a TiO2/SiO2 mixed film as
the high index layer can be reduced (Chao et al., 2001). Similar results were recently found
in ZrO2/SiO2 and Nb2O5/SiO2 mixed systems, and the laser induced damage threshold for
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the mirror was increased (Melninkaitis et al., 2011). Mixed films for UV coatings were also
recently reported (Stenzel et al., 2011). Significant progress in reducing the thermal noise
of mirror coatings was achieved by using Ta2O5/TiO2 mixed film to replace the Ta2O5 layer
in the high reflector stack (Cimma et al., 2006) (see also Chapter 4). Mixed films can be
deposited by co-evaporation (Chen et al., 1996), co-sputter (Chao et al., 1991), and mosaic
targets in IBSD (Chao et al., 1999; Lee and Tang, 2006; Melninkaitis et al., 2011).

2.7 Special coatings for Mesa beams

Mesa beams are a particular shape of beam designed to reduce thermal noise. A complete
discussion of Mesa beams and thermal noise is given in Section 13.3.2. Mesa beams
require a specially shaped mirror, which can be accomplished by coating onto a substrate.
The special surface contour of the Mesa beam mirror is required to match the wave front of
the Mesa beam in a “Mexican Hat” profile (see Figure 14.3). Starting with a flat or spherical
fused silica substrate, a shaping layer of SiO2 film with a thickness distribution forming the
Mexican Hat profile is deposited on the substrate, and a multi-layer high reflector stack is
then deposited to form the surface contour of the mirror.

The construction method for the shaping layer is given in Agresti et al. (2006) and is
accomplished in two steps; a rough shape coating followed by a corrective coating. In the
first step, a static mask is put between the sputter target and the rotating substrate. The
mask profile is calculated according to the sputter atom distribution and the Mexican Hat
distribution (see Section 2.4) so that the distribution of the accumulated sputtered atom
flux on the substrate is equal to the required Mexican Hat distribution. This coating step
gives the Mexican Hat a general shape with a precision of 60 nm. A correction map is
then generated by comparing the thickness profile of the rough shaping layer measured
interferometrically with the theoretical Mexican Hat profile. A corrective coating is then
accomplished by adding thickness to the substrate according to the correction map with a
pencil-like sputtered atom beam. This beam is generated by putting a small orifice mask
between the sputter target and the substrate. The effectiveness of the two-step coating is
dominated by the spatial resolutions of the interferometric measurement and the pencil-like
beam spot size. Therefore, it is easier to coat a Mexican Hat profile on a larger substrate
where the rate of thickness variation along the radius is lower than that on a smaller
substrate. Alignment and eccentricity of the rotation axis for the substrate is critical to
assure a symmetrical Mexican Hat profile, especially on a small substrate. The masks need
to be positioned as close to the substrate as possible to avoid down-grading the spatial
resolution of the Mexican Hat profile from the diffusion of the sputtered atom behind
the mask. Low energy sputtering of the mask material by the sputtered ions might cause
contamination to the coatings.

It is possible that the rough shaping step for the Mexican Hat profile could be replaced
by a magnetorheological finishing (MRF) technique. In this technique, magnetorheological
abrasive fluid is conveyed through the gap between the work piece and the rotating spindle
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wall, with the magnetic field and the position of the work piece computer-controlled for
preferential polishing with a high degree of precision. Using this method, surface accuracy
in tens of nm can be achieved in a relatively fast and reliable way (Kordonski and Golini,
2000).

2.8 Conclusion

Optical coating technology for applications in precision measurement is in its initial stage.
With existing coating technologies developed during the past 30 years for other high-end
applications, foundations for coating techniques, materials, characterization methods, and
understanding of the underlying physics are ready and can benefit the coating developments
for precision measurement. Fast turnaround methods for reliable thermal noise measure-
ments on the coatings are needed for optimizing the coating process parameters as well
as tailoring the coating materials and their structures, which are crucial to reducing their
thermal noise.
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Phase noise and shot noise are often the fundamental limiting factors of sensitivity in
precision optical systems. These noises determine the so-called standard quantum limit
(Braginsky et al., 2003), see Section 1.4. At the same time the fundamental frequency
stability in high-finesse optical resonators may also be determined by other fundamen-
tal effects originating in mechanical, thermodynamical, and quantum properties of solid
boundaries (Braginsky et al., 1979). Many of these effects were initially identified and
calculated on the forefront of laser gravitational wave antenna research (see Chapter 14)
but are becoming increasingly important in other optical systems (Numata et al., 2004;
Webster et al., 2008; Matsko et al., 2007; Savchenkov et al., 2007) (see Chapters 15, 16,
and 17).

Excess optical phase noise is added to a probe optical wave reflected from mirrors
forming an optical cavity due to variation of boundary conditions produced by fluctuations
of the surface and optical thickness of the multilayer coating. We characterize below
different effects leading to phase noise starting from fluctuations originating in the mirror’s
substrate and in its interferometric multi-layer reflective coating. In addition to intrinsic
noises produced by internal properties of optical mirrors, there are also extrinsic noises
imprinted onto the output phase due to different nonlinear effects in the bulk and coating
of the mirrors. As, for example, fluctuations of input power producing fluctuations of
thickness and refractive index in the coating due to local heating (the photothermal effect,
see Sections 3.4 and 3.10).

In this chapter we briefly review known sources of phase noise produced by the mirrors.
Detailed analysis of the most important noises is given elsewhere in the book, primarily
Chapters 4, 7, and 9. Most of the noise effects reveal themselves both in the substrate and
in the coating of the mirror. Though the thickness of the coating is small and the depth of
optical power penetration is even smaller, material parameters of the coatings, primarily
mechanical loss, lead to noises quite comparable to the noises of the same origin in the
substrate.
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3.1 Substrate Brownian thermal noise

Historically, the first noise identified as a problem for laser interferometer gravitational wave
antennas was intrinsic thermal noise produced by internal friction in the mirror substrate’s
material (Gillespie and Raab, 1995) (see Chapter 7 for a complete discussion of substrate
thermal noises). This noise, noted frequently as “Brownian”, from Brown (1828), produces
fluctuations of the mirror’s surface. It may be calculated using the Fluctuation–Dissipation
Theorem (Callen and Welton, 1951; Levin, 1998), see also Chapter 1. The spectral density
of surface fluctuations of a mirror averaged over the Gaussian beam radiuswm (determined
at 1/e2 decay of intensity) is

SSB (f ) = 2kBT φ(f )(1 − σ 2)√
π3Ywmf

, (3.1)

where kB is Boltzmann’s constant, T is the temperature of the mirror, φ(f ) is the mechanical
loss angle of the mirror substrate at frequency f , σ is Poisson’s ratio, and Y is Young’s
modulus of the substrate. This expression was obtained in the approximation where the
mirror is represented by a half-infinite elastic space. See Section 7.1.2 for corrections due
to finite size.

Internal friction in materials was described traditionally using a model of viscous damp-
ing where the friction force is proportional to the first derivative of the strain tensor (in
the frequency domain ∼ f uii) or, equivalently, dissipation power is proportional to the
frequency squared (Wdiss ∼ f 2). However, the viscous damping model was found to con-
tradict experimental data and Saulson (1990) proposed a model of so-called structural
damping, postulating that the dissipated power Wdiss in a material is proportional to stored
elastic energy, U , constant loss angle, and frequency: Wdiss = 2π f φ U . Note that struc-
tural damping is only a phenomenological model with the main drawback that it can not be
derived from first principles. In particular, it is not clear how the friction term may be simply
and correctly accounted for in the elasticity equation. However, nowadays the structural
damping model has been found to be generally in agreement with experimental data for
low loss materials and is used as a first approximation by the scientific community (see
also Chapters 4 and 7). Another useful model is described by a Debye peak, as discussed
in Section 4.2.6.

3.2 Substrate thermoelastic noise

Braginsky et al. (1999) suggested that thermodynamic temperature fluctuations in the bulk
of the mirror transformed through thermal expansion to surface fluctuations should produce
additional mechanical noise. This noise may be calculated using two approaches. The first
approach uses the Fluctuation–Dissipation Theorem (see Chapters 1, 7, and 9). The second
way is the Langevin approach for the analysis of the thermal correlation functions analogous
to that developed earlier by van Vliet et al. (1980); van Vliet and Menta (1981). This
approach uses the solution of the coupled thermoconductivity equations for temperature
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Figure 3.1 Illustration of a semi-qualitative consideration of thermoelastic noise.

with fluctuating sources and elasticity with a final calculation of the mirror’s surface
fluctuations. These two methods produce identical results and for a half-infinite mirror the
corresponding spectral density of averaged surface fluctuations is equal to (Braginsky et al.,
1999)

SSTE = 4kBT
2α2(1 + σ )2κ√

π5(Cρ)2w3
mf

2
, (3.2)

where α is the coefficient of linear thermal expansion, C is specific heat capacity per unit
mass, κ is thermal conductivity, and ρ is the density of the substrate.

Note that Equation 3.2 may be illustrated using a semi-qualitative consideration, see
Figure 3.1. We consider the surface fluctuations averaged over a spot with radiuswm which
is larger than the characteristic diffusive heat transfer length rT,

rT =
√

κ

ρCf
, rT 	 wm. (3.3)

For a frequency of f 
 100 Hz,wm 
 6 cm and a fused silica mirror with rT 
 3.9 × 10−3

cm, for example, the condition rT 	 wm is fulfilled.
In a volume ∼ r3

T, the length variations due to thermodynamic temperature fluctuations
�T are roughly

�xT = α�T rT 
 α

√
kBT 2

ρCr3
T

rT. (3.4)

Temperature fluctuations in each volume may be considered independent. The number
of such volumes that contribute to surface fluctuations is about N 
 w3

m/r
3
T, and hence

the displacement X averaged over the spot with radius wm consists of the sum of the
displacements of these independently fluctuating volumes, and is approximately

X
2 


(
�xT

)2

N

 α2r2

T

(
kBT

2

ρCw3
m

)
= α2 kBT

2(
ρC

)2
w2
m f

. (3.5)
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Comparing Equation 3.2 with Equation 3.5 we see thatX
2 
 SsubT E�f (correct to a multiplier

of about unity) if one assumes�f 
 f . It confirms that our semi-qualitative consideration
is correct.

3.3 Substrate thermorefractive noise

The same fundamental thermodynamic fluctuations of temperatures in a material pro-
duce fluctuations of refractive index which, in turn, give rise to phase fluctuations of
light waves propagating inside the material. This kind of noise was called thermorefrac-
tive nose by Braginsky et al. (2000). Initially this noise was calculated using the Langevin
approach (Braginsky and Vyatchanin, 2004). Its spectral density in the adiabatic approxima-
tion (Equation 3.3) recalculated to effective displacement δz (variation of phase δϕ = 2kδz)
is equal to

SSTR 
 kBT
2 β2κ�

π3(ρC)2w4
m f

2
, (3.6)

where β = dn/dT is the thermorefractive coefficient, n is the refractive index, � is the
length of the material, and k is the wavenumber. The same result may be more easily
obtained using the Fluctuation–Dissipation Theorem approach developed by Levin (2008).
See Chapter 9 for a derivation and discussion using this method on a coating.

Note that Equation 3.6 is valid for a wave propagating through the material, whereas
in some optics we have the wave propagating through the material twice, once each in
opposite directions, i.e. a standing wave. Benthem and Levin (2009) stated that for this case
the formula for calculation of the fluctuational phase shift, δϕ, averaged over the effective
volume of the material should contain an additional term of ∼sin2 kz, with k the wave vector
of the light propagating along the z-axis. Calculations presented by Benthem and Levin
(2009) show that for relatively small frequencies (< 1 kHz) the result in Equation 3.6 is still
valid, however, for larger frequencies (> 1 kHz), Equation 3.6 should be corrected. This
type of excess noise was earlier predicted by Wanser (1992) and measured by Knudsen et al.
(1995) in optical fibers. This noise was also measured in optical microspheres by Gorodetsky
and Grudinin (2004) and in microtoroids by Anetsberger et al. (2010).

3.4 Substrate photothermoelastic noise

Noise may be produced not only by intrinsic thermal fluctuations but also by fluctuations
in absorbed optical power which heats the mirror (Braginsky et al., 1999). As the intensity
of the light field decays exponentially in the coating, the optical power is absorbed mostly
in a thin layer of thickness

dr = λ(nL + nH )

8nLnH ln(nH/nL)
, (3.7)
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which is typically of order 0.5 µm for 1.064 nm light. So to calculate the spectral density we
may assume only surface absorption. Noise in the absorbed light beam produces fluctuations
in temperature which, in turn, cause fluctuations of the surface through thermal expansion.
This expansion has a spectral density of

SSPTE = α2(1 + σ )2Sabs

π4ρ2C2w4
mf

2
, (3.8)

where Sabs is the spectral density of the absorbed power.
For the limiting case of shot noise in an absorbed power of Wabs, the spectral density

becomes Sabs = 2h c
λ
Wabs. The more general case of power fluctuations was analyzed by Wu

et al. (2006).

3.5 Substrate cosmic ray noise

During the last few decades substantial progress in data collection and measurement resolu-
tion of cosmic ray showers (cascades) has been made (see, e.g., Ryazhskaya (1996)). Based
on this, Braginsky et al. (2006b) revised the estimate of the contribution of cosmic rays’
impact on mirrors to the noise in precision experiments through three possible mechanisms.

(1) Direct transfer of momentum from the cascade to the mirror.
(2) Distortion of the mirror’s surface due to heating by the cascade and subsequent thermal

expansion – thermoelastic effect.
(3) Fluctuating component of the Coulomb force between an electrically charged mirror

and grounded metal elements located near the mirror’s surface.

It was shown that the first two effects are relatively weak and may be vetoed by requiring
coincidence between detectors, at least in the case of gravitational wave detection (see
Chapter 14) where multiple detectors are expected to be running simultaneously. On the
other hand, a veto cannot be considered as an absolute “remedy” for low values of the
signal-to-noise ratio.

This conclusion may not be automatically extended to the third effect, however. Negative
charge buildup may be high when mirrors spend a long time in vacuum (a year or longer)
without removal of the accumulated electrical charge. A second reason is proximity of
metal parts, either in the mirror support structure or the surrounding vacuum enclosure. It
is necessary to use small areas of all metal elements that are near the mirror’s surface and
to place these elements as far away as possible from the mirror.

Cosmic rays can potentially cause noise in precision optical experiments other than
gravitational wave detectors. However, Braginsky et al. (2006a) showed that in the case of
clock frequency stability (see Chapter 15), noise from cosmic rays will be low enough that
clock frequency deviations can reach the standard quantum limit (see Section 1.4).
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3.6 Substrate thermochemical noise

One more source of thermal noise in substrates is thermochemical noise, first proposed
by Benthem and Levin (2009). Fused silica, for example, used for beamsplitters and mirrors,
can contain minute quantities of contaminants such as hydroxyl (OH−), Cl− ions, and other
defects that have an effect on the refractive index depending on their concentration. As these
optically active contaminants diffuse up and down the steep gradient of the standing-wave
intensity, they cause fluctuations of the overall beam’s phase shift. However, estimates show
this noise is extremely small for the very pure fused silica used in high-quality mirrors.

3.7 Coating Brownian thermal noise

Brownian thermal noise in a coating has the same physical origin as Brownian noise in a
substrate, i.e. it depends on the mechanical losses in each coating layer. Coating Brownian
thermal noise is discussed in detail in Chapter 4. Modern technology has made great
progress in improving coating quality (see Chapter 2). Unfortunately, mechanical losses in
thin layers are still typically much higher than in bulk materials. Even fused silica, used
in low refractive index layers, has a φ value four orders of magnitude worse than the best
achieved value of φ in fused silica substrates (Penn et al., 2006). Losses in the high index
layers are often even higher.

In the model of independent thin layers on an infinite half space substrate, each layer
behaves the same as if it was the only layer. This model has been heavily studied and the
solution is known (Harry et al., 2002; Gurkovsky and Vyatchanin, 2010):

SCB,j = 2kBT φ
′
j dj

π2w2
mf

[
(1 + σ ′

j )(1 − 2σ ′
j )

Yj (1 − σ ′
j )

+ Y ′
j (1 + σ )2(1 − 2σ )2

Y 2(1 − σ ′2
j )

]
, (3.9)

where Y ′
j , σ

′
j , and φ′

j are, correspondingly, the Poisson’s ratio, Young’s modulus, and
mechanical loss angle of a coating layer j , while unprimed values correspond to the
substrate.

The first term in brackets of Equation 3.9 corresponds to fluctuations in thickness of a
coating layer, and the second one shows fluctuations in the substrate surface induced by
losses in the coating. If the losses in the layer responsible for both fluctuations (internal and
expansion losses) are equal, which is usually, somewhat arbitrarily, assumed, then these
two spectral densities are uncorrelated in each layer. In the opposite case, cross correlation
terms should be taken into account. This splitting may be obtained using the approach
presented in Gurkovsky and Vyatchanin (2010).

A direct approach to calculating Brownian thermal noise in a multilayer coating suggests
simple summation of the spectral densities in Equation 3.9 for each layer. However, this
summation ignores the fact that the beam actually penetrates the coating and Brownian
expansion of the layers leads to dephasing of interference. This, consequently, causes
additional change in the reflected phase. An accurate account of interference decreases
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coating thermal noise by 2%–3% (Gurkovsky and Vyatchanin, 2010; Kondratiev et al.,
2011).

3.8 Coating photoelastic noise

Thermal fluctuations can produce not only surface displacement but, through the photoe-
lastic effect, can produce fluctuations in the index of refraction of the coating:

δn′ = −n
′3

2
p13
δd

d
, (3.10)

where pij is the photoelastic tensor and indices i, j ∈ [1; 6]. This noise is produced by
the same thermodynamical fluctuations in strain as the Brownian noise, and so it should
be considered as a coherent correction to the latter one. Unlike Brownian coating noise,
variations in refractive index play a role only in the top few layers with total thickness
∼ dr . Taking into account that for most materials p13 ∼ 0.15 − 0.30 and that only the part
of the Brownian noise leading to fluctuations of coating layer thicknesses is essential, this
effect produces a correction of the order of 1%. Accurate calculations confirm this estimate,
see Kondratiev et al. (2011).

3.9 Coating thermo-optic noise

Initially, both thermoelastic and thermorefractive noise in coatings were considered inde-
pendently until it was shown that they are produced by the same temperature fluctuations
and thus should be added coherently (Gorodetsky, 2008; Evans et al., 2008). See Chapter 9
for a detailed discussion of coating thermo-optic noise, as the combined thermoelastic and
thermorefractive noise is called. The effect of thermal refraction leads to lengthening of
the optical thickness of the coating. This moves the effective surface from which the beam
is reflected deeper in the mirror, in the same direction as the incoming beam. At the same
time, thermal expansion generally moves the surface of the mirror in the opposite direction,
against the incoming beam. This phenomenon, and an observation that the level of coat-
ing thermorefractive and thermoelastic noise are typically similar, explain the interference
suppression of the combined noise. This suppression may be controlled by tweaking the
thickness of the topmost layer (Gorodetsky, 2008).

3.9.1 Coating thermoelastic noise

Thermoelastic noise is produced by the same thermodynamical fluctuations of temperature
discussed in Section 3.2, through the thermal expansion of the coating (Braginsky and
Vyatchanin, 2003a; Fejer et al., 2004). For the case of a single layer coating with thickness
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d, the spectral density of this noise is

SCTE(f ) = 8(1 + σ )2

π

α2
effd

2kBT
2

w2
m

√
κρC f

, (3.11)

where

αeff = α�, (3.12)

� = −ρ
′C ′

ρC
+ α′

2α

[
1 + σ ′

(1 − σ ′)(1 + σ )
+ Y ′(1 − 2σ )

Y (1 − σ ′)

]
. (3.13)

Here primes mark the parameters of the coating. Equation 3.13 may be generalized to a
multi-layer coating consisting of N alternating sequences of quarter-wavelength dielectric
layers with refraction indexes nH and nL and optical thickness dH = λ/4nH , dL = λ/4nL
(with λ the wavelength of the light) by substituting

αeff = αH dH�H + αL dL�L
dH + dL , (3.14)

d = N (dH + dL). (3.15)

Here the factors�H and�L are calculated using Equation 3.13 and the material parameters
for high and low refractive layers, correspondingly.

Note that Equation 3.13 for a monolayer may be obtained from a semi-qualitative
consideration. Surface fluctuations produced by thermodynamical temperature fluctuations
consist of two parts; a “substrate” part that depends on the substrate thermal expansion
coefficient αs (which has been calculated in Braginsky et al. (1999)) and a “coating” part
due to temperature fluctuations in the layer with thickness d and effective thermal expansion
coefficient αeff = α′ − α. It is important that the layer thickness d is much smaller than the
diffusive heat transfer length rT (generally, for an optical coating at 1.064 nm, d ≤ 10 µm)
and overall the following conditions must be valid:

wm 
 rT 
 d, rT =
√

κs

ρsCs f
. (3.16)

Therefore, we may consider temperature fluctuations in our layer to be the same as in a layer
with thickness rT. This means that temperature fluctuations in the layer may be considered
as a sum of N 
 w2

m/r
2
T independent thermodynamical fluctuations in volumes ∼ r3

T (and
do not depend on the thickness d). Hence, we may estimate the fluctuation of an averaged
surface position, Xd , as

X
2
d 
 (

αd
)2
�T 2 
 (

α d
)2 × kBT

2

ρsCsr
3
T

× r2
T

w2
m

= (
α d

)2 kBT
2

ρsCsw2
mrT

. (3.17)

Equation 3.17 is in good agreement with Equation 3.11 for the spectral density Scoat
TE (f ).

Indeed, within a multiplier of about unity we have

X
2
d 
 ScoatTE (f )�f, if �f 
 f (3.18)
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Equations 3.11 and 3.14 are derived for the model of a half-infinite mirror. A generalization
of this result to a finite cylindrical mirror shows that a correction of about several percent
is required (Liu and Thorne, 2000). Another correction is required to account for the finite
total thickness of the coating as compared to rT which leads to a frequency dependence of
αeff(f ) (Fejer et al., 2004; Somiya and Yamamoto, 2009).

3.9.2 Coating thermorefractive noise

Thermal fluctuations in the mirror due to the thermorefractive factor βL,H = dnL,H /dT

produce phase fluctuations of the reflected wave and should also be proportional to thermal
fluctuations (Braginsky et al., 2000):

SCTR = 2kBT
2β2

effλ
2

√
π3w2

m

√
κρCf

. (3.19)

The factor βeff depends on the thickness dc of the topmost low reflection cap layer and, in
the limit of a highly reflective λ/4 coating, is

βeff = 1

2π

πn2
L(βL + βH ) + βL(ϕc − sinϕc)(n2

h − n2
l )

(n2
h − n2

l )(n
2
l + 1 + (n2

l − 1) cosϕc)
, (3.20)

where ϕc = 4πdcn/λ. Thermorefractive noise is essentially produced by variations in the
refractive index of a very thin layer of optical power penetration, dr .

3.9.3 Combined thermo-optic noise

As thermoelastic and thermorefractive coating noise add coherently, the total thermo-optic
noise may be smaller than both contributing noises:

SCTO = χ (f )SCTR, (3.21)

where χ (f ) < 1 is a suppression factor. If the thicknesses of the substrate d and penetration
thickness dr are thin compared to rT , both the thermoelastic and thermorefractive coating
noise will be mostly caused by fluctuations of temperature determined by the substrate. In
the adiabatic limit of a thin coating, the suppression factor may be approximated as

χ (f ) 

(

2(1 + σ ′)αeff(f )d

βeffλ
− 1

)2

. (3.22)

However, as d and dr do not coincide, the correlation of the noises can depend on frequency
and become zero only at f = 0. Nevertheless, significant compensation (χmin ∼ 0.1) at
low frequencies (f ∼ 100 Hz) may be attained even for standard coatings with a half
wavelength cap layer (see Chapter 12) used on a highly reflective mirror (Gorodetsky,
2008; Evans et al., 2008).
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Figure 3.2 Thermal noises in the Advanced LIGO gravitational wave detector mirrors. Abbreviations
CPTE, CPTR, CRTE, and CRTR are related to coating thermoelastic and thermorefractive noises pro-
duced by photothermal (see Section 3.10) and radiation effects (see Section 3.11). See Figure 14.2 for
the full noise curve of Advanced LIGO and Figure 15.9 for thermal noise in a frequency stabilization
cavity.

3.10 Coating photothermo-optic noise

Similarly to Sections 3.9.1 and 3.9.2, extrinsic thermal fluctuations produced by absorbed
optical power will produce coating noise due to thermal expansion (photothermoelastic
noise) and fluctuations of the refractive index in the surface layers (photothermorefractive
noise) (Rao, 2003; Gorodetsky, 2008):

SCPTE = 4Sabs(1 + σs)2α2
f d

2
N

π3ρCκw4
mf

(3.23)

SCPTR = Sabsβ
2
effλ

2

π3ρCκw4
mf
, (3.24)

with Sabs the absorbed optical power. Combined coating photothermo-optic noise may be
suppressed as

SCPTO = χ (f )SCPTR, (3.25)

where χ (f ) is the same as in Section 3.9.3.
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3.11 Substrate and coating Stefan–Boltzmann radiation noise

While deriving thermal properties of mirrors, Stefan–Boltzmann radiation from the surface
is often neglected because thermal conductivity dominates thermal processes. However,
thermal radiation as a dissipative process produces additional fluctuations of temperature
on the surface. The spectral density of these temperature fluctuations was obtained by van
Vliet and Menta (1981) and van Vliet et al. (1980). As this noise is applied to the surface
nearly in the same way as photothermal noises, we can use the expressions obtained in
Sections 3.4 and 3.10 to estimate radiation thermoelastic and radiation thermo-optic noises
by simple substitution;

Sabs → SSB = 8σBkBT
5πw2

m, (3.26)

where σB is the Stefan–Boltzmann constant.

3.12 Conclusion

All the noises discussed above are plotted in Figure 3.2 for the parameters of the Advanced
LIGO gravitational wave detector mirrors (Fejer et al., 2004) (see Chapter 14). It is clear
that Brownian and coating thermoelastic and thermorefractive noises are the most important
to limiting sensitivity. However, the Brownian noises are determined by loss factors which
possibly can be improved (see Chapters 4 and 7), as mechanical loss values do not appear to
have reached any fundamental limits. This is especially true for the case of coating Brownian
noise where the loss factors in thin films are several orders of magnitude higher than in
the bulk. It is quite possible that progress in the technology of dielectric film deposition
can significantly improve the situation. This and other ways of improving coating thermal
noises are discussed in Chapters 4, 6, 8, 12, and 13.
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Coating thermal noise

iain w. martin and stuart reid

4.1 Introduction

Thermal noise associated with optical coatings is a critical limit to the sensitivity of many
high precision measurements which rely on the use of highly reflective mirrors to form
laser cavities. These include interferometric gravitational wave detectors (Abramovici et al.,
1992; Lück and The GEO 600 Collaboration, 2006; Acernese and The Virgo Collaboration,
2006; Takahashi and the TAMA Collaboration, 2004) (see Chapter 14), highly frequency-
stabilized lasers (Rafac et al., 2000; Ludlow et al., 2006; Webster et al., 2004) (see Chap-
ter 15), and fundamental quantum measurements (Schmidt-Kaler et al., 2003; Miller et al.,
2005) (see Chapters 16 and 17).

In 1828, Brown reported his observations of the irregular motion of pollen grains and dust
suspended in water (Brown, 1828). Brown was not able to fully explain this phenomenon,
but later experiments by Gouy (1888) and Exner (1900) showed that the motion was
related to the viscosity and temperature of the liquid surrounding the particles, and a full
mathematical treatment of Brownian motion was presented by Einstein (1905). As discussed
in Chapter 1, any parameter characterizing a dissipative system will exhibit spontaneous
thermal fluctuations. The magnitude and frequency spectrum of these fluctuations are
related to the dissipative part of the system’s impedance (the internal friction), Z(f ), by
the Fluctuation–Dissipation Theorem (Callen and Welton, 1951; Greene and Callen, 1951;
Callen and Greene, 1952). The power spectral density Sf (f ) of the fluctuating thermal
force on a mechanical system is given by

Sf (f ) = 4kBT�{Z(f )}, (4.1)

where Z(f ) is defined as

Z(f ) ≡ F (f )/v(f ), (4.2)

for a force F (f ) applied to the system resulting in motion with a velocity of amplitude
v(f ). Alternatively, the theorem can be written in terms of the power spectral density of
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the fluctuating motion of the system Sx(f ),

Sx(f ) = 4kBT�{Y (f )}
4πf 2

, (4.3)

where Y (f ), the mechanical admittance of the system, is equal to Z−1(f ). Determining
the macroscopic mechanical impedance is therefore the first step in estimating the thermal
noise spectrum of a system. The thermal noise is related to the real part of the mechanical
impedance; this is the dissipative part of the impedance and comes from the damping coef-
ficient of the system. For the systems considered in this book, external sources of damping
are minimized. There are a variety of sources of external damping, such as gas damping due
to friction between the critical components and the residual gas molecules, recoil damp-
ing where energy may couple into a support structure, electrostatic damping arising from
currents induced in nearby structures by residual charge on critical components (Rowan
et al., 1997; Mitrofanov et al., 2002; Mortonson et al., 2003), and frictional “slip-stick”
damping in the construction joints between different material and components (Quinn et al.,
1997). Other sources of damping can arise due to the control schemes adopted within a
particular experiment, e.g. where magnets are implemented for position/alignment control
or for damping of seismic motion, magnetic hysteresis or eddy current damping can play an
important role (Plissi et al., 2004). With these other sources of damping suitably minimized,
the relevant damping will typically be the internal friction of the mirror materials. See also
Chapter 5 for more on minimizing external damping.

Internal friction arises from the process of anelasticity. When a stress is applied to
an anelastic material the strain response is not instantaneous, but develops over a finite
relaxation time (Zener, 1948; Nowick and Berry, 1972). An oscillating stress σ applied to
the material can be expressed as

σ = σ0e
i2πf t , (4.4)

where σ0 is the stress amplitude and f is the frequency of the oscillation. Since the stress–
strain relationship is linear, the resulting strain ε will also be periodic with the same angular
frequency, but with a phase lag φ with respect to the stress,

ε = ε0e
i(2πf t−φ). (4.5)

The phase lag between the stress and strain is known as the mechanical loss angle or the
mechanical dissipation factor. Anelasticity, and hence internal friction, can arise from many
internal properties of a material which are a function of the internal stress (Nowick and
Berry, 1972) such as the density of point defects, dislocations and grain boundaries. If the
internal stress in the material is altered, these properties typically require a finite period of
time over which to respond to the new state of stress.

The mechanical loss angle can be equivalently defined as a measure of the dissipation
of mechanical energy in a material. For a mechanical system oscillating at a resonant
frequency f0, the loss angle can be defined as

φ(f0) ≡ Elost per cycle

2πEstored
≡ �f

f0
, (4.6)
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where Estored is the total energy stored in the oscillating system, Elost per cycle is the energy
dissipated with each cycle of oscillation and�f is the width of the resonance peak measured
at half of its maximum power.

4.1.1 Thermal noise

Early models of the thermal noise of mirrors assumed that the thermally induced motion
of each mode was uncorrelated and that the total thermal noise power spectral density
could be calculated simply by summing the contribution of each individual mode, calcu-
lated via the Fluctuation–Dissipation Theorem (Gillespie and Raab, 1995; Saulson, 1990).
However, comparisons between the mode summation technique and a direct application
of the Fluctuation–Dissipation Theorem (see Chapter 1) for a simple system of coupled
simple harmonic oscillators revealed difficulties with the summation technique (Majorana
and Ogawa, 1997). A large number of modes have to be taken into account, with great care
taken in the orthogonalization of the modes. Furthermore, the assumption that the modes
are uncorrelated can break down if the mechanical dissipation is not homogeneously dis-
tributed throughout the mirror. Thus a direct application of the Fluctuation–Dissipation
Theorem to calculate the mirror thermal noise was desirable. Nakagawa and collaborators
developed a method using a two-point-correlation-function using elastic Greene’s functions
to calculate the thermal noise (Nakagawa et al., 1997, 2002a). An alternative technique of
calculating the thermal noise was pioneered by Levin (1998) and developed by Bondu et al.
(1998) and Liu and Thorne (2000), discussed in detail in Chapter 1. This approach involves
the direct application of the Fluctuation–Dissipation Theorem to the interferometer readout
of the position of the mirror face. The thermal noise is calculated by applying a notional
pressure, of the same spatial profile as the intensity of the laser beam, to the front face
of the mirror and calculating the resulting power dissipated in the mirror. Application of
the Fluctuation–Dissipation Theorem then allows the power spectral density of thermal
displacement, Sx(f ), to be calculated as

Sx(f ) = 2kBT

π2f 2

Wdiss

F 2
0

, (4.7)

where F0 is the peak amplitude of the notional oscillatory force and Wdiss is the power
dissipated in the mirror. This is Equation 1.2 reproduced here for convenience. For spatially
homogeneous loss,Wdiss can be written as

Wdiss = 2πfUmaxφ(f ), (4.8)

where Umax is the total energy associated with the peak elastic deformation of the mirror. It
should be noted that there are some corrections to the final equation in Levin’s paper that
are discussed in Liu and Thorne (2000). The final formula for the homogeneous thermal
noise, as derived by Bondu et al. (1998), is given below in Equation 4.9.

If the laser beam radius is considerably smaller than the radius of the mirror, the
mirror can be modeled as being half-infinite and Umax can be calculated from elasticity
theory (Bondu et al., 1998; Liu and Thorne, 2000). In this case, where mechanical loss
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is homogeneous, the power spectral density of Brownian thermal noise, SITM
x (f ), can be

shown to be (Bondu et al., 1998)

SITM
x (f ) = 2kBT√

π3f

1 − σ 2

Ywm
φsubstrate(f ), (4.9)

where φsubstrate(f ) is the mechanical loss of the mirror material, Y and σ are the Young’s
modulus and Poisson’s ratio of the material respectively and wm is the radius of the laser
beam where the electric field amplitude has fallen to 1/e of the maximum value.1 See
Chapter 7 for more on the role of the mirror substrate in thermal noise.

An expression for the thermal noise power spectral density of a finite sized mirror,
SFTM
x (f ), was also derived by Bondu et al. (1998), with certain numerical corrections by Liu

and Thorne (2000). The finite size (diameter) correction for thermal noise associated with
the coating (rather than the mirror substrate) is discussed later in Section 4.1.5.

4.1.2 Inhomogeneous loss and coating thermal noise

A key outcome of Levin’s work was the realization that the location of mechanical losses
within the mirror is extremely important when calculating thermal noise. Equations 4.7 and
4.8 show that the level of thermal noise is directly related to the power dissipated in the
mirror when a notional oscillating pressure is applied to the surface. The power dissipated
at any point in the mass is related to both the elastic energy associated with the deformations
caused by the pressure and the mechanical loss at that point (Levin, 1998; Liu and Thorne,
2000). Since most of the deformation occurs close to the point where the pressure is applied,
it follows that a source of dissipation located close to the location of the reflected laser
beam will contribute more to the thermal noise than an identical source of dissipation
located further away from this point. In particular, Levin’s work led to the realization that
the mechanical loss of the multi-layer dielectric coatings, applied to the front face of optics
to form highly reflecting mirrors, could be a significant source of thermal noise.

The dissipation of the commonly used silica/tantala (SiO2/Ta2O5) coatings has been
found to be in the order of 2−4 × 10−4 (Harry et al., 2002; Crooks et al., 2002). This is
several orders of magnitude higher than the dissipation of bulk fused silica which may be as
low as 1 × 10−9 (Ageev et al., 2004). This higher mechanical loss, plus the above geomet-
rical effect, makes the thermal noise associated with mirror coatings significantly higher
than the substrate thermal noise. See Chapter 7 for a discussion of substrate thermal noise.

4.1.3 Calculation of coating thermal noise

Nakagawa et al. (2002b) approximated the thermal noise in a coated mirror by modeling
a multi-layer reflective coating as a thin surface layer of thickness d and mechanical loss

1 The radius at the point where the intensity has fallen to 1/e of the maximum value, rm = wm/
√

2, is also used in thermal noise
literature.
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φcoating with the same material properties as the mirror test-mass substrate. The total power
spectral density of the thermal noise associated with such a mirror is given by

S total
x (f ) = 2kBT√

π3f

1 − σ 2

wmY

(
φsubstrate + 2√

π

(1 − 2σ )

(1 − σ )

d

wm
φcoating

)
, (4.10)

where φsubstrate is the mechanical loss of the mirror substrate material.
If the reflective coating is not homogeneous, but is made of alternating layers of two

materials (e.g. SiO2 and Ta2O5, see also Chapters 2 and 12), possible anisotropy of the
coating mechanical loss factor must be taken into account. The effects of the layer structure
of the reflective coating and the differing material properties of the coating and the substrate
were investigated as part of a systematic program of research reported by Harry et al.
(2002). This derivation uses Levin’s method of calculating thermal noise by applying the
Fluctuation–Dissipation Theorem to a coated mirror to relate the real part of the mechanical
admittance Y (f ) to the thermal noise power spectral density Sx(f ),

Sx(f ) = kBT

π2f 2
�{Y (f )}. (4.11)

The mechanical admittance of a mirror is defined as

Y (f ) ≡ 2πif
x(f )

F
, (4.12)

where x(f ) is the response of the mirror to excitation by a cyclic force of amplitude F .
This force is taken to have the same profile as the laser beam intensity applied to the face
of the mirror. For an interferometer using a Gaussian laser beam to readout the position of
the mirror, the resulting pressure distribution is

p(r, t) = 2F

πw2
m

e−2r2/w2
m sin(2πf t), (4.13)

where −→r is a point on the mirror surface and |−→r | = r , f is the frequency, wm is the field
amplitude radius of the laser beam. Since the beam radius is significantly smaller than the
radius of the mirror, the mirror can be approximated by a half-infinite space allowing the
boundary conditions to be ignored everywhere apart from at the mirror face. Corrections
for a finite mirror have been calculated, and will be discussed in Section 4.1.5.

The real part of the admittance can be written as

�{Y (f )} = 4πfU (f )

F 2
φreadout, (4.14)

whereU (f ) is the elastic energy stored in the mirror when it is under maximum deformation
due to the action of the oscillating pressure, and φreadout is the mechanical loss factor
associated with the response of the mirror to the notional Gausian pressure. Here

U (f ) = 1

2
F |x(f )|, (4.15)
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and the response to the pressure is

x(f ) = |x(f )|exp(−iφreadout) ≈ |x(f )|(1 − iφreadout). (4.16)

In the simple case where the loss in the coating is homogeneous and isotropic, the loss
associated with the Gaussian pressure distribution can be separated into contributions from
the coating and from the substrate, weighted by the elastic energy stored in the coating,
Ucoating, and the elastic energy stored in the substrate Usubstrate:

φreadout = 1

U
(Usubstrateφsubstrate + Ucoatingφcoating), (4.17)

where U is the total elastic energy stored in the mirror under peak deformation from
the Gaussian pressure. In the case where the frequencies of interest are far below the first
resonant frequency of the mirror, a static pressure distributionp(r) can be used to calculated
the elastic energy terms,

p(r) = 2F

πw2
m

exp

(−2r2

w2
m

)
. (4.18)

When the coating is very thin compared to the substrate we can make the approximation
that Usubstrate ≈ U . Furthermore if the coating is thin in comparison to the width of the
pressure distribution then Ucoating ≈ δUd where d is the thickness of the coating and δU
is the energy density at the surface of the coating, integrated over the surface. Substituting
into Equation 4.17 gives

φreadout = φsubstrate + δUd

U
φcoating. (4.19)

However, this result only applies if the mechanical loss of the coating is homogeneous and
isotropic. Since reflective coatings typically have a stacked layer structure with alternating
layers of a high refractive index and low refractive index material (see Chapters 2 and 12), it
is likely that the coating mechanical loss may be anisotropic. To account for this the elastic
energy density can be expressed in cylindrical co-ordinates with a different loss angle
associated with every energy term. Since the individual coating materials are isotropic and
amorphous, it can be assumed that the losses associated with strains parallel to the coating
plane are all equal. The losses associated with strains perpendicular to the coating plane,
however, may be different due to the layer structure of the coating. Harry et al. (2002)
show that the only loss angles which need to be considered are those associated with the
following components of the energy density;

ρ ′
v‖ = 1

2
(ε′
rrσ

′
rr + ε′

θθσ
′
θθ + ε′

rθσ
′
rθ ) (4.20)

ρ ′
v⊥ = 1

2
ε′
zzσ

′
zz. (4.21)
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Equation 4.17 can now be re-written to include the effect of the layer structure of the
coating,

φreadout = φsubstrate + δU‖d
U

φ‖ + δU⊥d
U

φ⊥, (4.22)

where

δU‖ =
∫
S

ρ ′
v‖ d

2r (4.23)

δU⊥ =
∫
S

ρ ′
v⊥ d

2r (4.24)

and φ‖ and φ⊥ are the loss angles associated with ρ ′
v‖ and ρ ′

v⊥, respectively.
The final step of calculating φreadout involves finding the elastic energies U , δU‖ and

δU⊥ for the coated mirror, approximated as a half-infinite mass, under the action of the
Gaussian pressure distributionp(r). The general solution for the axially symmetric elasticity
equations for an un-coated mirror is given by Bondu et al. (1998), with corrections by Liu
and Thorne (2000). Owing to the thin nature of the coating, the application of axial symmetry
and the traction free boundary conditions, it is possible to find expressions for the stresses
and strains in the coating in terms of the stresses and strains at the surface of the substrate.
This calculation is detailed in the appendix of Harry et al. (2002). The solutions give the
following expressions for the required elastic energies,

U = F 2(1 − σ 2)

2
√
πwmY

(4.25)

δU‖/U = 1√
πwm

Y ′(1 + σ )(1 − 2σ )2 + Yσ ′(1 + σ ′)(1 − 2σ )

Y (1 + σ ′)(1 − σ ′)(1 − σ )
(4.26)

δU⊥/U = 1√
πwm

Y (1 + σ ′)(1 − 2σ ′) − Y ′σ ′(1 + σ )(1 − 2σ )

Y ′(1 − σ ′)(1 + σ )(1 − σ )
. (4.27)

By substituting these expressions into Equation 4.17 and Equation 4.14 the power
spectral density of the Brownian thermal noise of the coated mirror can be shown to be
(Harry et al., 2002)

Sx(f ) = 2kBT√
π3f

1 − σ 2

wmY

{
φsubstrate + 1√

π

d

wm

1

YY ′(1 − σ ′2)(1 − σ 2)

× [Y ′2(1 + σ )2(1 − 2σ )2φ‖
+YY ′σ ′(1 + σ )(1 + σ ′)(1 − 2σ )(φ‖ − φ⊥)

+Y 2(1 + σ ′)2(1 − 2σ ′)φ⊥]
}
, (4.28)

where f is the frequency, T is the temperature, Y and σ are the Young’s modulus and
Poisson’s ratio of the substrate, Y ′ and σ ′ are the Young’s modulus and Poisson’s ratio of
the coating, φ‖ and φ⊥ are the mechanical loss values for the coating for strains parallel and
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perpendicular to the coating surface, d is the coating thickness and wm is the laser beam
radius. In the case where Y ′ = Y , σ ′ = σ and φ⊥ = φ‖, this equation agrees with the result
of Nakagawa et al. (2002b) (Equation 4.10 in this chapter). Note that the coating thermal
noise is a function of the Young’s modulus of the substrate material, and that the same
coating applied to different substrates will therefore result in a different level of coating
thermal noise. See Chapter 7 for more on the role of substrates in thermal noise.

Occasionally, it can be useful to re-write Equation 4.28 in terms of the “effective loss”,
φeffective, of the coated substrate:

Sx(f ) = 2kBT√
π3f

1 − σ 2

wmY
φeffective, (4.29)

where

φeffective = φsubstrate + 1√
π

d

wm

1

YY ′(1 − σ ′2)(1 − σ 2)

× [Y ′2(1 + σ )2(1 − 2σ )2φ‖
+YY ′σ ′(1 + σ )(1 + σ ′)(1 − 2σ )(φ‖ − φ⊥)

+Y 2(1 + σ ′)2(1 − 2σ ′)φ⊥]. (4.30)

Note that φeffective = φreadout in Equation 4.17. While the effective loss angle is sometimes
used, particularly in relation to direct thermal noise measurements (see Chapter 5), care
needs to be taken as the effective loss depends on the beam radius used in a particular
experiment.

For fused silica substrates coated with alternating layers of SiO2 and Ta2O5, the Poisson’s
ratio of the coating is likely to be small enough that Equation 4.28 can be approximated to
within ≈30% by setting σ ′ = σ = 0 (Harry et al., 2002):

Sx(f ) = 2kBT√
π3f

1

wmY

{
φsubstrate + 1√

π

d

wm

(
Y ′

Y
φ‖ + Y

Y ′φ⊥

)}
. (4.31)

This expression is a significant simplification of Equation 4.28, and is useful for estimating
the expected level of thermal noise. It should be noted that Equations 4.10 to 4.31 all
represent the sum of the power spectral density of Brownian thermal noise from the coating
and the substrate. The thermal noise power spectral density associated with the coating
alone can be obtained explicitly by expanding the second term in Equation 4.31,

Sx(f )coating = 2kBT

π2f Y

d

w2
m

(
Y ′

Y
φ‖ + Y

Y ′φ⊥

)
. (4.32)

4.1.4 Loss parallel and perpendicular to the coating layers

Coating loss measurements using ringdown techniques, as discussed in Section 4.2.1, can
only measure φ‖ and not φ⊥. However, the following expressions for φ‖ and φ⊥ can be used
for a coating made up of alternating layers of two materials and where the Poisson’s ratios
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are taken to be zero:

φ⊥ = Y⊥
(φ1d1/Y1 + φ2d2/Y2)

d1 + d2
, (4.33)

φ‖ = Y1φ1d1 + Y2φ2d2

Y‖(d1 + d2)
, (4.34)

Y⊥ = d1 + d2

d1/Y1 + d2/Y2
, (4.35)

Y‖ = Y1d1 + Y2d2

d1 + d2
, (4.36)

whereY , d andφ are the Young’s modulus, thickness and loss respectively and the subscripts
1 and 2 refer to the two materials making up the coating. Equation 4.28 for the total thermal
noise now becomes

Sx = 2kBT√
π3f

1 − σ 2

wmY

{
φsubstrate + d√

πwmY⊥

×
[(

Y

1 − σ 2
− 2σ 2

⊥YY‖
(Y⊥(1 − σ 2)(1 − σ‖))

)
φ⊥

+ Y‖σ⊥(1 − 2σ )

(1 − σ‖)(1 − σ )
(φ‖ − φ⊥)

+ Y‖Y⊥(1 + σ )(1 − 2σ )2

Y (1 − σ 2
‖ )(1 − σ )

φ‖

]}
. (4.37)

An alternative formula for the thermal noise, which does not rely on any approximations
for the Poisson’s ratios, can be obtained using the following definitions of the effective
mechanical loss parallel and perpendicular to the coating layers;

φeffective = φ‖effective + φ⊥effective, (4.38)

φ‖effective = (1 + σ )(1 − 2σ )2

√
πwmY (1 − σ )

[
Y1d1φ1

(1 − σ 2
1 )

+ Y2d2φ2

(1 − σ 2
2 )

]
, (4.39)

φ⊥effective = Y√
πwm(1 − σ 2)

[
(1 + σ1)(1 − 2σ1)d1φ1

(1 − σ1)Y1

+ (1 + σ2)(1 − 2σ2)d2φ2

(1 − σ2)Y2

]
, (4.40)

where the subscripts 1 and 2 refer to the two materials making up the coating.

4.1.5 Refinements to coating thermal noise theory

The formulas given above for coating thermal noise assume that the mirror is half-infinite. A
correction factor for the thermal noise of a finite mirror substrate was calculated by Bondu
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et al. (1998) (with some corrections by Liu and Thorne (2000)). More recently, Somiya and
Yamamoto (2009) extended Bondu’s method to calculate the Brownian thermal noise of a
coating on a finite cylindrical mirror. For a mirror of thickness h and radius a, it was shown
that when h is sufficiently larger than a, the thermal noise of a finite mirror agrees with the
infinite mirror approximation. For thinner mirrors, where h < a, the coating thermal noise
increases as h−2. In this region, the thermal noise is significantly higher than predicted
by the infinite mirror model. The effect of laser beam radius was also investigated, and
for larger laser beams the finite mirror model predicts a slightly lower level of thermal
noise than the infinite mirror model. As an example, for a mirror with radius a = 17 cm,
thickness h = 20 cm and beam radiuswm = 6.2 cm (the Advanced LIGO mirror geometry,
see Section 14.5.2) the correction for finite mirror size reduces the predicted coating thermal
noise by about 2.6%. See Section 6.3 for more on finite mirror effects.

All of the theory discussed so far assumes that the laser beam is completely reflected
at the front surface of the coating, and therefore senses the thermal motion of the entire
coating. In practice, each interface in the coating reflects some fraction of the total laser
power and some of the laser beam will penetrate to various depths in the coating. Recent
calculations have shown that, because of this effect, Equation 4.28, when considering an
HR coating with<10 ppm transmission, overestimates the magnitude of the noise typically
at the 5% level (Gurkovsky and Vyatchanin, 2010; Kondratiev et al., 2011).

4.1.6 Reducing coating thermal noise

Examination of Equation 4.28 suggests several strategies for reducing coating thermal noise.
Cooling the mirror is perhaps the most intuitive method of reducing thermal motion, and
generally a direct reduction in thermal noise is expected on lowering the operating temper-
ature of a material. However, in addition to the practical challenges and costs of operating
instruments at cryogenic temperature, the temperature dependence of the mechanical loss
and the other relevant mechanical properties of the substrate and coating materials must be
considered. For example, fused silica has a large and broad mechanical loss peak centered
on approximately 40–60 K (Braginsky et al., 1985). Silica is therefore not a promising
material for use as a mirror substrate in high precision measurement systems at low temper-
ature. Studies of the temperature dependence of the dissipation of mirror coating materials
have been initiated (Yamamoto et al., 2004, 2006a; Martin et al., 2008, 2009). In addition
to allowing coating thermal noise to be estimated at low temperatures, the temperature
dependence of the loss of coating materials can give insights into the underlying dissipation
mechanisms (Nowick and Berry, 1972). Low temperature loss peaks have been observed
in tantala, a common high-index coating material, and will be discussed more fully in
Section 4.2. The role of cryogenics in coating thermal noise and other properties is consid-
ered in detail in Chapter 8.

Another approach to reduce coating thermal noise is to reduce the mechanical loss of
the coatings, either by specific treatments (for example, doping or annealing) or by using
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Figure 4.1 Brownian coating thermal displacement noise (
√

(S(x)) calculated for (a) a standard
silica/tantala quarter-wavelength coating, (b) a standard quarter-wavelength silica/tantala coating in
which the tantala layers are doped with 22.5% titania and (c) a thickness optimized (see Chapter 12)
silica/doped-tantala coating (Villar et al., 2010b). All coatings were modeled on a fused silica substrate
using a laser beam radius wm = 0.06 m.

alternative coating materials. The observed improvement in mechanical loss resulting from
doping the tantalum pentoxide component of a standard silica/tantala coating with titanium
dioxide is shown in Figure 4.1. Research into the specific mechanisms responsible for the
observed coating mechanical loss and methods of reducing the loss will be discussed in
Section 4.2.

Where the mechanical loss of the two component materials is different, it is possible to
reduce the thermal noise by tailoring the coating design to minimize the volume of higher-
loss material in the coating. This can be achieved by decreasing the thickness of the high loss
component, increasing the thickness of the low loss component, and varying the number
of coating layers to maintain the same reflectivity. These coating optimization procedures
are discussed in detail in Chapter 5 and Chapter 12, and the achievable improvement in
displacement thermal noise is shown in Figure 4.1.

The magnitude of the substrate Young’s modulus has an inverse effect on the overall
level of coating thermal noise, as can be shown from Equation 4.32. The calculated coating
thermal noise for a typical silica/tantala coating, deposited on three different substrate
materials, is shown in Figure 4.2. Another feature of coating thermal noise that is worth
highlighting from Equation 4.32 is the extent to which the thermal noise depends on the how
well matched the Young’s moduli of the substrate and coating are (Harry et al., 2002). A
plot of the variation in thermal noise for a standard silica/tantala coating, when the Young’s
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Figure 4.2 The effect of varying the substrate on the Brownian coating thermal displacement noise
(
√

(S(x)) calculated for a standard quarter-wavelength silica/tantala coating in which the tantala layers
are doped with 22.5% titania. This is intended to illustrate the effect on coating thermal noise only,
and that thermal noise associated with the different substrate materials would also need to be taken
into account to evaluate the total thermal noise.

modulus is artificially varied, is shown in Figure 4.3. Given these two factors, it is clear
that different combinations of coatings materials may be optimal for different substrate
materials, depending on their combinations of mechanical losses and elastic properties. See
Chapter 7 for more on the interaction between substrates and coatings.

The magnitude of coating thermal noise is also related to the radius of the laser beam used
to sense the position of the mirror, varying asw−2

m , while the substrate thermal noise, arising
from the homogeneous dissipation in the mirror itself, varies as w−1

m (see Chapter 7). This
suggests a possible method of reducing thermal noise in general, and coating thermal noise
in particular, is to use laser beams of larger radius, as illustrated in Figure 4.4. In addition,
the use of different laser beam geometries has been proposed, as a Gaussian beam profile
averages the thermal displacement of the mirror over a relatively small region (Thorne
et al., 2000; D’Ambrosio, 2003; D’Ambrosio et al., 2004a; O’Shaughnessy et al., 2004;
Bondarescu and Thorne, 2006; Agresti, 2008) and is discussed in detail in Chapter 13.

4.2 Coating mechanical loss

4.2.1 Background

The coatings used in optical precision measurement systems are generally required to be
highly reflective (see Chapter 12) and to have a very low absorption (see Chapter 10) and
scatter (see Chapter 11), requirements which are best met by dielectric multi-layer coatings
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Figure 4.3 The effect of varying the coating Young’s modulus on the coating thermal noise, where
a reduction of thermal noise can be achieved in theory by matching the substrate and perpendicular
coating Young’s moduli. It should be noted that this is illustrative, where the coating parameters are
taken to be those of a standard quarter-wavelength silica/tantala coating in which the tantala layers
are doped with 22.5% titania, and where the Young’s modulus of each coating material is artificially
varied. The actual perpendicular Young’s modulus for such a coating is 100 GPa, as marked on the
plot.

(see Chapter 2). These coatings typically consist of alternating layers of two amorphous
dielectric materials with different refractive indices. In a standard highly reflective coating
the optical thickness of each layer is typically chosen to be λ/4 where λ is the wavelength
to be reflected (although see Chapter 12 for exceptions). Optical thickness, δ, is given by

δ = nt, (4.41)

where t is the physical thickness and n is the refractive index of the layer. The reflectivity
of the coating is related to the difference in refractive indices of the two materials and to
the number of layers in the coating, see Equation 2.1. The reflectivity of a given coating
can be increased either by increasing the number of pairs of layers, or by increasing the
difference in refractive index between the two components of the coating. Since coating
thermal noise is related to the total thickness of the coating, the refractive index can be an
important parameter when comparing different coating materials.

Much of the early research into coating thermal noise was undertaken for interferometric
gravitational wave detectors, for which the coating materials were required to have very low
optical absorption at 1064 nm. The coatings used in these instruments were silica/tantala
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Figure 4.4 The effect of varying the beam radius on the Brownian coating thermal displacement
noise (

√
(S(x)), calculated for a standard quarter-wavelength silica/tantala coating in which the

tantala layers are doped with 22.5% titania.

multi-layer stacks deposited by ion-beam sputtering. Ion-beam sputtering is a relatively
high-energy deposition process which tends to produce coatings with good adhesion, dense
structures, fewer impurities and lower optical absorption than other techniques (Seshan,
2002). Post-deposition thermal annealing is used in most ion-beam sputtered coatings to
reduce optical absorption losses (Netterfield et al., 2005). Annealing temperatures vary
from vendor to vendor, but silica/tantala coatings are typically annealed at 450–550 ◦C.
Tantala films are known to crystallize when heated to between 600 ◦ and 700 ◦C (Netterfield
et al., 2005), to the detriment of their optical properties. See Chapter 2 for details on the
coating process.

Following the work of Levin, it was clear that the mechanical dissipation of coating
materials was likely to be a significant source of thermal noise in gravitational wave
interferometers. A research program involving a number of groups around the world was
established with the aim of quantifying and studying ways of reducing the mechanical
dissipation of the coating materials. Early studies focussed on identifying the source of the
loss in silica/tantala multi-layer coatings. Three potential sources of energy dissipation were
considered; friction at the interfaces between the coating layers, dissipation at the interface
between the coating and the substrate and internal dissipation in the coating materials.

A careful series of measurements was carried out to establish which of these mechanisms
contributed to the measured coating loss (Penn et al., 2003). By varying the number of pairs
of silica and tantala layers, while keeping the total thickness of the coating constant, it was
found that the number of coating layer interfaces had no effect on the coating loss. Similarly,
by varying the coating thickness, it was found that the loss occurred in the coating, and not
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at the coating–substrate interface. To test the hypothesis that the loss occurs in the coating
materials, coatings with varying relative proportions of silica and tantala were studied.
A coating with a higher tantala content showed a significantly higher loss factor than a
standard λ/4 coating, and a coating with a reduced tantala content (i.e. a higher silica
content) showed a lower loss factor. This result demonstrated that the multi-layer coating
loss was predominantly due to losses in the coating materials, and in particular that the loss
associated with the tantala layers dominated the loss of the multi-layer coating. The loss
of the silica and tantala layers was found to be (0.5 ± 0.3) × 10−4 and (4.4 ± 0.2) × 10−4

respectively (Penn et al., 2003).

Measuring coating mechanical loss

Mechanical loss is often measured using a ring-down technique in which a resonant mode
of a sample is excited and the exponential decay of the amplitude recorded. If all external
sources of damping are suitably minimized, then the mechanical loss φ(f0) is related to the
amplitude decay A(t) as

A(t) = A0e
−2πφ(f0)f0t/2, (4.42)

where A0 is the initial excitation amplitude and f0 is the frequency of the resonant mode.
Penn et al. (2003) give a detailed description of typical measurement techniques.

The loss of a coating is generally measured by comparing the mechanical loss of two
identical substrates, one of which is coated while the other is kept uncoated as a control
sample. The coating loss can be calculated from the difference in loss of the two samples,
with a scaling factor to account for the fact that only a small fraction of the elastic energy
is stored in the coating (Berry and Pritchet, 1975). In addition, the coating thermoelastic
loss (Fejer et al., 2004; Braginsky and Vyatchanin, 2003a), arising from the differing
thermomechanical properties of the coating and the substrate, must be subtracted to obtain
the intrinsic loss of the coating material. The coating thermoelastic loss can be calculated
using the formulas derived by Fejer et al. (2004), although in practice the effect is usually
very small. Thus, the intrinsic coating loss, φ(f0)coating, can be found from (Crooks et al.,
2004)

φ(f0)coating = Es

Ec

(
φ(f0)coated − φ(f0)substrate

)
− φ(f0)coating thermoelastic, (4.43)

where φ(f0)coated is the measured loss of the coated sample, φ(f0)substrate is the measured
loss of the un-coated substrate and Es and Ec are the elastic energies stored in the substrate
and in the coating respectively. For simple geometries and resonant mode shapes this energy
ratio can be easily calculated analytically, while in more complex situations finite element
modeling can be used to find the distribution of elastic energy in a sample. Thermoelastic
effects are discussed in detail in Chapter 9.
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Figure 4.5 Mechanical loss for TiO2-doped Ta2O5/SiO2 as a function of the measured Ti cation
concentration in the Ta2O5 layers (Harry et al., 2007).

4.2.2 Coating loss research

Different strategies have been pursued to attempt to reduce the coating mechanical loss
without adversely affecting the optical properties of the coating. Some work has focussed on
finding methods of reducing the loss of the more lossy tantala layers, while other research
has concentrated on finding suitable alternative high refractive index materials.

Doping the tantala layers with titania has been shown to significantly reduce the coating
loss. Titania was suggested as a dopant as the atomic size of the Ti atom potentially allows it
to be densely packed within the tantalum–oxygen structure, it has a high Young’s modulus,
and the tantala-titania alloy has a high melting point which suggests that it has a stable
amorphous structure. Coatings deposited by Laboratoire des Matériaux Avancés (LMA) in
Lyon, France, where the tantala layers were doped with various concentrations of titania
doping have been studied (Harry et al., 2007). The presence of any titania doping was
found to reduce the coating loss and the magnitude of the dissipation was found to decrease
as the titania concentration was increased from zero to 22.5% and appeared to increase at
higher titania concentrations, as shown in Figure 4.5. The largest reduction in coating loss,
of approximately 40%, occurred at a titania concentration of 22.5%.

Similar coatings produced by another vendor, Australia’s Commonwealth Scientific
and Industrial Research Organisation (CSIRO) in Sydney, where the tantala layers were
doped with 15% titania also showed a reduction in loss of 40% compared to an un-
doped coating. However, the loss of both un-doped and doped coatings from CSIRO
were found to be higher than the equivalent coatings deposited by LMA, (3.7 ± 0.2) ×
10−4 for a tantala/silica multi-layer coating and (2.4 ± 0.1) × 10−4 for a titania doped
tantala/silica multi-layer coating (Murray, 2008). Similar variations in the mechanical loss
of coatings produced by different vendors have often been observed, suggesting that the
precise sputtering parameters (see Chapter 2) may have a significant effect on the coating
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loss. Some research has been carried out into the effect of coating process parameters,
however because of the proprietary nature of much of this information it is difficult to draw
any definitive conclusions. A coating in which the tantala layers were doped with silica to
a level of 35% also showed a reduction in loss of ∼40% (Murray, 2008).

A study of the effect of various dopant materials carried out by LMA, using 500 nm
thick single layers of doped tantala, showed that, in addition to reducing mechanical loss,
doping decreases optical absorption (see Chapter 10) and tends to increase the refractive
index, reducing the thickness of tantala required to produce a coating of a particular
reflectivity (Flaminio et al., 2010). However, doping with tungsten, a tungsten–titanium
alloy, and cobalt were all found to increase the optical absorption and the mechanical loss
of the tantala. Cobalt was found to have a particularly detrimental effect, increasing the
optical absorption by a factor of ∼ 4000 and the mechanical loss by a factor of ∼4. Of
the dopant materials studied, only titanium was found to reduce optical absorption and the
mechanical loss of tantala. An initial experiment on doping tantala with lutetium has been
carried out, showing no significant improvement in loss over un-doped tantala (Murray,
2008).

4.2.3 Alternative high index materials

In addition to attempts to reduce the mechanical loss of tantala, some research has been
directed towards alternative high-index materials with studies of hafnia/silica and nio-
bia/silica coatings. Niobia was found to have a mechanical loss of ∼7 × 10−4, which is
approximately 50% higher than the mechanical loss of un-doped tantala (Harry, 2004).
Hafnia/silica coatings were found to have poor adhesion and poor absorption, possibly due
to crystallization.

As shown in Equation 4.28, the coating thermal noise can be reduced by matching the
Young’s modulus of the coating to that of the substrate. In an attempt to do this, CSIRO made
a coating in which the high-index layers were composed of 65% silica and 35% titania, and
the low-index layers were composed of silica. There is evidence that this coating may have
a particularly low loss, approximately 60% lower than the loss of a standard silica/tantala
coating from CSIRO (Murray, 2008).

More recent studies of single layers of un-doped zirconia, and of zirconia doped with
titanium and with tungsten showed an increased loss in the doped coatings, although it
should be noted that un-doped zirconia had a similar loss to titania-doped tantala (Flaminio
et al., 2010). However, the optical absorption of all of the zirconia coatings was found
to be at least ten times higher than that of tantala, making them less suitable for use
with high laser powers in precision measurements. Niobia, while having lower absorption
than zirconia, had a higher mechanical loss of (4.6 ± 0.9) × 10−4. Interestingly, this is
lower than previous measurements of the loss of niobia supplied by MLD Technologies of
Mountain View, California, again indicating that coating materials from different vendors
can vary significantly. While the loss is higher than tantala, the high refractive index of
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niobia would allow the same reflectivity to be obtained with less thickness of high-index
material. Furthermore, the Young’s modulus of niobia is closer to the Young’s modulus
of silica, so that for a silica mirror substrate, the coating thermal noise would be further
reduced.

Alumina has been found to both have a relatively low mechanical loss, (3.1 ± 0.2) ×
10−4 for alumina from MLD and (1.6 ± 0.4) × 10−4 for alumina from Wave Precision, Inc.
of Moorpark, California (Crooks et al., 2006). A reflective coating consisting of alumina
with silica has been studied. While alumina and silica have similar refractive indices
(n = 1.45 and n = 1.65 respectively) it is still possible to obtain a high reflectivity by using
significantly more coating layers. However, mechanical loss measurements and thermal
noise studies showed that the potential benefits of the lower loss were outweighed by the
increased coating thickness required for high reflectivity (Crooks et al., 2006). In the case of
a silica substrate, the Young’s modulus of a silica/alumina coating is also less well matched
to the substrate modulus, again increasing the level of thermal noise.

While silica/tantala coatings appear to be one of the best combinations of materials for
operation at room temperature, in terms of both the optical and mechanical requirements for
high reflectivity, low absorption coatings, some other promising materials may be worthy
of further investigation.

4.2.4 The effect of deposition parameters

The mechanical loss of ion-beam sputtered silica/tantala coatings deposited by different
vendors has been found to vary considerably, suggesting that the precise details of the
deposition process can significantly affect the magnitude of the loss. Significant research on
the effect of deposition parameters on the optical properties of ion-beam sputtered coatings
has been carried out (Netterfield et al., 2005; Pinard and The Virgo Collaboration, 2004).
However relatively little work on the effect of deposition parameters on the mechanical
loss has been published. Experiments using xenon instead of argon as the sputtering ion
have been carried out. There was, however, no significant effect on the mechanical loss of a
silica/tantala coating (Murray, 2008). Oxygen deficient tantala coatings have been produced
by reducing the oxygen present in the coating chamber. However, initial experiments
indicated that the coating loss was higher under these conditions.

Ion-bombardment of a film during deposition is a commonly used technique for evapo-
rated coatings, resulting in increased coating density and better stability. Although ion-beam
sputtering is a higher energy process and naturally produces denser films, secondary bom-
bardment with “assisting” ion-beams can result in changes to the coating stoichiometry and
stress (Netterfield et al., 2005). A comparison of standard silica/tantala coatings deposited
using a collimated and an un-focussed secondary ion-beam of oxygen ions found that the
latter gave a 20% lower coating loss (Harry, 2004). However, this loss was higher than
the loss of a coating deposited without ion assistance. It is interesting to note that both
oxygen deficient coatings and oxygen rich coatings (due to the high rate of implantation by
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a collimated oxygen ion-beam) gave higher mechanical loss factors. This may suggest that
stoichiometry is an important factor in determining the mechanical loss. See Chapter 2 for
more on coating deposition.

4.2.5 Mechanical loss of coatings suitable for other wavelengths

Much of the research into the mechanical loss of optical coatings has focussed on materials
suitable for coatings operating at a wavelength of 1064 nm. At different wavelengths alter-
native materials can also be suitable. Amorphous silicon can be used as a high refractive
index material at wavelengths above ∼ 1100 nm. Studies of amorphous silicon deposited
using various techniques have shown that it can have a similar loss to tantala at room tem-
perature (Liu and Pohl, 1998), and, for ion-beam sputtered silicon the loss at temperatures
below 100 K can be particularly low, of order 10−5. Furthermore, it has been shown that
hydrogenation can reduce the loss of amorphous silicon by up to two orders of magni-
tude (Liu and Pohl, 1998). The precise mechanism by which hydrogen reduces the loss is
not understood, but there is evidence that the presence of hydrogen reduces the number
of tunneling states in the material. Many other possible coating materials exist, but the
mechanical loss of thin films of these materials tends to be under-studied.

4.2.6 Dissipation mechanisms in coating materials

While it has been shown that titania doping can reduce the dissipation of the commonly
used silica/tantala coatings, neither the mechanism responsible for the dissipation in tantala
nor the process by which it is reduced by doping with TiO2 is understood. Developing
models of the dissipation mechanisms in coating materials is likely to be critical if further
significant reductions in coating loss are to be made. One method of probing the dissipation
mechanisms in a material is to measure the dissipation as a function of temperature.
Many materials exhibit temperature dependent dissipation peaks, with the temperature and
frequency dependence of the peak associated with the activation energy of the dissipation
process (Nowick and Berry, 1972).

Initial measurements of the temperature dependence of the loss of a single layer of ion-
beam sputtered tantala heat treated at 600 ◦C revealed a dissipation peak at approximately
20 K (Martin et al., 2008). Further measurements suggested that titania doping reduced the
height and increased the width of the dissipation peak (Martin et al., 2009), in addition to
reducing the loss at room temperature. A dissipation peak at a particular temperature usually
arises from a specific loss mechanism within the material. Most dissipation mechanisms
can be described by a Debye peak, for which the loss can be expressed as

φ(f ) = �
2πf τ

1 + (2πf τ )2
, (4.44)

where� is a constant related to the magnitude of the dissipation (Nowick and Berry, 1972).
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Figure 4.6 Comparison of the mechanical loss an undoped tantala coating heat treated at 300 ◦C and
an otherwise identical coating heat treated at 600 ◦C (Martin et al., 2010).

The temperature at which the loss peak occurs is found to increase at higher frequencies.
This is characteristic of dissipation arising from a thermally activated relaxation process,
in which the relaxation time, τ , is related to the activation energy, Ea , of the process by the
Arrhenius law:

τ = τ0e
Ea/kBT , (4.45)

where τ0 is the relaxation constant of the dissipation mechanism and kB is Boltzmann’s
constant (Braginsky et al., 1985). From Equation 4.44 it is clear that at the dissipation peak
2πf τ = 1 and thus Equation 4.45 can be written as

f = e−Ea/kBTpeak

2πτ0
. (4.46)

The activation energy and relaxation constant can then be found from the frequency depen-
dence of Tpeak. This analysis has been carried out for a pure tantala coating and for a tantala
coating doped with 14.5% titania, giving activation energies of 28 ±1.2 meV and 38 ± 2.7
meV respectively (Martin et al., 2009). Titania doping appears to increase the activation
energy of the dissipation process responsible for the low temperature loss peak in tantala.
Further studies have found that the dissipation peak at 20 K is not present in tantala coatings
which are heat treated at lower temperatures (300 ◦C or 400 ◦C) after deposition. However,
as shown in Figure 4.6, tantala films heat treated at lower temperatures were found to
have a broader and lower dissipation peak at approximately 35 K with activation energy of
66 ± 10meV (Martin et al., 2010).

The values of Ea and τ0 can be substituted into Equations 4.45 and 4.44 to find the
theoretical shape of a dissipation peak with these characteristics. For both of the peaks
in tantala these theoretical peaks are significantly narrower than the observed dissipation
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peaks. This is a characteristic of disordered dissipative systems in which there is a range
of values of the activation energy, of which the Ea found from the Arrhenius law is the
average. It is likely therefore that the distribution of activation energies in tantala arises
from the amorphous structure.

In many amorphous solids, the dissipation at temperatures above 10 K is thought to
arise from thermally activated reorientations of atoms or molecules over potential barriers.
One of the most extensively studied amorphous materials is fused silica, which has a large
dissipation peak centered on 40–60 K with an average activation energy 44 meV (Anderson
and Bömmel, 1955). Studies by several authors have associated the dissipation peak with
energy dissipation arising from thermally activated transitions of oxygen atoms between
two energy states in the amorphous SiO2 network (Braginsky et al., 1985; Bömmel et al.,
1956; Strakna, 1961), with the width of the dissipation peak associated with a distribution
of activation energies resulting from the disordered structure of the silica (Fine et al., 1954).
Various models for the specific dissipation mechanism have been proposed. Anderson and
Bömmel (1955) suggested that the dissipation occurs when certain oxygen atoms (the
“bridge” oxygen atoms, linking together ring-like formations in the silica) move between
two possible bond angles. Strakna (1961) proposed a similar model in which certain Si–
O–Si bonds are naturally elongated. The loss then arises from vibrations of the oxygen
atom between two positions of minimum potential (McLachlan and Chamberlain, 1964)
in the elongated bond. Vukcevich (1972) proposed a third model in which the dissipation
occurs when neighboring SiO4 tetrahedral structures rotate between two stable states. The
activation energy of this process depends on the microscopic environment of individual
tetrahedra, again resulting in a spectrum of activation energies and a correspondingly wide
dissipation peak. More recent work based on first principle atomic modeling has suggested
that co-ordinated motion of larger groups of atoms may be responsible for the loss (Reinisch
and Heuer, 2005).

In all of the above models, motion of small structural units in the silica network are
postulated to be responsible for the low temperature dissipation peak. The models differ
only in the type of motion which occurs and the nature of the associated potential barrier
which must be overcome. In each model, the atom, or group of atoms, involved in the
dissipation process can be considered to sit in a double-well potential in some generalized
local configuration co-ordinate: that is, there are two possible positions which can be
occupied with almost equal probability. Energy dissipation can occur if an atom gains
enough energy (the activation energy) to surmount the potential barrier which separates the
two equilibrium positions.

The activation energies for the two dissipation peaks observed in amorphous tantala are
of the same order of magnitude as the activation energy found for the dissipation peak in
silica. It has been postulated that similar dissipation mechanisms may be responsible for
the loss in tantala, with the peaks at 20 K and 35 K corresponding to two different types
of motion as discussed above for fused silica. Changes in the local structure of the tantala
brought on by heat treatment at temperatures above 400 ◦C may allow a second mode of
dissipation to occur, resulting in the dissipation peak at 20 K.
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4.2.7 Barrier height distributions

As mentioned in Section 4.2.6, dissipation peaks in amorphous materials are often broader
than a simple Debye peak characterized by a unique activation energy and a relaxation
constant. The width of these peaks implies that there is a distribution of activation energies,
or barrier heights, arising from the disordered structure of these materials. Topp and Cahill
(1996) have developed a method of extracting the barrier height distribution from measure-
ments of loss as a function of temperature, based on the asymmetric double-well potential
model of Gilroy and Phillips (1981). While previous analysis had assumed the potential
wells were symmetric, this model introduces an asymmetry in the depths of the wells, and
had already been used to explain various types of anomalous low temperature behaviour in
amorphous solids, including silica (Phillips, 1972; Anderson et al., 1972). The asymmetric
double-well potential model has since been corroborated by low frequency light scattering
measurements (Wiedersich et al., 2000).

Consider an asymmetric double-well potential with a barrier height V and an asymmetry
� in the energies of the wells. In an amorphous solid there will be a distribution of potential
barrier heights, g(V ), and also a distribution of the asymmetries, f (�), in the energies of
adjacent potential wells. Gilroy and Phillips (1981) showed that the dissipation predicted
by this model is given by

φ = γ 2

kBT Cii

∫ ∞

0

∫ ∞

0

2πf τ

1 + (2πf τ )2
sech2

(
�

2kBT

)
f (�)g(V )d�dV, (4.47)

where f is the frequency of measurement, Cii is the appropriate elastic constant, γ is
the elastic coupling constant which represents the coupling between the defect (e.g. the
atom re-orienting within the asymmetric double-well potential) and the applied strain. The
relaxation time, τ , associated with a barrier height, V , is given by the Arrhenius equation
(Equation 4.45). Starting with this integral, and assuming that g(V ) is independent of
temperature and that f (�) = f0 = constant (Gilroy and Phillips, 1981), Topp and Cahill
(1996) derive the relation between the mechanical loss and the function g(V ),

φ = πγ 2f0

Cii
kBT g(V ), (4.48)

where

V = −kBT ln (2πf τ0). (4.49)

Thus the distribution of barrier heights, g(V ), can be calculated from the measured tem-
perature dependence of the mechanical loss.

4.2.8 Atomic modeling of amorphous coatings

The results of many coating mechanical loss studies have suggested that level of loss can
be strongly related to the coating deposition parameters, composition, and post-deposition
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Figure 4.7 A structure for tantala heat treated at 400 ◦C, obtained from atomic modeling using the
measured RDF data (Bassiri et al., 2010). The lighter balls represent tantalum atoms and the darker
balls represent oxygen atoms.
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Figure 4.8 An example of an RDF from an electron diffraction measurement of a tantala coating
heat treated at 400 ◦C (Bassiri et al., 2011). The first peak at ∼1.9 Å corresponds to Ta–O nearest
neighbor distances and the peak at ∼3.6 Å corresponds to Ta–Ta nearest neighbor distances.

heat treatment. In an effort to understand the relationship between deposition parameters,
coating structure, and mechanical loss, studies of the atomic structure (see Figure 4.7) of
ion-beam sputtered coating materials have been initiated using Reduced Density Function
(RDF) analysis of electron diffraction data and sophisticated computer modeling techniques
for amorphous materials (Cockayne, 2009). These modeling techniques have proven useful
in recent studies of the atomic structure of Ge2Sb2Te5 and N-doped Ge2Sb2Te5 (Borisenko
et al., 2009a,b).

The RDF gives a statistical representation of the location of the nearest neighbour atoms
with respect to a central atom. An example of an RDF is given in Figure 4.8. This in itself
can yield interesting information about the local structure of tantala, and a preliminary
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study of heat treated tantala has been carried out (Bassiri et al., 2010, 2011). However,
using molecular dynamics and reverse Monte Carlo modeling it is possible to construct a
detailed atomic model of the tantala structure which is consistent with the experimentally
measured RDF. This allows direct access to information such as bond types and bond angle
distributions, and further modeling can potentially allow prediction of material properties
such as the Young’s modulus and the index of refraction. It may be also possible to compare
bond angles and barrier distributions obtained from models of coating materials with the
barrier distributions obtained from mechanical loss measurements. The ultimate aim of
this modeling is to relate the local structure to the mechanical loss, and to understand the
effect of different deposition parameters, doping atoms, and heat treatment regimes on the
structure and the mechanical loss of the material.

4.2.9 Conclusion and future outlook

Significant effort has been invested into quantifying the Brownian thermal noise associ-
ated with multi-layer dielectric coatings for use in precision measurement. The level of
thermal noise observed is directly proportional to the mechanical loss (sometimes referred
to as internal friction) of the coating material. These coatings typically exhibit a level of
mechanical loss that is around a factor of 105 greater than that often observed in high-purity
bulk materials, such as fused silica. Coating improvements are continuing to be pursued
to reduce mechanical loss and thus thermal noise. These include doping, heat treatment,
and thickness optimization (see Chapter 12). New materials are also being pursued, see
Chapter 16 for a discussion of AlxGa1−xAs, for example.

Despite the success of many of these techniques, future experiments that demand large
improvements in coating thermal noise set a formidable challenge to material scien-
tists (Punturo and The Einstein Telescope Collaboration, 2007). For this reason, there
have been many proposals for experimental configurations that can significantly reduce the
thickness of coating material required, or eliminate deposited coatings altogether. In certain
applications, traditional high-reflectivity coatings may be replaced by diffractively coupled
mirrors (Sun and Byer, 1998; Burmeister et al., 2010), or by using corner-reflectors (Bragin-
sky and Vyatchanin, 2004) as detailed further in Chapter 6. Micro-machined surfaces have
also been proposed and are being tested for fabricating monolithic waveguide “coatings” on
silicon substrates (Brückner et al., 2008, 2009, 2010), where specialized etching into the sil-
icon surface can be used to fabricate regions of monolithic material with effective high and
low indexes of refraction. These alternative strategies still require significant developments
in order to achieve the level of optical efficiency (reflectivity, scattering, absorption, etc.)
typically required for precision measurement. A wide range of R&D activities is therefore
anticipated, developing various coating techniques and configurations, in order to pursue
precision measurement beyond the current technology limits.
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Direct measurements of coating thermal noise

kenji numata

5.1 Introduction

Mirror thermal noise has been directly measured in optical cavities with high displace-
ment sensitivity. Direct comparisons between theory and measurement were done in dedi-
cated setups which directly measure mirror thermal noise. In addition, frequency stabilities
achieved by fixed-spacer cavities are limited by mirror thermal noise, ultimately by coating
thermal noise. In this chapter, we will give an overview of such verification experiments
and the experimental techniques which are used.

5.2 General considerations

There are two ways to form Fabry–Perot cavities to measure mirror thermal noise (see
Figure 5.1).

� Free-mirror configuration. Two mirrors are mechanically isolated from each other, like
in a gravitational-wave interferometer (see Chapter 14). This configuration more easily
allows isolation of the mirror thermal noise from other thermal noises, but is more chal-
lenging for suppression of seismic noise. As a result, its measurement frequency range
is limited to �10 Hz. The displacement measurement is obtained from a control (error)
signal which keeps the free-mirror cavity on resonance (Black et al., 2004a). Two iden-
tical test cavities allow for common-mode noise rejection. This has typically been done
electronically. An optical recombination is also possible, as a Fabry–Perot Michelson
interferometer, for the common-mode noise rejection. However, it adds another degree
of freedom to be controlled.

� Fixed-spacer configuration. Two mirrors are mechanically connected by a fixed spacer,
such as a rigid reference cavity used for frequency stabilization. Usually, information on
mirror thermal noise is embedded in the laser frequency, and the signal is taken from
beating against a second independent laser that has a stability comparable with or better
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Figure 5.1 Free-mirror configuration (left) and fixed-spacer configuration (right).

than the one under test.1 This configuration can be used from as low a frequency as
milliHertz to as high a frequency as tens of kiloHertz. Although large common-mode
rejection is provided by the spacer for seismic noise, vibration insensitive design is
commonly adapted to cope with the seismic noise. See Chapter 15 for more on laser
frequency stabilization.

Dedicated thermal noise measurement setups have mostly been based on the free-mirror
configuration. The key features of such a setup are small beam radii (∼100 µm) to amplify
the effect of the surface fluctuation (see Chapter 4), short test cavities (∼1 cm) to reduce
the laser frequency stabilization requirement, frequency stabilization by a longer cavity
which suppresses free-running laser frequency noise in the detection band, a relatively high
optical power (≥100 mW per cavity) to reduce shot noise, use of a single laser and two
identical test cavities to permit common-mode noise rejection for external disturbances
and laser noise, and vacuum and seismic isolation systems to reduce vibrational noise. The
length variations of the two equivalent test cavities are measured with a single laser. Their
differential signal carries the information of the thermal fluctuations in the mirrors.

5.3 Noise sources of interferometer

In order to enhance the displacement (frequency) sensitivity, the Fabry–Perot cavity and
the Pound–Drever–Hall (PDH) locking scheme (Drever et al., 1983) (see Section 15.2.1)
are commonly adopted in sensitive optical measurements. There are many noise sources
that limit the sensitivity of such measurements.

� Thermal noise: mirror thermal noise and suspension/spacer thermal noise.
� Optical readout noise: shot noise and radiation pressure noise.
� Laser noises: laser frequency noise and laser intensity noise.
� Non-fundamental noise: seismic noise, electric circuit noise, residual gas noise, and

others.

1 When one laser is used, instead of two, the signal can be taken from a demodulated signal of the reference system, using the
reference cavity as an “analyzer”. In that case, a controlled frequency shift is required to make the laser resonant on the two
fixed-spacer cavities at the same time.
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Figure 5.2 Noise sources in the free-mirror configuration.

Figure 5.2 shows typical noise sources in the free-mirror configuration. Chapter 15 has a
summary of noise sources in the fixed-spacer configuration and an overview of the PDH
locking.

5.3.1 Thermal noise

According to the Fluctuation–Dissipation Theorem (see Chapter 1), a body in a heat bath
with a finite temperature is buffeted by a fluctuating force whose amplitude is proportional
to the square root of mechanical losses in the body itself. The surface thermal motion of
the mirror is called mirror thermal noise, and the fluctuating motion of the entire mirror
body as a pendulum is called suspension thermal noise. In the case of the fixed-spacer
configuration, there also exists thermal noise in the spacer. The coating thermal noises are
discussed in Chapters 3, 4, and 9 and the substrate thermal noise in Chapter 7. These noises
become the “signal” in direct measurement experiments.

Suspension thermal noise

When the mirror is suspended as a pendulum, it is buffeted by fluctuating thermal forces.
In a simplified harmonic-oscillator model, the suspension thermal noise is expressed as

Ssus(f ) = 4kBT
(
2πfp

)2
φp

m

1

(2πf )5
, (5.1)

at f 
 fp, by considering only the high-frequency range of the force-to-displacement
transfer function.2 Here, φp is the loss angle of the suspension (pendulum), m is the mass
of the mirror, and fp is the resonant frequency. This noise is usually much smaller than
seismic noise in a table-top experiment.

2 H (f ) = [−m (2πf )2 +m (
2πfp

)2
(1 + iφp)]−1.
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Spacer thermal noise

By considering the low-frequency portion of its transfer function,3 the longitudinal thermal
fluctuation of one end of a spacer is written, using the spacer’s loss, φspacer, as

Sspacer(f ) = 4kBT

2πf

L

3πR2Y
φspacer, (5.2)

assuming the system to be a one-dimensional cylindrical elastic bar. Here, R is the radius,
L is the length, and Y is the Young’s modulus of the spacer. In many fixed-spacer configu-
rations, this noise is less important than the mirror thermal noise (Numata et al., 2004).

5.3.2 Optical readout noise

There are two unavoidable noise sources in all optical measurements, shot noise and
radiation pressure noise. Together, these are called optical readout noise.4

Shot noise

Shot noise originates in the photon counting statistics at the signal detection port of an
interferometer. When a photocurrent, iDC, flows in a photodetector, the output spectrum
of the photocurrent fluctuations is ishot = √

2eiDC, where e is the charge on the electron,
because of Poisson counting statistics of the incoming photons. The signal-to-noise ratio
is proportional to the square root of the incident light power (to the cavity), P0, since the
signal is proportional to P0. In the case of a Fabry–Perot cavity, the equivalent mirror
displacement of the shot noise is given by

Sshot(f ) ≈ hλc

32F2P0

[
1 + (2πf τs)

2
]
, (5.3)

with approximations.5 Here, F is the finesse of the cavity, h is Planck’s constant, and
τs(= 2LF/(cπ )) is the storage time. This shot noise is typically a sensitivity limiting factor
for the free-mirror configuration (generally above 10 kHz). In the fixed-spacer configuration,
other technical noises are usually more important (see Chapter 15).

Radiation pressure noise

The mirror position is buffeted by the back-action of the reflected photons, whose number
fluctuates by the photon counting statistics. In the case of a suspended Fabry–Perot cavity,
the radiation pressure induced displacement noise is

Sradi(f ) ≈ 64F2P0h(
πm (2πf )2

)2
λc

[
1 + (2πf τs)

2
]−1
, (5.4)

3 H (f ) = − cot(2πfL
√
ρ/(Y (1 + iφ)))/(2π2fR2√ρY (1 + iφ)).

4 The sum of the two optical readout noises is always larger than the standard quantum limit, SSQL(f ) = 4h̄/(m (2πf )2), which
cannot be overcome by conventional techniques. See Section 1.4 for more on the standard quantum limit and Section 11.3 for
non-conventional ways of beating this limit.

5 Unity conversion efficiency of the photodetector, critical coupling cavity, high reflectivity mirror with no loss, small modulation,
no demodulator loss, perfect mode matching, and 2πfL/c 	 1.
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with the same approximations as above. In the table-top experiment, this radiation pressure
noise is generally relevant only when very small masses (m � 1 mg) are used.

5.3.3 Noises in the laser source

A laser has fluctuations in its frequency and its intensity. They appear as equivalent dis-
placement noise in the interferometer.

Frequency noise

In the Fabry–Perot cavity, the frequency noise of the laser, Sν , directly couples to the
displacement noise, SL, by

√
SL(f ) = L

ν

√
Sν(f ), (5.5)

since ν = Nc/(2L) is satisfied on resonance with N an integer. In the free-mirror config-
uration, this effect can be minimized by making the cavity length, L, shorter for a given
frequency noise, Sν . In frequency stabilization experiments using the fixed-spacer config-
uration, longer cavities should result in higher frequency stability for a given displacement
noise, SL.

Intensity noise

The displacement signal in the cavity is obtained as the intensity change at the photodetector.
Thus, the fluctuation in intensity of the laser source can couple to the read-out displacement
signal as

√
Sint(f ) =

√
SP(f )

P
〈�x〉rms, (5.6)

where
√
SP(f )/P is the relative intensity noise of the laser and 〈�x〉rms is the root mean

square of the residual motion fluctuation of the mirror around the ideal lock point (i.e.
resonance center). By suppressing the residual motion fluctuations, the effect of the intensity
noise is effectively reduced. Experimentally, this effect can be evaluated by determining
the (frequency dependent) “coupling factor” 〈�x〉rms, including any other effects coupled
to the laser intensity noise. This can be done by measuring the transfer function from an
applied intensity modulation to the output (displacement) signal. Electronic subtraction
of this laser noise is possible if two equivalent Fabry–Perot cavities are locked to one
laser simultaneously. Intensity noise at an RF modulation frequency is down-converted by
the demodulation process, imitating the error signal. Therefore, the modulation should be
applied at a frequency where intensity noise is limited by shot noise.

Another type of intensity noise, called residual amplitude modulation (RAM), contam-
inates the error signal and affects stability, especially in a low-frequency measurement
in the fixed-spacer configuration. The RAM occurs at the phase (frequency) modulation
frequency due to misalignment between a crystal axis and polarization, parasitic etalons,
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and so on (see Section 15.2.2). Along with careful alignment and stray light control,
temperature stabilization of a phase modulator effectively suppresses the RAM-induced
instability.

5.3.4 Non-fundamental noise

There are other noise sources which are not inherent in interferometers but inevitable during
its operation.

Seismic noise

Seismic motion is one such inevitable noise source for every ground-based experiment.
Generally speaking, the ground motion has a spectrum of about

√
Sgnd(f ) ∼ 10−7

(
1 Hz

f

)2

[m/
√

Hz], (5.7)

above ∼1 Hz in a typical lab environment.6 This, of course, varies with location, time of
year, time of day, weather, etc.

An isolation system, whose displacement-to-displacement transfer function is given by
Hiso(f ), suppresses the motion to

√
Sgnd × |Hiso|. A simple harmonic oscillator (pendulum)

hasHiso(f ) ≈ −f 2
p /f

2 at f 
 fp. In the free-mirror configuration, the test cavity is highly
isolated from seismic motion by using a cascade of harmonic oscillators (e.g. a pendulum
and an isolation stack) above a few Hz. This configuration typically provides an isolation
ratio of >108 above 100 Hz.

In the fixed-cavity configuration operated at low frequency (<1 Hz), where a passive
isolation system is not realistic, use of a mounting geometry that reduces acceleration
sensitivity is required for higher sensitivity. The geometry of the cavity and its supporting
structures can be designed by numerical analysis (see Chapter 15).

Electric circuit noise

In the free-mirror configuration, the cavity length has to be controlled and kept on reso-
nance. The noise in a servo and actuator circuit can disturb the mirror position. Usually, the
servo circuit is designed to have a sufficient gain for stable operation and for suppression
of other noise sources (e.g. laser intensity noise). On the other hand, a gain set too high can
introduce excess noise. Thus, the balance between high gain and low noise determines the
servo-loop design. Similarly, the actuator should have enough dynamic range (sufficiently
strong coupling) to suppress the mirror’s residual motion. Once the coupling is determined,
the actuator-induced noise is also practically determined, because the actuator circuit noise
cannot be lower than a certain value, typically of order nV/

√
Hz (input equivalent). There-

fore, in order to make the actuator noise smaller than the target sensitivity, the uncontrolled

6 Below 1 Hz, the frequency dependence of seismic noise is reduced by ∼ 1/f , having a micro-seismic peak at ∼0.15 Hz and
Earth tides at ∼ 10−5 Hz.



Direct measurements of coating thermal noise 61

motion of the mirror has to be sufficiently damped, and the actuator circuit has to have
low noise. Similar consideration applies to the fixed-spacer configurations. Temperature
drift of a demodulator in the PDH method may become important for long time-scale
measurements.

In general, output voltage noise from the demodulator represents the sum of the shot noise
and of the detector noise (Shoemaker et al., 1988). To make detector noise negligible, the
DC photo-current (i.e. input optical power) must be large compared to the noise equivalent
current. Use of a detector followed by an RF resonant circuit and/or a low-noise amplifier
can help in improving the signal-to-noise ratio at the detector.

Residual gas noise

The gas molecules along the optical path affect the phase of light through their index of
refraction fluctuations. This effect can be expressed as

Sgas =
√

8πL
(n0 − 1)2

(A0/V0)u0

√
λ

(
p

p0

) (
T0

T

) 3
2

, (5.8)

where n0 is the refractive index of the gas, V0 is the volume of one mole of gas7 at standard
temperature T0, A0 is Avogadro’s number,8 and u0 is the mean velocity of the gas molecule
at the standard temperature (Shoemaker et al., 1988). For short cavity lengths (L ∼1 cm)
the required vacuum level to reach 10−18 m/

√
Hz is � 10−3 Torr. This level of vacuum can

generally be obtained by a turbo-molecular pump and/or an ion pump. Such vacuum level
is required, in addition, for the operation of a high-finesse cavity, which is often used in the
fixed-spacer configuration.

Other noise sources

Another type of mirror “thermal” noise, called photothermoelastic noise has been pointed
out. It is not related to the Fluctuation–Dissipation Theorem, but caused by absorbed power
on the coating and/or substrate, which fluctuates statistically. It becomes a displacement
noise through a thermal expansion of the substrates and the coatings (Braginsky et al.,
1999; Cerdonio et al., 2001; De Rosa et al., 2002). See Chapter 3 for more on this and
other thermal noises. In practice, similar heating effects caused by (classical) laser intensity
noise cause observable drifts at low frequency. Therefore, it is important to use materials
with low absorption (see Chapter 10 for more on absorption and thermal effects). Intensity
stabilization of the laser can also be effective.

Classical coupling between temperature variations and thermal expansion of the cavity
is always an issue at low frequency, and thus active temperature control is implemented in
many cases. Other noise sources may include beam pointing (jitter) noise, acoustic noise
(air turbulence), polarization drifts, phase noise in optical fibers (if used), noise in oscillators
and counters, etc.

7 V0 = 2.24 × 10−2 m3. 8 A0 = 6.02 × 1023.
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5.4 Direct thermal noise measurements by free-mirror cavities

5.4.1 Background

Until the early 2000s, because of the small size of the fluctuations, direct measurement of
mechanical thermal noise had been limited to around resonances in cantilevers (Kajima
et al., 1999; Yamamoto et al., 2001), torsion pendulums (Gonzalez and Saulson, 1995;
Smith et al., 1999), mirrors (Cohadon et al., 1999; Hadjar et al., 1999) and other sys-
tems (Hirakawa and Narihara, 1975; Tittonen et al., 1999). At the California Institute of
Technology (Caltech) there was a 40 m interferometer that had the world record for dis-
placement sensitivity, (∼ 3 × 10−19 m/

√
Hz) around 400 Hz, in the 1990s (Abramovici

et al., 1992, 1996). Because of the narrow bandwidth that could be analyzed, it is still
unclear whether it was limited by mirror thermal noise (probably from the coatings) or not.
In order to characterize thermal noise effects in gravitational wave detectors, two indepen-
dent direct measurement setups were developed at the University of Tokyo and at Caltech.
They successfully validated coating thermal noise theory (see Chapter 4) around 2003. In
this section, these two free-mirror experiments are described.

5.4.2 Experiment at University of Tokyo

In the University of Tokyo setup, the effect of thermal noise was highly enhanced by using
a small beam radius. The details of the experiment can be found in Numata et al. (2003);
and Numata (2003).

Experimental setup

Figure 5.1 (left) and Figure 5.3 (left) show the experimental setup. The test cavity mirrors
were monolithic cylinders, with a height of 6 cm and a diameter of 7 cm. Each cavity
was formed by a flat mirror and a concave mirror with a curvature of 15 mm. The beam
radii on the mirrors were 49 µm and 85 µm, respectively, with a cavity length of 1 cm.
The cavity finesse, about 500–2000, was selected to make shot noise comparable with
the thermal fluctuations of 10−18 m/

√
Hz at 100 kHz in each measurement. The four test

cavity mirrors were suspended as double pendulums from a common platform. The PDH
control signal was fed back through the coils to the neodymium magnets, which were
glued onto the mirrors. The unity gain frequency of this servo loop was about 1 kHz. To
eliminate common mode noise, two error signals from the two test cavities were subtracted
after multiplying one of them by an adjustable gain. The common mode rejection ratio for
the frequency noise was higher than 100. The differential voltage signal was converted to
displacement based on the coil–magnet actuation efficiency, which was separately measured
with a Michelson interferometer formed by the two front mirrors. A commercial Nd:YAG
laser with a wavelength of 1064 nm and a power of 500 mW was used as a light source.
A small fraction of the beam was introduced into a high-finesse reference fixed-spacer
cavity, and the remaining light was divided and sent to the two test cavities. As well as the
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Figure 5.3 Setup photo (left) and measured thermal noise in different mirror substrate materials at
the University of Tokyo (right). At low frequency (below ∼300 Hz), the result is limited by seismic
and circuit noise. Peaks above 40 kHz are the thermal noise of mirror resonances.

differential measurement, the longer (110 mm) reference cavity was used to suppress the
laser frequency noise. Noise sources of this interferometer are shown in Figure 5.2.

Experimental results

Figure 5.3 (right) shows the results obtained by this experiment. Three kinds of thermal
noise were validated in the setup by swapping the mirror substrate on the suspension.
First, substrate Brownian thermal noise was measured by using optical glass, BK7, as a
mirror substrate. The substrate had a large frequency-independent loss of φ = 1/3600,
which enhanced substrate Brownian noise. Second, substrate thermoelastic noise was mea-
sured with crystalline substrates, calcium fluoride and sapphire. They have large ther-
mal linear expansion coefficients (α∼1.8 × 10−5/K) and/or large thermal conductivities
(κ∼40 W/m/K), respectively, and these enhance the substrate thermoelastic noise (see
Chapter 7 for more on substrate thermal noise). Third, coating Brownian noise was mea-
sured with fused silica substrates, which have small intrinsic loss and small thermal linear
expansion. This combined made substrate thermal noises negligible. A coating thickness
d of 3.5 µm and coating mechanical loss φcoat of 4 × 10−4 were adopted to compare the
experimental result with the theory, see Chapter 4. As shown in Figure 5.3 (right), all of the
measured noise agrees with the theoretical predictions between ∼300 Hz and ∼100 kHz.

5.4.3 Experiment at Caltech

More intensive and complete coating thermal noise studies have been performed at Caltech
using a dedicated setup referred to as the Thermal Noise Interferometer (TNI). The TNI
is currently used for coating development by comparing the measured noise level and the
theory in detail.
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Figure 5.4 Photo (left) and optical configuration (right) of the Caltech TNI. From Villar et al. (2010a),
courtesy of A. Villar.

Experimental setup

The experimental setup of the TNI (Figure 5.4) is similar to the University of Tokyo setup,
using two short test cavities, one 500 mW Nd:YAG laser source, and a control system
actuated with magnets. In order to reduce the thermal noise to a level comparable to the
expected value in gravitational wave detectors, the radii of curvature of these mirrors (1 m)
were chosen to be much larger than the cavity length (1 cm), giving a relatively large beam
size (160 µm). The test cavity mirrors are 10 cm in both diameter and thickness. The typical
finesse of the test cavity is 10 000. The mirrors are suspended as single pendulums in a
vacuum chamber with magnet-and-coil damping and actuation systems. A triangle cavity
with 100 cm round trip length serves as a frequency-reference and spatial-filtering mode
cleaner. The three mirrors (3 inches in diameter, 1 inch in thickness) are made of fused
silica and suspended similarly to the test cavity mirrors. Above 12 Hz, where suspended
optics typically exhibit very low noise, the laser frequency follows the mode cleaner cavity.
This is done with actuation on the laser’s internal piezoelectric actuator stabilizing the
frequency noise up to 30 kHz, and actuation on an external broadband Pockel’s cell acting
at higher frequencies. At frequencies below 12 Hz, the mode cleaner is locked to the laser
to suppress seismic noise. All of the main optics are put on a stack, composed of steel and
elastomer, to provide additional seismic isolation.

In addition to the measurement of substrate thermoelastic noise in sapphire (Black et al.,
2004c), the TNI tested Brownian noise in various coatings on fused silica substrates. The
measured noise floor is fitted to the Brownian noise formula, Equation 4.29,

S(f ) = 2kBT√
π3f

1 − σ 2

wmY
φeff, (5.9)

where φeff is dominated by the loss angle of the coating, approximated as

φeff ≈ 2√
π

(1 − 2σ )

(1 − σ )

d

wm
φcoat. (5.10)
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Table 5.1 Measured coating φ’s by the Caltech TNI. tL and tH represent total
layer thickness of the low index material (SiO2) and that of high index material
(Ta2O5), respectively, and d = tL + tH.

Coating type tL [µm] tH [µm] φeff [×10−6] φcoat [×10−4]

(1) λ/4 SiO2/Ta2O5 2.72 1.83 8.3 ± 0.3 ∼3.3
(2) Optimized SiO2/Ta2O5 4.05 1.36 6.9 ± 0.3 ∼2.3
(3) λ/4 SiO2/TiO2–Ta2O5 2.54 1.67 6.0 ± 0.3 ∼2.6
(4) Optimized SiO2/TiO2–Ta2O5 2.36 1.45 5.5 ± 0.5 ∼2.6
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Figure 5.5 Measured thermal noise in different coatings on fused silica substrates at the Caltech TNI.
Results for the four different coatings in Table 5.1 are shown. Thick dotted curves show a fit to the
thermal noise model for the highest and lowest loss coatings. From Villar et al. (2010a).

Experimental results

Figure 5.5 and Table 5.1 summarize results obtained by the TNI. Four types of coatings
have been tested.

(1) The λ/4 layers of SiO2 and Ta2O5 (silica/tantala) coatings (Black et al., 2004a),
manufactured by Research-Electro Optics (REO) of Boulder CO, USA. The coating
was composed of alternating λ/4 layers of two materials, which realizes the minimum
number of layers to achieve a prescribed reflectance. φeff was found to be (8.3 ± 0.3) ×
10−6 in a fit to the data, corresponding to φcoat ∼ 3.3 × 10−4. This loss value was close
to (but slightly smaller than) the ones measured by the ringdown measurements (see
Chapter 4 for details).

(2) Thickness-optimized SiO2/Ta2O5 coatings (Villar et al., 2010b), manufactured by
Laboratoire Matériaux Avancés (LMA) of Lyon, France. The geometry of the standard
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λ/4 coating was modified to reduce the total amount of tantala while preserving the
reflectivity of the coating (see Chapter 12 for details of this technique). The primary
source of mechanical dissipation in these coatings was known to be in the tantala layers
rather than in the silica layers or at the interfaces between layers (Penn et al., 2003).
A systematic procedure for designing minimal-noise coatings featuring a prescribed
reflectivity was established. The optimal configuration was found to be a periodic stack
of identical high/low index layer pairs or doublets, with the exception of the terminal
(top/bottom) layers. With this coating with reduced tantala layer, ∼9% reduction of
coating thermal noise (in linear spectral density) was obtained, as expected from theory.

(3) λ/4 layers of SiO2 and TiO2-doped Ta2O5 (Harry et al., 2007), manufactured by LMA.
Adding TiO2 as a dopant to Ta2O5 was tried because it has a high Young’s modulus,
its atomic size allows for dense packing in the Ta and O matrix, and the melting point
of the TiO2/Ta2O5 alloy is relatively high, indicating a stable amorphous structure.
Thermal noise became smaller than undoped coatings by ∼15%.

(4) Thickness-optimized9 SiO2 and TiO2-doped Ta2O5 (Villar et al., 2010a), manufactured
by LMA. This coating was based on a combination of the above two techniques, and
showed the smallest thermal noise directly measured to date.

In a simplified model, φeff can be expressed as φcoat = bLtLφL + bHtHφH, where b is the
weighting factor and t is the physical thickness (see Chapter 12). Here, L and H denote low
and high index materials (e.g., silica and tantala, respectively). By inversely solving the
equation using the experimental results, values of (0.5 ± 0.3) × 10−4, (4.7 ± 0.5) × 10−4,
and (3.6 ± 0.5) × 10−4 for the φ of SiO2, Ta2O5, and TiO2-doped Ta2O5 layers, were
obtained, respectively. They agree with mechanical loss measurements performed on single-
layer and multi-layer coatings (see Chapter 4).

5.5 Direct thermal noise measurements by fixed-spacer cavities

5.5.1 Background

Until 2004, there was no realization that fixed-spacer cavities were limited by mechanical
thermal noise (Numata et al., 2004). In a rigid cavity, thermal noise contributions mainly
come from the Brownian thermal noise of the substrates, coatings, and rigid spacer (see
Equations 15.20, 15.21, and 15.22), neglecting other thermal noise sources.10 The contri-
bution from the spacer can be negligible for frequencies off mechanical resonance, and
thus frequency stabilization systems based on fixed-spacer cavities can be ideal systems to
test mirror thermal noise models. Assuming standard parameters, the thermal-noise-limited
frequency stability (noise),

√
Sν , is at a level of 0.1/

√
f Hz/

√
Hz, using Equation 5.5 and

9 The term “dichroic” is sometimes used to refer to this coating, since, in addition to optimizing for low thermal noise, it was
designed for both 1064 nm and 532 nm for use in Advanced LIGO. These two optimizations end up requiring very similar
coatings.

10 Other thermal noise sources can include thermoelastic loss, loss due to any mechanical support, surface loss (other than
coating), loss due to mirror bonding, etc.
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Figure 5.6 Frequency noise spectra achieved by fixed-spacer cavities; (a) 24 cm cavity at
1064 nm (Bondu et al., 1996), (b) 20 cm cavity at 1064 nm (Conti et al., 2003), (c) 3.5 cm cavity at
1064 nm (Notcutt et al., 2006), (d) 7 cm cavity at 698 nm (Ludlow et al., 2007), (e) 7.75 cm cavity
at 972 nm (Alnis et al., 2008b), (f) 10 cm cavity at 1064 nm (Webster et al., 2008), (g) 10 cm cavity
at 1064 nm (Millo et al., 2009), (h) 29 cm cavity at 578 nm (Jiang et al., 2011).

√
SL ∼ 10−15/

√
f m/

√
Hz. It can be converted to a constant11 fractional Allan deviation

(variance), σA, of ∼ 10−15, using a relationship of
√
Sν = σAν/

√
2(ln 2)f . According to the

model, the thermal-noise-limited frequency stability approximately scales with the cavity
length, L (i.e. smaller frequency noise with longer cavity).

In a frequency stabilization setup used for precision spectroscopy and optical atomic
clocks, long-term stability is more important than thermal noise. Thus, low thermal expan-
sion glasses (such as ULE and Zerodur) have been preferred as substrate materials in spite
of their large substrate Brownian thermal noise.12 The input optical power is chosen to be
as low as possible (∼10 µW) in order to avoid the classical thermal expansion-to-length
coupling from optical absorption. For high frequency applications (up to ∼10 kHz), higher
input power (>5 mW) is often used to reduce shot noise. Vibration isolation can be provided
by suspending the cavity as a pendulum for the high-frequency measurements. Figures 5.6
and 5.7 summarize results obtained with fixed-spacer cavities at different frequencies and
time scales. Even before Numata et al. (2004), some results had shown the characteristic
frequency (or averaging gate time, τ ) dependence of mirror thermal noise (i.e. 1/

√
f and

τ 0) (Young et al., 1999; Bondu et al., 1996; Conti et al., 2003). More recently, addi-
tional experiments have been reported to be at (Notcutt et al., 2006; Ludlow et al., 2007;
Webster et al., 2008; Jiang et al., 2010, 2011) or close to (Alnis et al., 2008a,b; Eisele

11 In general, Allan deviation (variance) (Allan, 1966) and a frequency noise spectrum cannot be interconverted unless integration
from zero to infinite frequency (averaging time) can be performed (Rutman and Walls, 1991; Greenhall, 1997).

12 Mechanical losses, φ, of ULE and Zerodur are 1.6 × 10−5 and 3.2 × 10−4, respectively (Numata et al., 2004).
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at 563 nm (Young et al., 1999), (b) 3.5 cm cavity at 1064 nm (Notcutt et al., 2006), (c) 7 cm cavity
at 698 nm (Ludlow et al., 2007), (d) 7.75 cm cavity at 972 nm (Alnis et al., 2008b), (e) 8.4 cm
cavity at 1064 nm (Eisele et al., 2008), (f) 10 cm cavity at 1064 nm (second order drift removed for
f′) (Webster et al., 2008), (g) 5.5 cm cavity at 1064 nm (Herrmann et al., 2009), (h) 10 cm cavity at
1064 nm (Millo et al., 2009), (i) 7.5 cm cavity at 934 nm (Sherstov et al., 2010), (j) 7.75 cm cavity
at 1064 nm (Jiang et al., 2010), (k) 29 cm cavity at 578 nm (Jiang et al., 2011).

et al., 2008; Ludlow et al., 2009; Herrmann et al., 2009; Millo et al., 2009; Sherstov et al.,
2010) the thermal noise limit. As examples of thermal-noise-limited frequency stability,
two fixed-spacer cavity experiments are discussed in the following sections.

5.5.2 Experiment at JILA/NIST

The most systematic investigation of the thermal noise model in a fixed-spacer cavity
experiment was performed by the Hall/Ye group at JILA (National Institute of Standards and
Technology/University of Colorado) (Notcutt et al., 2006). They compared the frequency
noise of lasers locked to a variety of rigid cavities of differing lengths and mirror substrate
materials. The mirror thermal noise was enhanced by using relatively short cavities (10–
30 mm).

Experimental setup

The frequency reference was a Nd:YAG laser at 1064 nm locked to a 50 mm ULE cavity that
had sub-Hz linewidth (Notcutt et al., 2005). The optical system of the test cavity was very
similar to the reference laser system. Frequency noise spectral densities were measured from
the beat note between the two systems. Zerodur spacers of different geometries and different
mirror substrate materials were swapped out from the mounting structure, with other parts
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Figure 5.8 Frequency noise measured with different cavity configurations by NIST/JILA group (Not-
cutt et al., 2005). Case A: 35 mm long Zerodur spacer, fused silica substrate cavity with 250 µm spot
size. Case D: 10 mm long Zerodur spacer, Zerodur silica mirror with 130 µm spot size. Thick lines
represent corresponding thermal noise estimates based on the simple thermal noise model.

remaining largely unchanged. With typically 100 µW of incident power on the cavity,
measurement noise limited the sensitivity above ∼10 Hz at about the 0.3 Hz/

√
Hz level for

the cavity with highest stability. A third laser system was constructed at 698 nm (Ludlow
et al., 2006) and the frequency instability of this laser was measured (Hollberg et al.,
2005a) against the reference laser with a broadband, frequency stabilized, femtosecond
comb.

Experimental result

The best stability (lowest frequency noise) was obtained with the fused silica substrate, the
largest beam radius (250 µm), and the longest (35 mm) cavity (Case A of Figure 5.8, and
Table 1 of Notcutt et al. (2006)). In this test cavity, ∼70% of thermal noise is expected
to be from the coating, according to the simplified model. They experimentally showed
that higher loss mirror (Zerodur), shorter cavity, and smaller beam size make the frequency
noise higher. Case D in Figure 5.8 shows the result with a Zerodur substrate, 10 mm cavity,
and 130 µm beam radius. In this case, the majority of the noise is expected to be from the
substrate. Those results were comparable with the simplified theory within factor of ∼3.
The difference can be attributed to model uncertainties and excess losses in surfaces and
support systems that contribute more with the smaller cavities. The cavity at 698 nm with
the same dimensions (but slightly larger beam size) showed similar stability to the 1064 nm
cavity, giving independent confirmation.

A more carefully designed fixed-spacer cavity experiment showed better agreement with
theory and ∼ 5 times higher frequency stability (Ludlow et al., 2007). The cavity was made
of all ULE, and had a longer length (70 mm). The 698 nm diode laser stabilized to this cavity
enabled the observation of a narrow, 2 Hz, optical atomic resonance of ultracold strontium
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Figure 5.9 Photo of the cutout cavity (left) and frequency stabilization result (right) by NPL (Webster
et al., 2008).

(see Section 15.5 for details). NIST’s oblong-shaped longer ULE cavities (24 cm long
ULE mirror cavity (Young et al., 1999) and 29 cm long, fused silica mirror cavity (Jiang
et al., 2011)) have the smallest fractional Allan deviation seen to date (σA ∼ 3 × 10−16) in
a cavity-stabilized laser (Curves (a) and (k) of Figure 5.7). The stabilities are believed to
be limited by the substrate and coating Brownian noises, respectively.

5.5.3 Experiment at NPL

Mirror thermal noise has also been revealed13 in a frequency-stabilization fixed cavity at
the National Physical Laboratory (NPL), UK (Webster et al., 2008). This experiment used
a relatively simple optical setup, but carefully designed cavity geometry.

Experimental setup

Two Nd:YAG lasers were locked to two identical cavities independently and a beat note
between the two lasers was detected, shown in Figure 5.1 (right). The cavities were made
entirely from ULE and set horizontally on active vibration isolation platforms. The cavity
had a cylindrical shape with a cutout (Figure 5.9 (left)), which was carefully designed to be
vibration insensitive (Webster et al., 2007). Square cutouts were made to the underside of
the cavity’s cylindrical spacer. For a certain separation of the support points, the response to
vertical vibrations was nulled, and such points were identified experimentally. The temper-
ature of the two cavities were also independently adjusted so that the thermal expansivity
of ULE was nulled. The cavity was situated within an aluminum cylinder, cooled and tem-
perature controlled by a Peltier element. By simultaneously monitoring the beat note and
the actively controlled temperature, the zero crossing temperatures were experimentally
identified.

13 As most of the other fixed-spacer cavity setups, the primary goal of this experiment was to develop narrower linewidth lasers
for atomic frequency standards, not to observe the mirror thermal noise.
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Experimental result

Figure 5.9 (right) shows the result in the frequency domain. In the range 0.3–3 Hz, the
frequency noise had a slope of 1/

√
f , which quantitatively agrees with the thermal noise

model. The deviation of the data from the model may be attributed to measurement noise
at high frequency, drift at low frequency, and remaining uncertainties in the model. In the
model, the majority of thermal noise was from the ULE substrate and a small correction
factor was added by coating thermal noise from the 5.3 µm thick coating with a 220 µm
beam radius. The frequency noise due to external vibrations was at least an order of
magnitude lower than the measured level. The thermal noise limit in fractional Allan
deviation was calculated to be σA = 1.15 × 10−15. For short time scales (τ < 200 ms), the
experimental Allan deviation exhibited 1/

√
τ behavior (white frequency noise), but a limit

of σA ∼ 1.5 × 10−15 was met at an averaging time of 0.5 s. Having taken out second-order
drift, the Allan deviation was proportional to τ 0.07 between 1 s and 1000 s averaging time,
τ (curve (f′) in Figure 5.7).

5.6 Summary

Through the direct measurements described above, thermal noise theory has been vali-
dated for coating Brownian noise, substrate Brownian noise, and substrate thermoelastic
noise. Among them, coating Brownian noise is enough to cause limiting noise in preci-
sion measurements, such as next generation gravitational-wave interferometers and optical
standards based on optical transitions with tens of mHz linewidth. According to current
understanding obtained through the direct measurements, reduction of mirror thermal noise
can be achieved by the following techniques.

(1) Low mechanical loss substrates with large Young’s modulus (compromised by larger
thermal expansion) (see Chapter 7).

(2) Large beam radius (compromised by coupling to higher order axis modes and complex
mode matching) (see Chapter 4).

(3) Longer cavity length (compromised by acceleration sensitivity and classical thermal-
mechanical noise couplings).

(4) Optimized layer coatings instead of standard λ/4 coatings (see Chapter 12).
(5) Thinner coatings (i.e. lower finesse, compromised by shallower error signal and insta-

bility due to RAM) (see Chapter 6).
(6) Low mechanical loss coating materials (e.g. TiO2 doping of Ta2O5 and annealing) (see

Chapter 4).
(7) Cryogenics (see Chapter 8).
(8) Other techniques like special coating layers (Kimble et al., 2008), beam shaping and

higher order modes (see Chapter 13), coating-free mirrors (see Chapter 6), and other
possible ideas.

For direct measurements of coating thermal noise, possible future research directions
include the following.
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(1) Understanding and reducing mechanical losses in coatings materials and validating
this in direct thermal noise measurements.

(2) Direct measurement of coating thermo-optic noise and its minimization.14

(3) Development of a new dedicated, simpler, direct measurement setup to investigate
coating thermal noise (e.g. suspended short fixed-spacer cavity operated at high fre-
quency).

For these unfinished works, mutual interactions between fields will become more important.

14 An experiment designed to measure the possible coherent interaction between the coating thermoelastic noise and thermore-
fractive noise is ongoing at Caltech, see Section 9.5.2.
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Methods of improving thermal noise

stefan ballmer and kentaro somiya

6.1 Introduction

The literature contains a number of ideas for minimizing thermal noise or its impact on an
experiment’s sensitivity. They can be split into two general categories: reducing thermal
noise itself or reducing its impact on the measurement. Direct reduction of coating thermal
noise is addressed in Chapter 4, through material losses, Chapter 8, through thermal depen-
dence, and Chapter 12, through minimization of lossy materials. In this chapter, five other
thermal noise reduction techniques are discussed; using shorter wavelength readout lasers
(Section 6.2), optimizing the aspect ratio of the mirrors (Section 6.3), using Khalili cavi-
ties and etalons (Section 6.4), minimizing or eliminating the need for coatings on mirrors
(Section 6.5), and correlating different coating thermal noise sources so there is cancelation
(Section 6.6). One method of reducing the impact of coating thermal noise, changing the
shape of the readout beam, is addressed in Chapter 13. Another coating thermal noise reduc-
tion method, displacement-noise-free interferometry, is discussed below in Section 6.7.

6.2 Shorter wavelengths

A simple way to reduce coating thermal noise, all other things being equal, is to use
light with a shorter wavelength. The noise level is proportional to the square-root of the
thickness of the coating (see Equation 1.4). Each layer is typically λ/(4nj ) thick (although
see Chapter 12 for exceptions), where λ is the light wavelength and nj is the index of
refraction (j indicates the material). Reducing λ is thus a way to decrease thermal noise,
but there are a number of trade-offs in using shorter wavelength light.

The first trade-off is that the beam radius decreases and thermal noise then increases with
the shorter wavelength, provided that the geometry of the mirrors is unchanged. When the
waist is located at the middle point of the cavity, the beam radius on the mirrors is given by

wm =
√
λL

π

1√
1 − g2

. (6.1)

Optical Coatings and Thermal Noise in Precision Measurement, eds. Gregory M. Harry, Timothy Bodiya and Riccardo DeSalvo.
Published by Cambridge University Press. © Cambridge University Press 2012.

73



74 S. Ballmer and K. Somiya

Here L is the cavity length, R the radius of curvature of the mirror, and g is given by
1 − L/R (see Chapter 13 for a more detailed discussion of the g-factor). As g2 gets
closer to unity, higher-order spacial modes start to increase in the cavity (i.e. the cav-
ity becomes more susceptible to tilts or mode mismatches). Since coating thermal noise
is inversely proportional to wm and the beam radius is proportional to

√
λ, there is no

improvement in thermal noise at all if the beam radius is limited by this cavity instabil-
ity issue. There is an improvement only if the instability issue is tolerable and the beam
radius is limited by other conditions such as a diffraction loss due to the finite mirror
size.

The index of refraction typically decreases with wavelength so that the thickness of
each layer does not decrease linearly with λ, although the deviation is small for wave-
lengths around a few hundred nanometers. The empirical relationship between the index of
refraction and the wavelength is given by the Sellmeier equation,

n2(λ) = 1 +
∑
i

Biλ
2

λ2 − Ci . (6.2)

The coefficients Bi and Ci are experimentally determined for the case of silica to be
B1 = 0.696, B2 = 0.408, B3 = 0.897, C1 = 4.679 × 10−3 µm, C2 = 1.351 × 10−2 µm,
and C3 = 97.93 µm. The index of refraction for 1064 nm infrared light is 1.45 and
that for 472 nm blue light is 1.46. The deviation is less in the case of tantalum
pentoxide.

The second trade-off is that Rayleigh scattering increases when shorter wavelength
light is used (Born and Wolf, 1999). Scattering is often the dominant source of optical
losses in the cavity and also a possible noise source through the vibration of the inner
wall of the vacuum pipe if any light is reflected back into the main beam. See Chapter 11
for a more detailed discussion of scatter. In addition, absorption typically increases with
shorter wavelength and may cause various kinds of thermal problems, as is considered in
Chapter 10.

One benefit of using light with a shorter wavelength is that cavity length sensing noise
decreases for the same power. The energy of each photon is inversely proportional to
wavelength, so if the incident laser power is the same both the number of photons and their
fluctuations decrease.

There is the possibility of using a mirror with less coating layers, an approach which
trades shot noise for improved thermal noise. The power reflectivity of a mirror with
alternating layers of silica and tantala, for example, is 99% with 8 doublets (see Chapter 12
for a discussion of coating design). This would typically be enough if the measurement
device is a simple Michelson interferometer, but shot noise can end up being the limitation
in sensitivity. If, to reduce shot noise, an optical cavity is configured to store more power,
the reflectivity of the mirror will need to be higher. The optical power gain of a cavity with
99% reflectivity in both mirrors is 100, assuming no optical losses. The gain will be 1000
with 99.9% mirrors, but each mirror now needs 12 doublets and the corresponding coating
thermal noise increases.
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Figure 6.1 Coating thermal noise of a 100 g mirror with different mirror thickness (h). The beam
radius is set 1/2.5 of the mirror radius (a). The minimum occurs at the values h = 2.42 cm and
a = 2.45 cm.

6.3 Optimal mirror aspect ratio

The thermal noise level of mirror coatings is inversely proportional to the radius of the
beam spot on the mirror. Thus, increasing the beam radius is a natural way to reduce
thermal noise. However, to avoid diffraction losses, the beam radius should not be too large
compared with the radius of the mirror. This would suggest that, for a fixed mirror mass,
wide and thin mirrors may be preferable. Unfortunately, coating thermal noise starts rapidly
increasing when the mirror thickness becomes comparable to the beam size (Somiya and
Yamamoto, 2009), as discussed in Section 4.1.5.

The coating thermal noise of a finite-size mirror calculated from the Fluctuation–
Dissipation Theorem (see Chapter 1) shows that coating expansion along the beam path
is not a major contributor to the total thermal fluctuations. The dominant part is due to
the shear motion that deforms the boundary of the substrate and coating. If the mirror is
too thin compared with the beam size, this deformation becomes dominant, leading to an
increase in coating thermal noise.

Figure 6.1 shows the results of an analysis of a prototype gravitational wave interferom-
eter at the Albert Einstein Institute Hannover in Germany. The mirror mass was constrained
to be 100 g and the beam radius was set to be 1/2.5 of the mirror radius. For a given
mirror thickness the mirror and beam radii were derived, and the corresponding thermal
noise calculated. The noise level is minimized for a Gaussian beam when the aspect ratio
(≡ 2a/h) is about 2, while for a Mesa beam (see Section 13.3.2) when the aspect ratio is
2.4 (Agresti, 2008).

6.4 Khalili cavity and Khalili etalon

A reflective, dielectric mirror coating is a series of very short anti-resonant cavities. The
thermal noise seen by a laser beam is the spatially averaged phase of the beam reflected off



76 S. Ballmer and K. Somiya

this stack of cavities. Normally the motion of all the coating interface layers is primarily
coherent, leading to a reflected phase jitter equal to twice the coating motion times the
wave vector k. An elegant way to circumvent this coherent motion of all coating interface
layers was proposed by Khalili (2005). He suggested mechanically separating the first
few layers, which reflect most of the light power, from the remaining ones. This can be
achieved by replacing a mirror with an anti-resonant cavity consisting of an initial mirror
(M1) with a few layers of coatings and a second mirror (M2) with as many layers as a
conventional mirror. This allows for the same reflectivity as a conventional mirror, but the
coating interfaces of mirror M1 now move independently of those on M2. Furthermore,
the interface of M1 is driven only by the thermal motion of a few lossy coating layers. The
interface of M2 is still driven by many layers but, the motion of M2 is not sensed as much
as M1 by the laser beam due to the anti-resonant cavity. The contribution of the M2 motion
to the reflected phase, ϕM2, is roughly given by

ϕM2 
 1 − r2
1

4
× 2kx2 (6.3)

where r1 is the amplitude reflectivity of M1, k is the wave number, and x2 is the motion
of M2. This scheme will introduce some thermorefractive noise (thermal fluctuations in
the index of refraction, see Chapter 9) due to the beam traveling through the M1 substrate.
Decreasing the number of coating layers on M1 reduces the coating thermal noise of M1 but
increases the thermorefractive noise. The optimal number in terms of the total noise level
will be around 2 doublets, while practical constraints due to the increase of the laser power
in the substrate may give a different number. A Khalili cavity is planned to be tested at the
prototype experiment at the Albert Einstein Institute Hannover in the near future (Goßler
et al., 2010).

The obvious disadvantage of Khalili cavities is that the number of required mirrors is
doubled. One can avoid this by using the mirror itself as an etalon. The front surface of
such a Khalili etalon is coated with a few layers, and the remaining layers of the coating are
applied to the back surface. The thickness of the etalon then needs to be thermally controlled
to maintain the anti-resonance condition. Such a setup, however, does not provide a perfect
mechanical separation for the coatings. The light reflected by the front surface probes
some fraction of the thermal fluctuations caused by the mechanical loss of the back-surface
coatings, and vice versa. In order to calculate the coupling coefficient, the Fluctuation–
Dissipation Theorem is used with a finite-size mirror, adding gedanken forces on both ends
of the mirror, and summing up the dissipated power over the coating layers (see Chapter 1
for details on this technique). Figure 6.2 (right panel) shows such an optimization result
with a 100 g silica mirror. The optimization leads to a reduced mirror radius for an increased
mirror thickness. The beam radius is set to 1/2.5 of the mirror radius. This reduced beam
radius results in a noise increase, see Section 4.1.1. Owing to the strong coupling of the
back-surface thermal energy to the motion of the front surface, the optimal thickness of a
Khalili etalon is larger than that of Khalili-cavity mirrors. The minimum noise level that
can be reached by the Khalili etalon is slightly worse than that by the Khalili cavity.
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Figure 6.2 Schematic view (left panel) and noise spectrum (right panel) of a Khalili cavity and a
Khalili etalon. Coating thermal noise of the Khalili etalon consists of fluctuations originating from
the dissipation in the front-surface coatings and from the dissipation in the back-surface coatings.

Figure 6.3 Left panel: Proposed 3-facet (top) and 2-facet (bottom) corner reflectors (Braginsky and
Vyatchanin, 2004). Center panel: Schematic (top) and the photo (bottom) of monolithic waveguide
gratings (Brückner et al., 2010). Right panel: Series of Khalili cavities with bald substrate bulks (top)
and rigidly controlled Khalili cavity (Somiya, 2009b) (bottom).

6.5 Coatingfree mirrors

The largest contribution to mirror thermal noise is coating thermal noise, which is due to
the high mechanical loss material in the coatings. There are several possible ways to avoid
a coating altogether.

6.5.1 Corner reflectors

Braginsky and Vyatchanin (2004) introduced a reflective device based on total internal
reflection. Snell’s law tells us that the light with an incident angle larger than the critical
angle (arcsin (1/ns)) on the boundary of the substrate (e.g. silica, index of refraction
ns = 1.45) to the air will be totally reflected. The left panel of Figure 6.3 shows two types
of corner reflectors; a 3-facet type (top) and a 2-facet type (bottom). The incident angle
of the light on the boundary in the 3-facet type is arcsin (

√
2/3) and that in the 2-facet is

arcsin (
√

1/2). In either case, the incident angle is larger than the critical angle, assuming
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a silica substrate, allowing for total internal reflection. One issue for this reflector is scatter
losses at the edges of the corner cube. Braginsky and Vyatchanin (2004) roughly estimated
the optical losses to be of the order 10 ppm, but polishing near edges is generally worse than
away from them and imperfections will likely make it even worse. Additional losses are
due to the substrate absorption and the required anti-reflective coating. This anti-reflective
coating will also reintroduce some high-loss material, albeit significantly less than a full
reflective coating because it need not be as thick.

The corner reflector also suffers from thermorefractive noise. Temperature fluctuation of
the bulk causes phase noise on the light in the reflector through the temperature dependence
of the index of refraction β = ∂ns/∂T (see Chapter 9 for a discussion of thermorefractive
noise). The power spectrum of thermorefractive noise, in the case of a simple transmissive
bulk with no edge, is given by (Benthem and Levin, 2009)

TRx(f ) = 4kBT
2β2κ�

π3C2ρ2w4
mf

2

[
1 + k2w2

m

1 + 4k4κ2/(ρ2C2π2f 2)

]
, (6.4)

where kB is the Boltzmann constant, T is the temperature, κ is the thermal conductivity,
� is the optical path inside the bulk, C is the heat capacity per mass, ρ is the density,
wm is the beam radius, f is the frequency of the measurement, and k = 2πns/λ is the
wave vector (λ is the wavelength of the light). The optical path will be slightly different
because of the difference in shape of the corner reflector compared to the simple bulk. As
an example, using values for the Advanced LIGO gravitational wave detector (Harry and
The LIGO Scientific Collaboration, 2010) (see Chapter 14) and comparing the noise level,
thermorefractive noise is smaller than coating Brownian noise by a factor of ∼ 2 at around
100 Hz and the gain decreases at high frequencies.

6.5.2 Waveguide grating mirrors

Another way to realize a coatingfree mirror is to apply a nanostructured surface on a
substrate forming a waveguide grating mirror. By adjusting the grating parameters one can
realize resonant excitation in the structured surface leading to a near 100% reflectivity under
normal incidence. The mechanical loss of the microstructure can be very low (Nawrodt
et al., 2007b), and gratings do not need any high index material that tends to dominate
the mechanical loss of traditional dielectric coatings (see Chapter 4). Thus waveguide
grating mirrors are an attractive candidate for replacing conventionally coated mirrors.
The manufacturing challenge is to reach the required high reflectivity and sufficiently low
scattering losses. See also Section 11.4 for more on diffractive gratings as replacements for
transmissive optics.

The center panel of Figure 6.3 shows a schematic of a monolithic reflector based on a
nanostructured surface (top) and a photo taken by a scanning electron microscope (bottom).
The reflector consists of the upper grating, which supports the first-order modes, the lower
grating, which is designed not to support the first-order modes, and the substrate at the
bottom. The effective index of refraction in the middle part of the structure is low due to
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its “T-structure”, and it works as a waveguide without accompanying lossy materials. The
input light field (a) under normal incidence produces the zero-order reflecting field (b),
the zero-order transmitting field (c), and the first-order transmitting fields (d); the higher
order modes are omitted. The field (d) is totally reflected to make (e) on the boundary to
the waveguide as the incident angle is larger than the critical angle. The field (e) makes the
first-order reflecting field (f ) and the first-order transmitting field (g). The parameters are
tuned in such a way that the fields (b) and (g) are in the same phase and the fields (c) and
(f ) are in the opposite phase to realize the perfect reflectivity.

A power reflectivity of 99.8% for 1550 nm laser light has been achieved with monocrys-
talline silicon (Brückner et al., 2010). Even higher reflectivity is expected with improved
lithography and etching technologies.

6.5.3 Rigidly controlled Khalili cavity

A more complex variant of the Khalili cavity discussed in Section 6.4 is possible using
uncoated substrates. The interface between vacuum and an uncoated substrate has a non-
zero reflectivity of (n− 1) / (n+ 1), where n is the substrate index. A silica substrate, for
example, has an index of 1.45, so the amplitude reflectivity is (1.45 − 1)/(1.45 + 1) =
0.184. The substrate can be thought of as an etalon with this reflectivity on each end.
If the thickness of the etalon is controlled to keep it anti-resonant (a Khalili etalon), the
reflectivity of the etalon is 2 × 0.184/(1 + 0.1842) = 0.356. If we use four etalons in series,
as is shown in the right panel of Figure 6.3 (top), and keep the thickness of each etalon to
make an anti-resonant Khalili cavity, the power reflectivity of this 4-mirror system is about
81%. We would need 8 etalons to achieve a reflectivity of 99%.

A better proposal to realize a coating-free system is made in Somiya (2009b). Only the
first mirror of the Khalili cavity is an uncoated substrate. The end mirror is a conventional
mirror with many coating layers. This is not truly a coating-free system but just an extreme
case of a Khalili cavity. We now add one additional beam that is resonant in the Khalili
cavity which is used to probe the cavity fluctuations, including the thermorefractive noise of
the first mirror and the coating thermal noise of the end mirror. Feeding back the information
obtained with the probe beam, the Khalili cavity can be rigidly locked, suppressing this
thermal noise (Figure 6.3, right panel, bottom). The thermal noise of the front surface of the
first mirror cannot be removed as it cannot be separated from the motion of the mirror. But
since that surface is free of a coating there is no coating thermal noise from that surface.

However, this rigid control imposes sensing noise, namely shot noise of the probe beam.
The power of the probe beam needs to be high enough so its shot noise is below the thermal
noise level of a conventional mirror. The required power depends on the transmittance of
the first mirror. In order to realize this coating-free system, the power of the probe beam
should be higher than that of the main beam, which may be impractical. Nevertheless, this
rigidly controlled Khalili cavity is interesting because it illustrates the possibility of trading
thermal noise for quantum noise (shot and radiation pressure noise). In principle, methods
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developed for improving quantum noise (e.g. squeezed light injection, see Section 11.3)
could also be used to address thermal noise.

6.6 Systematic approach for minimizing total thermal noise

The thermal noise literature, including other chapters in this book, has many excellent papers
describing one particular type of thermal noise or another (see, in particular, chapter 3 for
an overview of many types of thermal noise). But it is hard to get an overview of all relevant
phenomena and their relation to thermal noise. This section provides such an overview,
and in the process shows a possible path to improving thermal noise. In the process, this
Section will revisit many noise sources, but with a focus on their relation rather than their
detailed calculation.

6.6.1 Review of the Fluctuation–Dissipation Theorem

The Fluctuation–Dissipation Theorem was introduced in Chapter 1 for both mechanical
and optical (Brownian and thermo-optic) thermal noise. Here we sketch another derivation
which provides insight into their relationship.

One dimension

The Fluctuation–Dissipation Theorem can be introduced in a simple one-dimensional sys-
tem, driven by an initially unknown thermal force, Fnoise. The equation of motion for a
point mass with mass m, spring constant k and (viscous) damping constant γ is

mẍ + γ ẋ + kx = Fnoise. (6.5)

The complex impedanceZ is defined as the ratio between the driving force and the resulting
velocity, i.e.Zẋ = Fnoise. Switching to the Fourier domain (ẋ → iωx,ω = 2πf ),Z is given
by

Z = iωm+ γ + k

iω
. (6.6)

For this impedance it can be shown that

1

m
= 4

∫ ∞

0
� (
Z−1

)
df, (6.7)

by simply performing the integration. Next, we know from the Equipartition Theorem that
the average kinetic energy is given by

1

2
m〈ẋ2〉 = kBT

2
. (6.8)

For this to be correct in the presence of a non-zero damping constant γ , the driving force
Fnoise also has to be non-zero, because the thermal energy would otherwise damp out to
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zero, which is clearly unphysical. More formally we can use the definition of the velocity
power spectrum Sẋẋ(f ),

∫ ∞

0
Sẋẋ(f )df = 〈ẋ2〉 (6.9)

and find ∫ ∞

0
Sẋẋ(f )df = 4kBT

∫ ∞

0
� (
Z−1

)
df. (6.10)

Although we have not shown it here, the integrand equation

Sẋẋ(f ) = 4kBT� (
Z−1

)
(6.11)

also holds, and is true for more general impedances Z than that defined by Equations 6.6
and 6.7.

Generalization to multiple dimensions

We first define the impedance matrix Z for more than one degree of freedom as∑
j

Zij ẋj = Fi, (6.12)

where Fi is the noise force driving the ith degree of freedom, and ẋj is its velocity.
Equation 6.11 then generalizes to

Sẋi ẋj (f ) = 2kBT
(

Z−1 + Z†−1
)
i,j
, (6.13)

where Z−1 is the matrix inverse of the impedance matrix Z, and Z† is the Hermitian
conjugate of Z. This can be shown rigorously by diagonalizing the equation of motion and
applying the one-dimensional Equation 6.11. While the diagonal terms Sẋi ẋi are the velocity
power spectra of each degree of freedom, the off-diagonal terms Sẋi ẋj are the cross-power
spectra. Equation 6.13 is impractical for a real physical system but, fortunately, we are
usually only interested in one observed degree of freedom which is a linear combination of
the internal degrees of freedom. Therefore, we are looking for a weighted quantity

e = fixi = �f T �x. (6.14)

The power spectrum for the quantity e is then given by projection onto this degree of
freedom, i.e.

See = Sėė

ω2
= 2kBT

ω2
�f T

(
Z−1 + Z†−1

)
�f . (6.15)
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Dissipation

The matrix element �f T
(

Z−1 + Z†−1
)

�f is connected to dissipation in an elegant way. In

a general multi-degree-of-freedom system the average dissipation can be calculated as

Pdiss = 1

T

∫ T/2

−T/2
�F † �̇xdt. (6.16)

Using Parseval’s Theorem to switch to the frequency domain, the definition of Z (Equa-
tion 6.12), and the identity Z(−f ) = Z∗(f ), we find

Pdiss = 1

T

∫ ∞

0

�F †
(

Z−1 + Z†−1
)

�Fdf. (6.17)

From this we get the following very useful formulation of the Fluctuation–Dissipation
Theorem, which was introduced in Chapter 1.

Fluctuation–Dissipation Theorem for mechanical fluctuations

Assume that we drive the system with a force �F = F0 �f cosωt , where �f is dictated by the
degree of freedom for which we want to calculate the thermal noise (Equation 6.14). We
then calculate the dissipation Pdiss(ω) for this driven system. The thermal noise of e in the
non-driven system is given by

See(f ) = 8kBT

(2πf )2

Pdiss

F 2
0

. (6.18)

In this form the Fluctuation–Dissipation Theorem was first used by Gonzalez and Saulson
(1994) and Levin (1998).

6.6.2 Fluctuation–Dissipation Theorem applications (1)

Brownian noise

The above form of the Fluctuation–Dissipation Theorem can be used to calculate the
Brownian thermal noise of a mirror surface (Levin, 1998) (see also Chapter 4). First, we need
to know how the surface position fluctuations δx(r⊥) are averaged by the circulating beam.
Typically, the mirror is interrogated interferometrically by a laser beam. The reflection
translates position fluctuations δx(r⊥) into phase fluctuations δϕ(r⊥) = 2kδx(r⊥). The
reflected field amplitude ψout is thus

ψout(r⊥) = ψin(r⊥)ei2kx(r⊥). (6.19)

The interferometric beat signal against a reference beam ψref is then proportional to∫
d2r⊥ψ∗

ref(r⊥)ψin(r⊥)ei2kx(r⊥). (6.20)



Methods of improving thermal noise 83

In most applications, a Gaussian beam is used (although see Chapter 13 for alternatives).
A Gaussian beam has an intensity profile I (r⊥) = |ψ(r⊥)|2 given by

I (r⊥) = 2P

πw2
m

e−2r2
⊥/w

2
m, (6.21)

with P the total laser power and wm the Gaussian beam spot size. If both input beam ψin

and reference beam ψref are Gaussian, then our readout variable �f from Equation 6.14 is
given by this Gaussian intensity profile (Equation 6.21).

The Fluctuation–Dissipation Theorem, as formulated in Section 6.6.1, now tells us to
drive the surface of the optic with a periodic Gaussian force profile,

F (r⊥) = 2F0

πw2
m

e−2r2
⊥/w

2
m cosωt, (6.22)

solve the resulting elasticity problem, and calculate the mechanical loss for this motion. If
the size of the mirror d is much smaller than the sound wavelength, d << cs/ω (with cs
the speed of sound in the mirror substrate), the elasticity problem can be solved statically.
This was done in Levin (1998) for an uncoated mirror and in Harry et al. (2002) for coated
mirrors, and is discussed in Chapter 4.

The shape of the reference beam used for the interferometric readout makes a difference.
We could, for instance, use a plane wave as the reference beam ψref . Then the amplitude
profile (and not the intensity profile) of the interrogation beam ψin defines our readout
variable �f from Equation 6.14 (for simplicity we stay in the near field). This leads to an
effective averaging area increase of a factor of two, or a thermal noise reduction of

√
2. The

problem with this approach is the bad overlap integral between interrogation and reference
beam, which leads to poor shot noise performance. See Chapter 13 for a detailed discussion
of beam shapes and coating thermal noise.

Thermoelastic noise

The formulation of Section 6.6.1 for the Fluctuation–Dissipation Theorem has also been
applied to calculate thermoelastic noise (Fejer et al., 2004), using the following steps.

� Apply a Gaussian force profile (Equation 6.22) and calculate the elastic response.
� Calculate the local heat (or entropy) increase due to compression.
� Calculate the additional loss due to this heat (or entropy) field.

We will come back to this result in Section 6.6.4. See also Section 1.3 and Chapter 9 for
more on thermoelastic noise.

6.6.3 Temperature fluctuations and the Fluctuation–Dissipation Theorem

So far we described our system with positions �x and forces �F , or equivalently by a strain
field ε and its thermodynamic conjugate, the stress field �σ . However, we know that we
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need a second pair of conjugate variables for a full thermodynamic description of a system:
temperature δT and entropy δS = δQ/T0.

The Fluctuation–Dissipation Theorem can also be extended to this case, as was shown
in Levin (2008). In analogy to Equation 6.12, we can define a thermal impedance Z given
by the heat equation

ZδṪ = dV

(
ρC

iωT0
+ κ �
ω2T0

)
δṪ = δS = δQ

T0
, (6.23)

where dV is the volume element under consideration, ρ is the density,C is the heat capacity
per mass, κ is the thermal conductivity, T0 is the average temperature, δQ is the injected
heat, and � is the Laplace operator. In analogy to the discussion in Section 6.6.1, we can
define a readout variable which is some linear combination of values of the temperature
field δ �T . For simplicity, and to keep the analogy, we use a discrete index notation,

e = �f T δ �T . (6.24)

Now the Fluctuation–Dissipation Theorem for fluctuations in e can be stated.

Fluctuation–Dissipation Theorem for temperature fluctuations

Assume that we drive the system with an entropy (heat) field δ �S = δ �Q/T0 = S0 �f cosωt ,
where �f is dictated by the degree of freedom for which we want to calculate the thermal
noise (Equation 6.24). Then calculate the dissipation Pdiss(ω) for this driven system. The
thermal noise of e in the non-driven system is given by

See(f ) = 8kBT

(2πf )2

Pdiss

S2
0

(6.25)

This form of the Fluctuation–Dissipation Theorem was derived by Levin (2008).

6.6.4 Fluctuation–Dissipation Theorem applications (2)

Coating thermo-optic noise

As an example application, Levin (2008) rederived the surface temperature fluctuations as
seen by a Gaussian laser beam. If the readout variable (Equation 6.24) is given by

δT̂ =
∫
d2r⊥ dz δT (r⊥, z)

2

πw2
m

e−2r2
⊥/w

2
mδ(z), (6.26)

the thermal noise can be calculated by driving the surface with a Gaussian heat (entropy)
profile

dQ(r⊥)

δA
= T0S0

2

πw2
m

e−2r2
⊥/w

2
m cosωt. (6.27)

If the beam spotwm is bigger than the diffusion length rT =
√

κ
ρCω

, and the reflected phase

only depends on temperature fluctuations in a thin layer d << rT , then the heat dissipation
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can be calculated by solving the one-dimensional heat diffusion equation. The resulting
thermal noise for δT̂ is

SδT̂ δT̂ = 2
√

2

πw2
m

kBT
2

√
κρCω

(6.28)

which agrees with Braginsky et al. (2000).
Evans et al. (2008) then used this formalism to describe thermo-optic noise (i.e. both

thermoelastic and thermorefractive noise, see Chapter 9) coherently. Here we just mention
how the reflected phase fluctuations, δϕ(r⊥), depend on the temperature field. Since the total
coating thickness is typically small compared to the beam spot, d << wm, this dependence
can be written as

δϕ(r⊥) = ∂ϕ

∂Ti
δTi(r⊥), (6.29)

where δTi(r⊥) is the temperature in the ith coating layer at the transverse position r⊥. Since
a coating is essentially a series of thin, anti-resonant cavities, the partial derivative ∂ϕ

∂Ti

contains two parts: (1) the change in the reflective phase due to a change in the round-
trip phase δϕi in the ith coating layer, and (2) the reflective phase change due to the
overall expansion of the coating. These two terms appear with a negative sign, resulting
in destructive noise interference. The equivalent surface position fluctuation δx(r⊥) due to
thermal fluctuations in the coating can thus be written as

δx(r⊥) =
N∑
i=1

(
− ∂ϕ
∂ϕi

∂(nidi)

∂Ti
+ ∂(di)

∂Ti

)
δTi(r⊥), (6.30)

where ϕi is the round trip phase of the cavity formed by coating layer i, and ni and di are
the index of refraction and thickness of that layer. If we again assume that we are working
with thin coatings compared to the thermal diffusion length (d 	 rT ), the temperature
fluctuations across all layers are identical, and we immediately get the instructional form

Sδxδx = SδT̂ δT̂

[
N∑
i=1

(
− ∂ϕ
∂ϕi

∂(nidi)

∂T
+ ∂(di)

∂T

)]2

, (6.31)

with SδT̂ δT̂ given by Equation 6.28. The term ∂ϕ
∂ϕi

∂(nidi )
∂T

describes the thermorefractive noise

coupling, while the term ∂(di )
∂T

is responsible for the thermoelastic noise. See Chapter 9 for
more details.

Thermoelastic noise, again?

Thermoelastic noise has here been derived twice. Once by using the Fluctuation–Dissipation
Theorem for mechanical fluctuations, in Sections 6.6.1 and 6.6.2, and once through the
Fluctuation–Dissipation Theorem for thermal fluctuations in Section 6.6.3. The results
are indeed identical. This is curious, since the two formulations are typically used to
calculate the uncorrelated Brownian noise and thermo-optic noise, respectively. To calculate
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Table 6.1 Possible choices of thermodynamic variables for thermal noise calculations.
Sets A and B differ in their definition of the strain. In set A, strain is defined to include
thermal expansions. Thus, Hooke’s law gets an explicit temperature dependence, but the
expansion is only strain dependent. In set B, the situation is reversed. Since the
thermoelastic noise calculation by Evans et al. (2008) explicitly assumes a strain
dependent expansion, they implicitly work with variable set B. The derivation by Fejer
et al. (2004), on the other hand, uses set A.

Set A Set B

Thermodynamic variables δT ; �ε δT ; �εσ = (�ε − �αδT )
Hooke’s law �σ = H · (�ε − �αδT ) �σ = H · �εσ
Lin. expansion (e.g. coating thickness) δd = ε1d δd = (�εσ + �αδT )1d

Implicitly used by Fejer et al. (2004) Evans et al. (2008)

the total noise we should calculate both mechanical and thermal fluctuations, which suggests
that we have to be careful not to double-count thermoelastic noise. To understand this
apparent paradox we need to consistently choose a full set of thermodynamic variables (see
Section 6.6.7 and Table 6.1).

6.6.5 Generalization of the Fluctuation–Dissipation Theorem

Based on the discussion in Sections 6.6.1 and 6.6.3, formulating a version of the
Fluctuation–Dissipation Theorem that includes both mechanical and thermal fluctuations
is straightforward. First, we note that our internal degrees of freedom are now given by the

combined set of positions and temperatures
[
�x, �T

]
. Next we specify our readout variable

e, which can depend on all internal degrees of freedom:

e = �fx T �x + �fT T δ �T . (6.32)

The generalized Fluctuation–Dissipation Theorem for fluctuations in e can now be stated.

Generalized Fluctuation–Dissipation Theorem

Assume that we drive the system with a force and an entropy (heat) field

[ �F
δ �S

]
= G0

[ �fx
�fT

]
cosωt. (6.33)

Note that this drive is coherent, i.e. force and heat are driven in phase. The quantities �fx
and �fT are given by the choice of the readout variable e (Equation 6.32). We then calculate
all forms of dissipation, Pdiss(f ), for this driven system. The thermal noise in e of the
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non-driven system is given by

See(f ) = 8kBT

(2πf )2

Pdiss

G2
0

. (6.34)

If we work in the framework of continuum mechanics, then three of the four thermodynamic
variables will change: force F → stress �σ ; position x → strain �ε; entropy δS → entropy
per volume δs. The generalized Fluctuation–Dissipation Theorem will, however, still be
valid.

6.6.6 Hooke’s law

Notation for Hooke’s law

Hooke’s law states that there is a linear relation between the strain field �ε and stress field
�σ , both of which have 6 independent components. Here we choose to write both �ε and �σ
as a 1 by 6 vector, i.e. �ε = [ε11, ε22, ε33, ε12, ε23, ε31] and �σ = [σ11, σ22, σ33, σ12, σ23, σ31].
Therefore, the Hooke tensor H becomes a 6 by 6 matrix. In a homogeneous and isotropic
material only two of the 36 elements are independent. Unfortunately, there are six differ-
ent elastic moduli (proportionality constants) that are commonly used in the literature –
bulk modulus (K), Young’s modulus (Y ), Lamé’s first parameter (λ), shear modulus (G),
Poisson’s ratio (σ , not to be confused with stress) and P-wave modulus (M). Any two of
them can be used to fully describe the Hooke tensor, but none of the combinations leads
to particularly simple or readable equations. Thus, for the purpose of this section, we will
simply write Hooke’s law in matrix notation,

�σ = H · �ε. (6.35)

Thermal expansion and Hooke’s law

A homogeneous and isotropic system with a linear expansion coefficient α that under-
goes a small temperature change without the influence of external stresses will expand
according to

�εthermal = �αδT , (6.36)

where we define �α = (α, α, α, 0, 0, 0)T . If we define the strain �ε as the total strain due to
both thermal expansion and elastic deformation, Hooke’s law can be generalized to

�σ = H · (�ε − �αδT ) . (6.37)

6.6.7 Choice of thermodynamic variables

We can pick the strain �ε as defined above for Equation 6.37 as well as the temperature
fluctuations δT as our set of thermodynamic variables. Since this definition of �ε already
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includes thermal expansion, there will be no explicit δT dependence in the expression for
expansion (see Table 6.1).

An alternative choice is to use only the stress-induced strain �εσ

�εσ = �ε − �αδT (6.38)

and the temperature fluctuations δT as the fundamental set of variables. This leads to a
temperature independent Hooke’s law,

�σ = H · �εσ , (6.39)

and an explicit δT dependence in the expression for expansion.
Table 6.1 shows the two self-consistent ways to define stress. Fejer et al. (2004) and

Evans et al. (2008) implicitly picked different sets of thermodynamic variables, which
explains why they got the same result for thermo-elastic noise using seemingly different
approaches.

6.6.8 Example

As an example on how to apply the generalized Fluctuation–Dissipation Theorem, we can
again look at the noise contribution due to a coating. The total effective position noise due
to the coating is given by

δx(r⊥) =
N∑
i=1

(
− ∂ϕ
∂ϕi

δ(nidi) + δ(di)
)
. (6.40)

Thus, we need to express the variations in the index of refraction δn as a function of our
choice of thermodynamic variables. For this we introduce the thermo-optic and stress-optic
constants as they are typically measured,

β = ∂n

∂T
|�σ , (6.41)

�CT = − 2

n3

∂n

∂ �σ |T . (6.42)

If the material is birefringent, the index of refraction in Equation 6.42 is the one seen by the
polarization and propagation direction of the laser beam. Therefore the index of refraction
effectively remains a scalar. We will also need the identities

∂ �σ
∂�ε |T = H (6.43)

∂ �σ
∂T

|�ε = −H�α, (6.44)
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which derive directly from Hooke’s law (Equation 6.37). If we now choose the variable set
A of Table 6.1, we get

δn = ∂n

∂T
|�ε δT + ∂n

∂�ε |T δ�ε (6.45)

=
(
∂n

∂T
|�σ + ∂n

∂ �σ |T ∂ �σ
∂T

|�ε
)
δT +

(
∂n

∂ �σ |T ∂ �σ
∂�ε |T

)
δ�ε (6.46)

= n

(
β

n
+ n2

2
�CTH�α

)
δT − n

(
n2

2
�CTH

)
δ�ε. (6.47)

Similarly, for the variable set B we find

δn = ∂n

∂T
|�εσ δT + ∂n

∂�εσ |T δ�εσ (6.48)

= β δT − n
(
n2

2
�CTH

)
δ�εσ . (6.49)

Next, we express the variations in optical and physical thickness, δd and δ(nd), required
for Equation 6.40 as a function of our choice of thermodynamic variables. For variable set
A we get

δd

d
= δε1 (6.50)

δ(nd)

nd
=

(
�δT1 − n2

2
�CTH

)
δ�ε +

(
β

n
+ n2

2
�CTH�α

)
δT , (6.51)

with �δT1 = (1, 0, 0, 0, 0, 0). Similarly, for variable set B we get

δd

d
= δεσ 1 + αδT (6.52)

δ(nd)

nd
=

(
�δT1 − n2

2
�CTH

)
δ�εσ +

(
β

n
+ α

)
δT . (6.53)

Equations 6.40, 6.50 and 6.51 (or alternatively Equations 6.40, 6.52 and 6.53) describe the
stress-optic effect in mirror coatings.

6.6.9 The stress-optic effect

The stress-optic effect introduced in Equation 6.42 is traditionally neglected for thermal
noise calculations. To understand the circumstances under which it can become important,
we first look at the size of the stress-optic tensor. For silica it was measured to be (Stone,
1988)

C1 = 4.22 × 10−12m2/N (6.54)

C2 = C3 = 0.65 × 10−12m2/N, (6.55)
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where we chose the laser propagation direction to be 1. Using the Young’s modulus and
Poisson’s ratio for silica from Table 9.1, we find for the relevant stress-optic terms

n2

2
�CTH = (0.36, 0.13, 0.13, 0, 0, 0) (6.56)

n2

2
�CTH�α = 0.63 α. (6.57)

This illustrates that, for silica, the stress-optic effect leads to about a 30% reduction in the
longitudinal strain sensitivity of the coating layer optical thickness, while introducing some
transversal strain sensitivity.

The stress-optic effect would have to be considered in situations where optical thickness
variations can contribute significantly to the total thermal noise. An example might be
Khalili cavities and etalons, see Section 6.4. In addition, the size of the stress-optic effect
in dielectric coatings can be changed by moving away from a solely anti-resonant cavity
coating design.

However, the influence on the total thermal noise for regular dielectric mirrors from this
stress-optic effect is relatively small. First, for the Brownian noise, the appropriate driving
stress field will see about a 30% change inside the coating. However, this will hardly
affect the resulting deformation pattern for the whole optic. This includes the resulting
deformation inside the coating, which is mostly responsible for the mechanical losses.
Second, the thermo-optic noise is not changed at all. This can be seen in Equation 6.53
from the absence of the stress-optic coefficient in the temperature fluctuation term. (Recall
that variable set B is best suited for calculating the thermo-optic noise alone, since neglecting
driving stresses is equivalent to setting δ�εσ to zero.)

6.6.10 Recipe for a systematic approach to calculating thermal noise

The example in Section 6.6.8 illustrates, for the effective one-dimensional case of a thin
coating, how the total thermal noise of a specific mirror geometry can be calculated sys-
tematically. The first step is to express the phase of the probe laser beam as a function of
the strain and temperature fields across the optic. This provides the readout functions �fx
and �fT . Next, the general form of the Fluctuation–Dissipation Theorem in Section 6.6.5
requires a calculation of the total dissipation in the system when driven by a force and
heat given by Equation 6.33. In general, this involves solving a three-dimensional elas-
tic and thermal diffusion problem. This task, however, can be done numerically using a
finite-element software package.

The numerical approach has the advantage that the geometry of both the mirror substrate
and coating can be varied to minimize the total thermal noise. In the coating Brownian noise
dominated case this will imply finding a geometry that minimizes the strain in the coating
layer. Doing this accurately however requires properly modeling details such as the strain-
optic effect in the coating, the size of which can also be tuned through coating variations.
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Figure 6.4 Configuration of the two-dimensional (2-D) (left) and the three-dimensional (3-D) (right)
DFI. A proper combination of the output fields of the four beams contains no thermal noise but does
contain gravitational-wave signals.

6.7 Displacement-noise-free interferometers

A displacement-noise-free interferometer (DFI) proposed by Kawamura and Chen (Kawa-
mura and Chen, 2004; Chen and Kawamura, 2006; Chen et al., 2006b) is an elegant solution
to reduce thermal noise in a gravitational-wave detector. Gravitational waves can be approx-
imated as a force on the test mass if the wavelength is much shorter than the baseline length
of the interferometer. In fact, the gravitational waves actually affect the light not only at
the test mass but on the entire way between the test masses, thus the gravitational-wave
signal and displacement noise on the test mass are different and can be separated. Although
this is a special case which can reduce the effects of thermal noise in gravitational-wave
detectors, and not other precision measurements, let us here introduce the elegance of the
noise separation. See Chapter 14 for more on gravitational waves and gravitational-wave
detectors.

Figure 6.4 shows two-dimensional (2-D) and three-dimensional (3-D) configurations of
a DFI that achieves the cancelation of displacement noise from all the optical components
while still being sensitive to gravitational waves, albeit AC coupled. In both configurations,
there are four beams entering from the beamsplitters, i.e. a total of eight beams inside the
interferometer. Combining the beams in a proper way, displacement noise is canceled. For
example, subtracting the signals in the beam A → C1 → B from the signals in the beam
B → C1 → A, we cancel out the motion of the optical componentC1. When a gravitational
wave comes from the z-direction, the phase shift imposed on the beam A → C1 at time
[0, τ ] and that on B → C1 at time [0, τ ] are the same but with opposite signs. Thus, they
add up at the subtraction of the signals (τ ≡ LAC1/c = LBC1/c). The phase shift on the
beam C1 → B at time [τ, 2τ ] and that on C1 → A at time [τ, 2τ ] are again the same but
with opposite signs. However, the phase shift on the beam A → C1 at time [0, τ ] and that
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Figure 6.5 Shot-noise-limited sensitivity of 2-D and 3-D DFIs. The 2-D version has a f −3 low
frequency dependence, while the 3-D DFI is somewhat better with a f −2 low frequency dependence.
The (longer) baseline is 3 km and the effective input power is 100 MW. The sensitivity decreases with
decreasing frequency due to the reduction of the response to gravitational waves at low frequencies.

on the beamC1 → A at time [τ, 2τ ] can be different as the phase of the gravitational waves
has changed in the time τ . Therefore, the differential signal of the beam A → C1 → B

and the beam B → C1 → A contains a phase shift caused by the gravitational wave, but
is free from displacement noise of the component C1. Doing the same for all the optical
components, we can realize a DFI.

Comparing the 2-D and 3-D configurations, one can see that both of them are free from
displacement noise but the responses to gravitational waves are different. With the 3-D
configuration, displacement noise can be canceled more efficiently, i.e. the gravitational-
wave signal remains stronger after the cancelation of displacement noise. Figure 6.5 shows
the calculated sensitivity curves of the 2-D and 3-D DFIs, which is given by the ratio of
white shot noise to the frequency response of the gravitational waves. The response of the
2-D DFI decreases by f −3, while the response of the 3-D DFI decreases by f −2. Here
the baseline (distance between A and C1) is 3 km, effective input power is 100 MW, and
the angles a1 and a2 in the 2-D DFI are 45◦ and 30◦, respectively. Even with this high input
power, the sensitivity of the DFI is not better than that of conventional gravitational-wave
detectors as the response decreases significantly at low frequencies where displacement-
noise-free interferometry would be useful.

The DFI requires the beams on the mirror surfaces to be overlapping for the thermal noise
cancelation to occur. In addition, the motion of the beamsplitters (A and B) is measured
by the beams approaching from different angles, so that thermal fluctuation inside the
substrate cannot be canceled. This includes thermorefractive noise (phase noise caused
by temperature driven index of refraction fluctuations, see Chapter 9). Therefore, true
displacement-noise-free interferometry is quite challenging, but big reductions in thermal
noise would be possible.
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Substrate thermal noise

sheila rowan and iain w. martin

7.1 Introduction

Other chapters in this book have discussed the limits to precision measurement capabilities
set by the thermal noise of the optical coatings which are used to form the highly reflective
mirrors commonly used in the relevant experimental arrangements. The substrates of such
mirrors can also be a very important source of thermal noise and other limitations in
practical situations, and thus merit further discussion here.

As discussed in Chapters 1, 4, and 9 the direct application of the Fluctuation–Dissipation
Theorem to the optically sensed position of the front face of a substrate allows the power
spectral density of the thermal noise, Sx(f ), to be calculated. Using the technique described
in Levin (1998) and Chapter 1 of applying a notional pressure of the same spatial profile as
the intensity of the sensing laser beam to the front face of the substrate, we find that Sx(f )
can then be described by the relation

Sx(f ) = 2kBT

π2f 2

Wdiss

F 2
0

, (7.1)

where F0 is the peak amplitude of the notional oscillatory force and Wdiss is the
power dissipated in the mirror. This is the same as Equation 1.2, reproduced here for
convenience.

The thermal displacement noise sensed at the surface of optical substrates arises from
dissipation from a combination of sources, which are most commonly classified into three
types. Brownian noise, as described in Chapter 4, is the descriptor given to the fluctuations
resulting from localized sources of mechanical dissipation associated with, for example,
defects distributed inside the mirror substrate. Thermoelastic noise is associated with sta-
tistical fluctuations in temperature which cause heat flow (and thus energy loss) in the
substrate. These temperature fluctuations then couple to the motion of the surface of a
substrate via the thermal expansion coefficients of the material, as described by Braginsky
et al. (1999) (see Chapter 9). Other categories of thermal noise are discussed in Chapter 3.
The formalism of Levin can be used in the first two cases above to develop quantitative
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expressions for the resulting power spectral density of thermal noise. Initially this is most
easily considered for the case where the surface motions of a substrate are sensed by a
beam whose radius is very much less than the diameter of the substrate, i.e. the substrate is
assumed to occupy a “half-infinite” volume of space.

7.1.1 Thermal noise in “half-infinite” substrates

Brownian thermal noise

Let us first consider the case of Brownian thermal noise. Using the formalism above, Bondu
et al. (1998) developed an expression for the power spectral density of Brownian thermal
noise of a half-infinite test mass (ITM), SITM

x (f ), which is given by

SITM
x (f ) = 2kBT√

π3f

1 − σ 2

Ywm
φsubstrate(f, T ), (7.2)

where φsubstrate(f ) is the mechanical loss of the substrate material (here assumed to be
spatially homogeneous), Y and σ are the Young’s modulus and Poisson’s ratio of the
material, respectively, and wm is the radius of the laser beam on the mirror where the
electric field amplitude has fallen to 1/e of the maximum value.

From this expression it is clear that the level of thermal noise is a function of the
temperature at which the substrate operates, the mechanical loss factor and the Young’s
modulus of the substrate material, along with the radius of the sensing laser beam. Thus in
evaluating the expected thermal noise level of a substrate and in seeking to minimize it, the
values of these parameters are of particular interest.

Thermoelastic thermal noise

Historically (see Nowick and Berry, 1972, for example), thermoelastic damping was iden-
tified with heat flow across thin flexing beams or fibers. However, Braginsky et al. (1999)
recognized that the thermomechanical properties of many crystals are such that when
used as mirror substrate materials, statistical fluctuations in temperature cause displace-
ments of the front face of the mirror through the substrate coefficient of linear thermal
expansion which can, in some cases, dominate over the thermal noise from Brownian dis-
sipation. It can be shown that, for a test mass approximated as half-infinite compared with
the beam size, the power spectral density of thermoelastic thermal noise, STE(f ), can be
written as

SITM
TE (f ) = 4(1 + σ )2κα2kBT

2

√
π5C2ρ2w3

mf
2
, (7.3)

if

w2
mπfρC

κ
>> 1, (7.4)
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where C is the specific heat capacity at constant mass, α the coefficient of linear expansion,
κ the thermal conductivity and ρ the density of the substrate.

It can be seen from inspection of Equation 7.3 that the level of thermoelastic dissipation
depends strongly on both temperature and a combination of the substrate thermomechanical
properties; in particular the coefficient of linear thermal expansion. This expression for
thermoelastic noise is valid only if Equation 7.4 is satisfied, i.e. in the adiabatic limit
where the thermal diffusion length at measurement frequencies is very much less than
the beam radius. It was pointed out by Cerdonio et al. (2001), following Rowan (2000),
that this condition may not be satisfied in experimental situations that utilize very small
beam spots, or instances where the substrate is cooled to very low temperatures, and an
expression appropriate for use in these cases was developed. This is discussed in detail in
Section 8.2.4.

An additional source of thermal noise can occur due to the temperature dependence of
the refractive index of a material (see Braginsky et al., 2000; Braginsky and Vyatchanin,
2003a). This is known as thermorefractive noise. The sum of the thermorefractive noise
and the thermoelastic noise is referred to as thermo-optic noise, and is discussed in detail in
Chapter 9 for coatings. A recent analysis in which the thermoelastic and thermorefractive
effects were treated coherently has shown that these mechanisms can occur with a relative
negative sign, and thus the total thermo-optic noise can be substantially lower than had
been estimated previously (Evans et al., 2008).

7.1.2 Thermal noise in finite-sized substrates

Equations 7.2 and 7.3 show that the power spectral densities of the thermal noises scale as
1/wm and 1/w3

m, respectively, suggesting that it is desirable to make the beam-spot radius
of the sensing beam large. However, when wm stops being small relative to the dimensions
of the mirror substrate, the analyses leading to the above expressions require modification.
These modifications must take into account the effects of the finite size and boundaries of
real substrates on the stored elastic energy.

Bondu et al. (1998) take the example of a finite sized substrate formed by a right circular
cylinder of radius a and lengthH whose optical axis coincides with the axis of the cylinder.
They develop an expression for the total strain energy, U = (U0 +�U ), stored in this
geometry of substrate under the application of a notional Gaussian pressure. By application
of the method in Levin (1998) and Chapter 1, they show that the Brownian substrate noise
can be numerically evaluated for specific test mass geometries. Their resulting formulae
were subsequently corrected by Liu and Thorne (2000), who also develop an expression
for the thermoelastic noise in finite sized test masses.

From Liu and Thorne (2000), following Levin (1998), an expression for the Brownian
thermal noise in a finite sized test mass (FTM), SFTM

x (f ) is developed such that

SFTM
x (f ) = 4kBT

πf
φsubstrate(f, T )(U0 +�U ), (7.5)
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where U0 can be expressed as

U0 = (1 − σ 2)πa3

Y

∞∑
m=1

Um
p2
mJ

2
0 (ζm)

ζm
, (7.6)

with

Um = 1 −Q2
m + 4kmHQm

(1 −Qm)2 − 4k2
mHQm

(7.7)

and Qm = exp(−2kmH ). Following Liu and Thorne (2000), J0 is the Bessel function of
order zero, km = ζm/a where ζm is themth zero of the first order Bessel function J1(x) and
pm are coefficients, given by

pm = 4

a2J 2
0 (ζm)

∫ a

0

e−2r2/w2
m

πw2
m

dr, (7.8)

�U is given by

�U = a2

6πH 3Y

[
π2H 4p2

0 + 12πH 2σp0s + 72(1 − σ )s2
]
, (7.9)

and

s = πa2
∞∑
m=1

pmJ0(ζm)

(ζm)2
. (7.10)

Assessment of the effect of the finite size, and in particular the aspect ratio, of a substrate
on the level of thermal noise sensed requires numerical evaluation using the expressions
above applied to a specific case. Figure 7.1 shows, as an example, the effect of varying the
radius and the thickness of a substrate on the magnitude of the thermal noise sensed by a
laser beam of radius wm = 5.9 cm. Also shown is the level of thermal noise predicted by
the half-infinite mirror approximation. The problem is further complicated by the aspect
ratio also influencing coating thermal noise (see Section 6.3), so an overall optimization is
needed.

Liu and Thorne (2000) define a numerical correction factor, C2
FTM, such that

C2
FTM(x) = SFTM

x

SITM
x

. (7.11)

For reference, in an advanced gravitational wave detector (see Chapter 14), the dimensions
of a substrate mirror would be of orderH = 20 cm and a = 17 cm (Advanced LIGO Team,
2007) and CFTM(x) is found to be about 0.82. Laser stabilization cavity experiments often
use small and relatively thin mirrors (see Numata et al., 2004, for example, in which mirrors
of a = 12.7 mm and H = 5 mm were studied) and specific examples of the thermal noise
of such systems are discussed in Chapters 5 and 15.
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Figure 7.1 Plot showing the effect of varying the mirror thickness and radius on the thermal noise
for a finite-sized silica substrate of mechanical loss φ = 5 × 10−9 evaluated at 100 Hz. Also shown
for comparison is the thermal noise calculated using the half-infinite mirror approximation.

For thermoelastic noise, a similar technique allows the correction factor C2
FTM(TE) for

finite size to be evaluated

C2
FTM(TE) = SFTM

TD

SITM
TD

, (7.12)

where

C2
FTM(TE) =

√
π3w3

m

a3

a5Hc̃2
1

(1 + σ )2

+
∞∑
m=1

a5kmp
2
m(1 −Qm)J 2

0 (ζm)

[(1 −Qm)2 − 4H 2k2
mQm]2

× [(1 −Qm)2(1 +Qm) + 8HkmQm(1 −Qm)

+ 4H 2k2
mQm(1 +Qm)]. (7.13)

Liu and Thorne (2000) investigate the dependence of the correction factor CFTM(TE) for
thermoelastic noise on H, a and wm and note that for a given beam radius, substrates
shaped like thin discs result in higher levels of thermoelastic noise than substrates whose
aspect ratio is more like that of a long cylinder.

Application of the expressions above suggests that for many practical situations, correc-
tions to the thermal noise found using the half-infinite substrate approximation are typically
at the level of ≈ 10%−20%, as seen in Figure 7.1. For finite-sized substrates, increasing the
beam radius of the sensing laser beam results in lower levels of sensed thermal noise. How-
ever, this approach becomes limited by optical losses when the beam becomes “clipped” by
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the edges of the substrate. Using optical beams whose intensity profile is non-Gaussian is
one way to reduce the sensed thermal noise. This works by filling the face of the substrate
whilst keeping the optical beam profile within the substrate surface. This motivates much
of the work discussed in detail in Chapter 13.

The above treatments have so far assumed that the mechanical dissipation of a substrate is
spatially homogeneous. In practice, there are cases where this is not a good approximation,
and this will be discussed further below in Section 7.2.2.

7.2 Sources of mechanical dissipation

As noted in Section 7.1.1 above, key parameters for determining the level of Brownian
thermal noise from a substrate are its Young’s modulus Y , the temperature at which it
operates T and, of particular interest here, its mechanical loss φ(f, T ).

Section 4.1 outlines how internal friction in a material arises from the process of anelas-
ticity, (see, for example, Zener, 1937, 1938; Nowick and Berry, 1972). An oscillating stress
applied to an anelastic material will result in a periodic strain, where the strain response is
not instantaneous but develops with some phase lag φ with respect to the stress. This phase
lag φ is known as the mechanical loss angle, or loss factor. Equivalently, when φ 	 1,
this can be defined in terms of the dissipation of energy over one cycle of oscillation of
a mechanical system. Anelasticity, and thus mechanical loss, can result from a variety of
dissipation processes in a material, with some processes dependent on temperature and/or
frequency. Hence mechanical loss may be expressed in a more general way as φ(f, T ).
There are a number of processes that can result in the dissipation of energy in a material
and the overview given here cannot be comprehensive, thus some key mechanisms only are
discussed.

Experimental studies in both crystalline and amorphous materials of interest as substrates
indicate that mechanical dissipation can arise from contributions from both the bulk and the
surface of samples (see, for example, Braginsky et al., 1985; Penn et al., 2006; Yasamura
et al., 2000, amongst others). Whilst loss mechanisms associated with the surfaces of
substrates are not necessarily intrinsic to the material, neither are they truly external sources
of dissipation such as gas damping or support losses, and so the relevance of surface loss
will be discussed in Section 7.2.2 below.

7.2.1 Bulk loss

Phonon damping

Processes exist that result in the dissipation of mechanical energy in a body under some
oscillatory deformation even in an ideal crystalline solid which is free from structural
defects. Thermoelastic damping (Zener, 1937, 1938; Nowick and Berry, 1972; Braginsky
et al., 1999) as discussed in Section 7.1.1 above, is one such mechanism, and phonon
damping (see Akhiezer, 1939) represents another. Very useful discussions of this mechanism
can be found in Braginsky et al. (1985) and Ferreirinho (1991). Phonons represent lattice
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vibrational modes and have frequencies characterized by the Grüneisen parameter, γ̂ . An
applied oscillatory strain having a wavelength larger than the average phonon mean-free-
path modulates the phonon frequencies, shifting their distribution away from equilibrium.
The relaxation of the phonon distribution back to a local equilibrium has associated with it
mechanical dissipation. Braginsky et al. (1985) provide an approximate expression for the
dissipation from phonon–phonon damping, φphph,

φphph = CT γ̂ 2

ν
2πf τ ∗ (7.14)

valid for 2πf τ ∗ 	 1 where ν is the velocity of sound in the material, C is the heat capacity
per unit volume, and τ ∗ is the phonon relaxation time, related to thermal conductivity by

κ = 1

3
CνDτ

∗. (7.15)

Here νD is the mean Debye sound velocity, such that

3

ν3
D

= 1

ν3
l

+ 2

ν3
t

. (7.16)

At room temperature, estimates for the level of phonon–phonon damping in materials
are made in Braginsky et al. (1985) for crystalline quartz, φphph 
 2 × 10−18 at 1 kHz and
in Ferreirinho (1991) for sapphire, φphph 
 5 × 10−12 at 1 kHz. As will be seen below,
in many practical situations this level is well below that resulting from other sources of
mechanical dissipation. At low temperature, however, phonon–phonon damping is thought
to be responsible for a dissipation peak in single-crystal sapphire (Bagdasarov et al., 1974;
Braginsky et al., 1985) of magnitude ∼ 3 × 10−9. The peak occurs at about 30 K where the
the phonon relaxation time, and hence the intrinsic thermal conductivity of bulk sapphire,
is known to peak (Braginsky et al., 1985).

Internal friction due to structural defects

When mechanical vibrations of a solid body containing defects or other kinds of structural
imperfections occur, associated changes in the defect state or rearrangement of structural
features result in dissipation of energy. As noted in Section 4.2.6, many dissipation mech-
anisms result in mechanical loss whose level and frequency dependence can be described
by a Debye peak, where the loss can be expressed as

φ(f ) = �
2πf τ

1 + (2πf τ )2
, (7.17)

where� is a constant related to the magnitude of the dissipation (Nowick and Berry, 1972)
and τ is the characteristic time associated with the relaxation process responsible for the
dissipation. Many relaxation processes are thermally activated, and thus the relaxation time
is related to the activation energy for the process, Ea , by the Arrhenius equation,

τ = τ0e
Ea/kBT , (7.18)

where τ0 is known as the relaxation constant for the dissipation mechanism.
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Point defects in a crystal lattice such as substitutions, interstitial impurities, and vacancies
can be identified as sources of loss (Nowick and Berry, 1972). Several dissipation peaks
observed in silicon are believed to arise from relaxation mechanisms involving particular
impurities (McGuigan et al., 1978; Lam and Douglass, 1981; Nawrodt et al., 2008). A range
of specific candidate mechanisms associated with structural defects have been identified as
possible sources of internal friction, and a thorough review of this area is beyond the scope
of this chapter; a more comprehensive discussion of dissipation mechanisms can be found
in Nowick and Berry (1972).

Dissipation due to inherent material microstructure

The inherent microstructure of a material can also result in mechanical dissipation. Fused
silica is an interesting and rather thoroughly studied example of such a material, with losses
as low as ∼ 5 × 10−9 measured at room temperature (Ageev et al., 2004). However, at low
temperature the loss increases to a peak occurring at approximately 30–50 K (Fine et al.,
1954), with the peak dissipation of the order of 10−3. This peak is significantly wider than a
simple Debye peak, suggesting that the dissipation process responsible has a broad spectrum
of activation energies (Anderson and Bömmel, 1955). As discussed in Section 4.2.6, several
models for the dissipation process have been proposed in which the dissipation mechanism
is linked to the structure of fused silica (see Anderson and Bömmel, 1955; Strakna, 1961;
Vukcevich, 1972). In these models the dissipation occurs when oxygen atoms (or in one
model, tetrahedral structures of silicon and oxygen atoms) undergo thermally activated
transitions between stable positions separated by a potential barrier. The broad spectrum of
activation energies is therefore directly related to the distribution of potential barrier heights
in the amorphous Si–O network. In the simplest model, in which the loss occurs when certain
Si–O bonds undergo transitions between two stable bond angles, the distribution of barrier
heights arises from the distribution of bond angles in the silica network. Investigations
of the distribution of potential barrier heights using precise low-frequency light scattering
techniques have given good quantitative agreement with this model of dissipation in silica
(see Wiedersich et al., 2000). The intrinsic loss of silica at room temperature is believed to be
limited by the tail of the low temperature dissipation peak, and the frequency dependence of
the loss can be explained by the model of dissipation discussed above (see Wiedersich et al.,
2000). More extensive reviews of the literature on fused silica can be found in Braginsky
et al. (1985) and Lunin (2005).

Dissipation due to electronic effects

In addition to the relaxation interactions described above, an applied stress can interact
with the electrons in a material and a variety of resulting dissipation mechanisms have
been identified. In silicon, for example, stress-induced changes to the band gap can result
in changes of the density of charge carriers, with a relaxation time related to the time taken
for charge carriers to recombine. This process produces a dissipation peak at approximately
600 ◦C (Nowick and Berry, 1972).
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7.2.2 Surface loss

Losses associated with the surface of a substrate can often be significantly higher than the
loss of the bulk material itself. The surface layers of a substrate can have very different
properties to the bulk of the substrate, either as a result of damage during fabrication or
through the absorption and adsorption of impurities. Sample preparation processes such
as machining, grinding and polishing can damage the surface resulting in the presence of
micro-cracks and a higher occurrence of dislocations and other lattice defects (see e.g.
Braginsky et al., 1985). Surface defects can also occur in amorphous materials, for exam-
ple dangling oxygen bonds or surface microcracks in silica (Lunin, 2005). Impurities can
be incorporated into surface layers during substrate fabrication, for example through the
diffusion of atoms from polishing compounds into the surface. The use of diamond based
polishing compounds results in carbon being a common surface contaminant (Braginsky
et al., 1985). Other common impurities are water, atmospheric gases, and organic com-
pounds which can easily be absorbed into the surface layer (Lunin, 2005; Braginsky et al.,
1985).

When a damaged surface is mechanically deformed, relaxation processes can occur
when the surface defects respond to the deformation, resulting in dissipation as described
in Section 7.2.1. A general model allowing evaluation of the magnitude of surface loss
in samples of specific geometries has been formulated by Gretarsson and Harry (1999).
If thermoelastic loss and sources of extrinsic loss are neglected, then the total loss of a
substrate, φtotal, can be considered as arising from the bulk material, φbulk, and from the
surface, such that

φtotal = φbulk

(
1 + μ ds

V/S

)
, (7.19)

where V/S is the volume-to-surface ratio for a given sample and ds is the “dissipation
depth”, given by

ds = 1

φbulkYbulk

∫ h

0
φ(n)Y (n)dn. (7.20)

Here Ybulk is the Young’s modulus of the bulk material and h is the physical thickness of
the lossy surface layer of the sample. The loss and Young’s modulus of the surface layer,
φ(n) and Y (n), are allowed to vary with n, the depth from the surface. The parameter μ is a
numerical factor dependent on both the mode-shape and the geometry of the sample such
that

μ = V

S

∫
S
ε2(�r)d2r∫

V
ε2(�r)d3r

, (7.21)

where ε is the strain amplitude. The dissipation depth quantifies the total dissipation arising
from the surface layer, normalized to the dissipation of the bulk material. If the surface
layer has a homogeneous loss, φsurf , and the Young’s modulus is approximately equal
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to the Young’s modulus of the bulk material, then the dissipation depth is related to the
thickness of the surface layer, h, the bulk dissipation, and the loss of the surface layer,
φsurf , as

ds = h
φsurf

φbulk
. (7.22)

Evidence of surface loss in substrate materials

Evidence of excess loss associated with surfaces has been observed in several materials.
The precise magnitude of the surface loss, φsurf , of a particular material depends on a
number of factors including the manufacturing process, roughness, and thermal history.
Studies of sapphire show that the type of surface polish applied can significantly affect the
total measured loss of a sample (Braginsky et al., 1985). The loss of a sapphire sample
polished using particles of grain size ∼50 µm can be reduced by more than an order of
magnitude by re-polishing the surface using a finer grain size of ∼4 µm.

Evidence of surface loss has also been observed in fused silica. Studies of the mechanical
loss of silica fibers show that the total measured loss is a function of the fiber diameter,
with thinner fibers exhibiting higher total loss (Gretarsson and Harry, 1999; Penn et al.,
2001). This is consistent with the surface of the fiber having a higher loss than the bulk
material. As the diameter decreases a larger fraction of the elastic energy is stored close
to the surface, resulting in a higher measured loss factor. The magnitude of the surface
loss of cylindrical fibers was found to be 1×10−5 (Gretarsson and Harry, 1999), while
for rectangular cross-section fibers a value of 3×10−6 has been obtained (Heptonstall
et al., 2006). Both of these measurements assumed that the lossy surface layer was 1 µm
thick (Doremus, 1979). The difference in the magnitude of the surface loss may be related
to different levels of stress occurring in the cylindrical and rectangular geometries as the
molten silica cooled (Heptonstall et al., 2006). The lowest loss measured in bulk fused
silica is 5×10−9 (Ageev et al., 2004), which is approximately three orders of magnitude
lower than the loss of the damaged surface layer.

Studies in which fused silica resonators were polished using progressively finer particles
are consistent with a model in which the loss of the surface decreases as the size of the
polishing particles, and thus the size of the surface defects, is reduced. Using this technique
lossy surface layers can be reduced to ∼ 0.1 µm in thickness. This residual lossy layer,
related to the formation of hydroxide compounds when Si–O bonds are broken during pol-
ishing, has been shown to result in mechanical loss peaks at particular temperatures (Lunin,
2005). Removing this residual damaged layer, and thus reducing the magnitude of the loss
peaks, can be pursued by chemical etching of the silica surface (Tellier, 1982; Lunin, 2005).
The effects of chemical etching treatments are highly dependent on the prior mechanical
treatment of the sample, with larger improvements observed when etching rougher surfaces.
Thus both high-quality polishing and chemical etching are likely to be required to minimize
the surface loss of a silica sample.
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Surface loss mechanisms associated with absorbed water and atmospheric gases also
exist. On exposure to air a hydrated layer rapidly forms on the surface of silica, and surface
loss associated with this layer has been observed (Lunin, 2005). Heat-treatment under
vacuum conditions has been shown to almost eliminate the losses associated with this
hydrated layer (Lunin, 2005; Mitrofanov and Tokmakov, 2003). A thorough discussion of
losses associated with absorbed water and other atmospheric gases is given in Lunin (2005).

Polishing silica with a flame can, in some circumstances, reduce the surface loss, par-
ticularly when the silica has not previously been machined (e.g. fibers pulled from a
melt) (Ageev et al., 2004; Penn et al., 2001). However, flame-polishing a mechanically
ground or polished surface can result in vitrification of the damaged layer, increasing the
surface loss (Lunin, 2005).

Studies of silicon also find evidence for the presence of surface loss, with the loss
measured in silicon generally observed to vary with the surface to volume ratio (Mohanty
et al., 2002; Yasamura et al., 2000; Yang et al., 2002; McGuigan et al., 1978). The
incorporation of oxygen into the surface layer of silicon has been postulated as a source
of loss, and experiments with micro and nano-scale silicon cantilevers have shown that the
loss can be reduced by approximately a factor of 10 by heating the cantilevers to 1000 ◦C
in vacuum and thus removing oxygen from the surface (Yang et al., 2000; Ono et al., 2003;
Liu et al., 2005).

Inhomogeneous loss

In the discussions of the formalism for calculating thermal noise outlined earlier in this
chapter it was assumed that the loss of the substrate was homogeneous. Thus, to include
the effect of a known lossy surface layer into the calculation of thermal noise requires
modification of the treatment given above. The method of Levin (see Levin (1998) and
Chapter 1) is still applicable here, and we can note that, to first order, expressions given
in Chapter 4 for the thermal noise of a lossy coating layer on the surface of the substrate
provide an approximation to an analytical treatment for the surface loss.

Surface loss is only one example of inhomogeneous losses which can occur. Other
examples include the use of lossy optical coatings (see Chapter 4) or the jointing of support
structures to the mirror. In all of these situations finite element modeling is a powerful tool
for evaluating the Brownian thermal noise. In general, the thermal noise is given by (see
Chapter 1)

Sx(f ) = 2kBT

π2f 2

Wdiss

F 2
0

, (7.23)

where Wdiss is the power dissipated under the notional oscillatory Gaussian pressure of
peak magnitude F0. This dissipated power can be found from

Wdiss = 2πf
∫
V

ε(x, y, z)φ(x, y, z, f )dV, (7.24)
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with ε(x, y, z) the energy density of the elastic deformation of the substrate when it
is maximally deformed under the oscillating Gaussian pressure. In the case of inhomo-
geneously distributed loss, ε(x, y, z) can be obtained by using finite element analysis to
calculate the energy density associated with the elastic deformation at each point in the mir-
ror (Yamamoto, 2000; Yamamoto et al., 2002). This method has been used to calculate the
thermal noise associated with localized lossy regions such as a magnet attached to the back
face of a mirror (Yamamoto, 2000), or suspension fiber attachments bonded to the
sides of a mirror (Cunningham et al., 2010). The finite element method also allows
the thermal noise for alternative laser beam geometries to be calculated simply by varying
the spatial profile of the pressure applied to the mirror surface in the finite element model.

7.3 Design choices for mirror substrates in precision experiments

Substrates for use in optical measurement systems are typically formed from one of a range
of amorphous dielectrics (e.g. BK7 glass, fused silica, low expansion glass) or crystalline
materials (e.g. sapphire, silicon, calcium fluoride), with the exact choice dependent on
the wavelength of the light relevant for the system, and other experimental considerations
(robustness, thermal loading, etc.).

As discussed in Section 7.2, the substrate Brownian thermal noise is a function of the
Young’s modulus, mechanical loss, and temperature. The substrate thermoelastic loss is a
function of the thermal expansion coefficient, the thermal conductivity, the specific heat
capacity, and the temperature. Of these material parameters, the one typically least well
characterized is mechanical loss.

As design examples, we consider substrates for gravitational wave detectors in Sec-
tion 7.3.1, which require larger, free-hanging optics, and for other experiments using optical
cavities in Section 7.3.2, generally using smaller, fixed optics. See Chapter 14 for a more
complete discussion of gravitational wave detectors and Chapters 15, 16, and 17 for more
on other applications.

7.3.1 Gravitational wave detectors

In addition to having a low level of Brownian thermal noise and thermoelastic noise,
there are a range of other requirements for mirror substrates for use in gravitational wave
detectors. Where mirrors are partially transmissive for use as input couplers to arm cavities
low optical absorption at the wavelength of interest is necessary to reduce the laser power
absorbed by the mirror. High thermal conductivity and low thermal expansion are desirable
to minimize the thermal deformation of the mirror from any absorbed laser power. The
temperature dependence of the refractive index, dn/dT should also be low to minimize
thermo-optic noise and thermal lensing effects; see Chapters 9 and 10, respectively.

Relatively few materials can meet all of the requirements for use as gravitational wave
detector mirrors. Materials studied for use at a laser wavelength of 1064 nm include
fused silica and sapphire. Silicon has been proposed as a suitable material for use in an
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all-reflective interferometer topology (see Section 11.4) or for operation at higher laser
wavelengths e.g. 1550 nm (Winkler et al., 1991; Rowan et al., 2003; Schnabel et al.,
2010). See also Section 6.2. Mechanical loss factors of ∼ 3 × 10−9 have been measured
in sapphire at room temperature (Braginsky et al., 1985) while the lowest losses measured
at room temperature in silicon and silica are 0.9–1 × 10−8 (Numata et al., 2001; Nawrodt
et al., 2008; Murray, 2008) and 5 × 10−9 (Ageev et al., 2004), respectively. Thus, a low
level of Brownian thermal noise would be expected from all three of these materials at room
temperature. However, as pointed out by Braginsky et al. (1999), the thermal properties
of silicon and sapphire (particularly the thermal expansion coefficient and the thermal
conductivity, see Figures 8.13 and 8.15) would lead to levels of thermoelastic noise in a
silicon or sapphire mirror at room temperature which can exceed that of fused silica. Fused
silica, already adopted as the mirror substrate for the first generation of gravitational wave
detectors, is also planned for use in the second generation detectors Advanced LIGO (Harry
and The LIGO Scientific Collaboration, 2010) and Advanced Virgo. See Section 14.5.2 for
more on these detectors.

To obtain increases in sensitivity beyond the level of the second generation detectors,
further reductions in thermal noise are likely to be required. One method of achieving
this is through cooling the mirror, as discussed in more detail in Chapter 8. Care needs
to be taken as the substrate thermal noise is proportional to both

√
T and

√
φ, and the

mechanical loss of many materials is strongly temperature dependent. As discussed above,
the mechanical loss of fused silica increases at low temperature to ∼ 10−3, effectively
precluding the use of silica substrates at cryogenic temperature. The loss of sapphire and
silicon, however, can be as low as 2–5 × 10−10 at cryogenic temperature (McGuigan et al.,
1978; Braginsky et al., 1985), making these materials attractive candidates for cooling.
Furthermore, the thermoelastic noise in sapphire and silicon would be significantly lower
at cryogenic temperature, due to the temperature dependence of the thermal expansion
coefficient of these materials, as shown in Figures 8.13 and 8.15.

Silicon and sapphire have the potential to withstand significantly higher laser powers
than fused silica for a given amount of thermally induced surface deformation, largely
due to their relatively high thermal conductivity (see Winkler et al., 1991). Thus silicon
or sapphire substrates would potentially allow the use of higher circulating laser powers
to reduce photon shot noise and enhance detector sensitivity at high frequencies. See
Chapter 10 for more on high laser power and thermal effects in mirrors.

Sapphire mirrors are proposed for use in the Large-scale Cryogenic Gravitational wave
Telescope (LCGT), a planned Japanese cryogenically cooled interferometer using trans-
missive optics (Kuroda and The LCGT Collaboration, 2010). See Section 14.5.2 for more
on LCGT. While some experiments (see Section 7.2.1) have shown a dissipation peak of
magnitude ∼ 3 × 10−9 at 30 K in sapphire, this peak loss is of a similar magnitude to
the loss at room temperature, and the general trend is for the loss to decrease below room
temperature (Uchiyama et al., 1999; Braginsky et al., 1985).

Silicon mirrors are of particular interest for use in future gravitational wave detectors
as there are two zeros in the thermal expansion coefficient at approximately 18 K and
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125 K, suggesting that operation at either of these temperatures could in principle eliminate
thermoelastic noise (Rowan et al., 2003). Measurements by McGuigan et al. (1978) showed
evidence of dissipation peaks at ∼13 K and ∼150 K. While these peaks are very close to the
nulls in the thermoelastic loss, it has been speculated that the peaks arise from impurities
in the silicon sample, and are not related to the zeros in the thermal expansion coefficient.
Other measurements of silicon (Nawrodt et al., 2008; Bignotto et al., 2008; Reid et al.,
2006) have shown no evidence of these loss peaks, suggesting that the peaks are not intrinsic
to all types of silicon. Thus 18 K or 125 K may be very attractive temperatures at which to
operate a silicon-based detector.

7.3.2 Optical cavities

Ultra-stable Fabry–Perot cavities also form the critical components of frequency stabilized
lasers for several precision experiments including optical atomic clocks (Ludlow et al.,
2006), high-resolution optical spectroscopy (Young et al., 1999; Rafac et al., 2000), funda-
mental quantum optics measurements, quantum information science (Schmidt-Kaler et al.,
2003), and cavity QED experiments (Miller et al., 2005), see Chapters 15, 16, and 17.
The frequency stability which can be achieved is dependent on the length stability of
these cavities and thus thermal noise can form a significant limit to the precision of these
experiments. The thermal noise limit has been calculated analytically (see Numata et al.,
2004) and thermal noise limited performance has been measured experimentally (Notcutt
et al., 2006). The cavities used in these measurements usually consist of two coated mirrors
separated by a rigid spacer. One of the key criteria in material selection is a low coefficient
of thermal expansion, to minimize the coupling of thermal fluctuations to the length of the
cavity. Materials such as ULE, Zerodur, silica, silicon and sapphire have been used for this
purpose. Initially, materials were primarily chosen for a low coefficient of thermal expan-
sion, and silicon and sapphire are most often cooled to cryogenic temperature to achieve
this goal (Richard et al., 1990; Seel et al., 1997; Müller et al., 2003a).

Current experiments have reached, or are rapidly approaching, the limit set by thermal
noise. Measurements of the effect of substrate thermal noise on cavity length, and thus
frequency, stability have been carried out. Mechanical loss measurements indicate that
Zerodur substrates have a relatively high mechanical loss of ∼3 × 10−4, while the loss of
ULE substrates was found to be ∼2 ×10−5 (Numata et al., 2004). It has been demonstrated
that for a cavity constructed from Zerodur spacers, the level of thermal displacement noise
can be reduced in line with theoretical predictions when fused silica mirror substrates are
used in place of Zerodur substrates (Notcutt et al., 2006). When fused silica mirror substrates
are used, the mirror coatings become the dominant source of thermal noise. While the use
of fused silica mirrors can reduce thermal noise, it will also increase the thermal expansion
of the cavity from ∼10−9 K−1 to ∼10−7 K−1 (Notcutt et al., 2006), potentially making
length changes associated with temperature fluctuations more significant. Thus the use of
crystalline materials such as silicon and sapphire, which can provide both low mechanical
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loss and a low coefficient of thermal expansion at cryogenic temperatures, may be the most
promising method of reducing cavity thermal noise, provided appropriate low noise mirror
coatings can be identified. See Section 5.5 for more on thermal noise in fixed-mirror cavity
experiments.

7.4 Conclusion and future directions

Thermal noise associated with mirror substrates is an important consideration in the design
of many precision mechanical and optical experiments. In many precision measurement
experiments, the thermal noise from the reflective coatings applied to the mirrors is larger
than the thermal noise from the substrate materials. However, techniques for developing
“coating free” mirrors based on diffractive optics, novel concepts such as nano-structured
surfaces, and other techniques are currently being developed (see Chapter 6 and Brückner
et al. (2008, 2009)). These techniques may remove the need for lossy dielectric coatings
altogether, in which case the limiting source of thermal noise is likely to arise from the
mirror materials. Thus, the thermal noise of optic materials, and in particular any losses
associated with structuring the surface of these materials, may be of enhanced significance
in future experiments.



8

Cryogenics

kenji numata and kazuhiro yamamoto

8.1 Introduction

The use of cryogenic mirrors can be an attractive way of minimizing thermal noise due
to optical coatings and substrates. As long as special care is taken in choosing materials,
thermally induced fluctuations should be “frozen” at low temperatures. In this chapter, we
introduce the current understanding of temperature dependence of mirror thermal noise,
some practical design issues, and examples of cryogenic experiments. We will mainly focus
on off-resonant thermal noise and physical cooling issues of macroscopic optics. For more
on cooling of resonant thermal noise, see Chapter 16.

8.2 Temperature dependence of mirror thermal noise

In sensitive optical experiments, thermal fluctuations of coatings and substrates are impor-
tant sources of noise and both tend to be reduced at cryogenic temperatures. The gains from
cryogenics could come from several directions: the direct reduction of temperature itself,
the decrease in mechanical losses (occurring in some materials), and the precipitous drop
in specific heat and the increase in the mean free path of phonons. Appropriate materials
and beam parameters must be adopted so that every kind of thermal noise is minimized by
cryogenics simultaneously. Typically, Brownian thermal noise in coatings improves very
slowly from cryogenics. This is due to a weak temperature dependence of mechanical
loss. Coating thermal noise is also usually dominant over the substrate Brownian noise, so
improvements of coating thermal noise directly impact measurement sensitivity. Substrate
thermoelastic noise (see Chapter 7), coating thermo-optic noise (see Chapter 9), and other
thermal noises (see Chapter 3) generally have less importance at cryogenic temperatures
and at low frequencies. In this section, we give an overview of the theoretical background
of mirror thermal noise. Mechanical and thermal properties of materials are summarized in
Section 8.5.
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Published by Cambridge University Press. © Cambridge University Press 2012.
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8.2.1 Brownian noise due to structural damping

As described in Chapters 1, 4, and 7, thermal noise is caused by internal friction, which
occurs within coating and substrate materials. Such noise is traditionally called mirror
Brownian noise. A simplified form of mirror Brownian noise is given by Equation 4.10,
reproduced here for reference,

Sx(f, T ) ≈ 2kBT√
π3f

1 − σ 2

wmY

[
φsub(f, T ) + 2√

π

(1 − 2σ )

(1 − σ )

d

wm
φcoat(f, T )

]
, (8.1)

where Sx(f, T ) is the one-sided power spectrum of the surface displacement measured by a
Gaussian beam with radius wm, the substrate loss angle is φsub, and the coating mechanical
loss isφcoat. The first and the second terms correspond to contributions from the substrate and
the coating, respectively. Temperature dependence of Sx and the φs are noted specifically,
while the T dependence of Y, σ , and d are generally small1 and less important. Frequency
dependence of material loss, φ(f ), has been studied experimentally and a constant φ model
(called structural damping)2 has been shown to be relatively common in low mechanical
loss materials (Kovalik and Saulson, 1993; Saulson et al., 1994) and is a good model to
start with.3 Therefore, the temperature dependence of loss, φ(T ), becomes the main concern
here.

8.2.2 Substrate contribution to Brownian noise

Different substrate materials show different temperature dependencies of mechanical loss,
φsub(T ). Fused silica has a large mechanical loss peak at around 50 K and has a tail
down to 0 K due to energy dissipation by thermally activated transitions of oxygen atoms
within the amorphous Si–O–Si network bonds (Bömmel et al., 1956; Anderson et al.,
1972; Wiedersich et al., 2000). Thus, fused silica and other optical glasses made up
of silica are generally poor substrate materials at cryogenic temperatures. On the other
hand, crystalline materials, such as sapphire (Braginsky et al., 1985; Uchiyama et al.,
1999), silicon (Nawrodt et al., 2008), and calcium fluoride (Nawrodt et al., 2007a)
are known to have low mechanical loss (φ < 10−8) at cryogenic temperatures. Fig-
ure 8.12 in Section 8.5 summarizes temperature dependence of mechanical loss in substrate
materials.

These small mechanical losses and low temperatures cooperatively make the substrate’s
Brownian thermal noise negligible in many cases. Figure 8.1 shows the dependence of

1 Among them, Young’s modulus, Y , has the biggest relative change at a level of 3%, for example, in fused silica between room
and cryogenic temperatures (McSkimin, 1953).

2 When working at low frequency (below milli-Hz), one has to be aware of the fact that the loss, φ, should become zero at zero
frequency (Saulson, 1990).

3 Measurements indicate that some fused silica brands have lower loss at lower frequencies, all generally at the φ ∼ 10−7 level,
at room temperature (Penn et al., 2006). This may hold for other low-loss materials and temperatures as well.



110 K. Numata and K. Yamamoto

10
-22

10
-21

10
-20

10
-19

10
-18

10
-17

L
in

ea
r 

sp
ec

tr
al

 d
en

si
ty

 S
1/

2 [m
/H

z1/
2 ]

5 6 7 8
10

2 3 4 5 6 7 8
100

2 3

Temperature T [K]

Substrate Brownian noise
(1kHz, beam radius:1mm)

 Sapphire
 Silicon
 Calcium fluoride
 Fused silica

Figure 8.1 Temperature dependence of substrate Brownian noise. Frequency f is 1 kHz. Beam
radius wm is 1 mm. The linear spectral density

√
S is proportional to 1/

√
wmf . Mechanical losses in

Figure 8.12 were used for this calculation.

substrate Brownian noise on temperature with different substrate materials. With the excep-
tion of fused silica, they all become smaller by a factor ∼10 going from 300 K to 30 K.

8.2.3 Coating contribution to Brownian noise

The weak frequency dependence of coating mechanical loss, φcoat(f ), has been experimen-
tally verified through mechanical loss measurements (Crooks et al., 2004; Yamamoto et al.,
2006a; Martin et al., 2008, 2009) and direct measurements of coating thermal noise (Numata
et al., 2003; Black et al., 2004a; Harry et al., 2007) between ∼100 Hz and ∼100 kHz.
The temperature dependence of φcoat(T ) has been studied primarily in ion-beam sputtered
SiO2/Ta2O5 dielectric coatings, see Chapter 4. It has been experimentally shown that the
loss is nearly constant at the (4–6) × 10−4 level between 4 K and 300 K (Yamamoto et al.,
2006a). Other results indicate the existence of a small loss peak at the φ ∼ 10−3 level
around 20 K and peak suppression by annealing (Martin et al., 2010). These results support
the model of very weak frequency and temperature dependence of coating loss at a level
of φcoat ∼ 10−4, at least for this kind of coating.4 Figure 8.12 shows the coating loss as a
function of temperature.

Figure 8.2 shows the temperature dependence of coating Brownian noise. Comparing
Figures 8.1 and 8.2, the linear spectral density of Brownian thermal noise,

√
SBrown, is

dominated by the coating contribution and thus proportional to
√
T φcoat. This holds true

4 Recent studies indicate that the temperature dependence may be different for other coatings. A SiO2/Ta2O5 coating formed by
a magnetic sputtering process shows a temperature dependence of ∼10−3 at 300 K and ∼4 ×10−4 below 30 K (Nawrodt et al.,
2007b). Other coating materials, such as zirconia, hafnia, and niobia, are being actively investigated, see Section 4.2.3.
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Figure 8.2 Temperature dependence of coating Brownian noise with a coating thickness d = 4.7 µm,
a sapphire substrate, a beam radius wm = 1 mm, and a frequency f = 1 kHz. The linear spectral
density

√
S is proportional to 1/

(
wm

√
f

)
.

as long as the beam radius wm is smaller than ∼40 000 d (∼20 cm for a typical coating),
since φsub ∼ 10−8, σ ∼ 0.2, and φcoat ∼ 5 × 10−4 in Equation 8.1.5

8.2.4 Substrate thermoelastic noise

There are other kinds of thermal noise in optics. Among them are substrate thermoelas-
tic noise (see Chapter 7) and coating thermo-optic noise (see Chapter 9). See Chapter 3
for a detailed list of thermal noises. Thermoelastic and thermo-optic noise are associated
with thermoelastic dissipation (Zener, 1937), which is caused by heat flow along temper-
ature gradients. Unlike Brownian noise, this dissipation mechanism can be theoretically
calculated from the equations of motion and heat conduction.

A formula for substrate thermoelastic noise can be found in Braginsky et al. (1999);
Cerdonio et al. (2001) as well as in Chapter 7. The thermoelastic noise has a low-pass
property whose characteristic frequency is given by a cutoff frequency,6

fc = κ(T )

πρC(T )w2
m

. (8.2)

This cutoff frequency corresponds to the relaxation time of thermal gradients of size wm.
When the observing frequency f is higher than this cutoff frequency, fc, the spectrum is

5 Coating thickness is determined by the desired reflectivity and laser wavelength. See Chapter 12 for more on dielectric coatings
and coating design.

6 There is another cutoff frequency, f ∼ κ/(ρCa2), which corresponds to the relaxation time in the scale of the mirror size,
a. Below this cutoff frequency, the system can be treated as isothermal and the thermoelastic noise has a constant value over
frequency. We neglect this region for simplicity.
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beam radius wm is 1 mm. This cutoff frequency is proportional to 1/wm2.

given by the adiabatic approximation,

Sadi(f, T ) = 4√
π5

(1 + σ )2α(T )2kBT
2

(ρC(T ))2
κ(T )

1

w3
mf

2
, (8.3)

where α(T ) is the coefficient of linear expansion (Braginsky et al., 1999). Below this cutoff
frequency, the spectrum can be written by the semi-isothermal approximation,

Siso(f, T ) =
√

2

π
(1 + σ )2α

2(T )kBT
2

√
ρC(T )

1√
κ(T )f

, (8.4)

which does not depend on beam radius wm (Cerdonio et al., 2001; Somiya et al., 2010). In
both regions, the linear spectral density

√
S is proportional to αT .

Figure 8.3 shows the dependence of the cutoff frequency fc with temperature. Since
the cutoff frequency becomes higher at lower temperature, the semi-isothermal condition,
Equation 8.4, applies to most cryogenic situations where the observing frequency is<kHz.

Figure 8.4 shows substrate thermoelastic noise in different substrate materials. The noise
level strongly depends on the temperature and the thermal properties of the material. In gen-
eral, thermoelastic noise does not decrease drastically in the adiabatic region. Thus, mirrors
typically have to be cooled substantially to reach the semi-isothermal region to minimize
the noise. In this example, with beam radius wm = 1 mm and frequency f = 1 kHz, the
transition from the adiabatic to the semi-isothermal condition happens at ∼80 K, ∼80 K,
∼40 K, and ∼1 K in sapphire, silicon, calcium fluoride, and fused silica, respectively.
Silicon has zero thermoelastic noise around 20 K and 120 K because its α is zero at these
temperatures. A similar situation occurs in fused silica at ∼180 K. Because of thermoelastic
noise, most crystalline substrates become advantageous over amorphous ones only at low
temperatures. This is due to the crystalline material’s relatively larger α and κ at room
temperature.
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Figure 8.4 Temperature dependence of substrate thermoelastic noise. Frequency f is 1 kHz and
beam radius wm is 1 mm.

The temperature dependence of thermoelastic noise can be understood using a phonon
model (Kittel, 1995). Because phonons carry heat, the specific heat C is roughly propor-
tional to T 3 below the Debye temperature, which is higher than 300 K in most materials
used for mirrors. In crystalline materials, α/C is independent of temperature (the Grüneisen
relation),7 and thus the thermal expansion parameter α is also proportional to T 3. Thermal
conductivity is expressed as

κ(T ) = 1

3
ρC(T )lph(T )v, (8.5)

where lph is the mean free path of phonons and v is the velocity of phonons. This veloc-
ity v is almost independent of temperature, T . Above ∼30 K, lph is limited by phonon–
phonon Umklapp scattering. Below ∼30 K, where the number of thermally excited phonons
decreases, the mean free path lph gets significantly longer. For example, lph of sapphire is
about 105 times longer around 30 K than at 300 K. As a result, κ becomes about 102 times
larger. Below this temperature, lph becomes nearly constant because it is limited by impu-
rities, lattice defects, and/or the dimensions of the sample, not by any temperature-related
process. As a result, κ is proportional only toC and thus T 3 in this region. Figures 8.13, 8.14,
and 8.15 show the temperature dependence of α, C, and κ of various substrate materials,
respectively.

These effects dynamically change the thermoelastic noise level. The temperature depen-
dence of the cutoff frequency (Figure 8.3) is similar to that of lph due to Equations 8.2
and 8.5. The temperature dependence of substrate thermoelastic noise changes around 1–
100 K, where the transition from the adiabatic condition to the semi-isothermal condition
happens, and around 30 K, where the phonon mean free path becomes limited by impurities.

7 The Grüneisen relation is not valid in silicon. Still, |α/C| of silicon at lower temperatures is comparable to, or smaller than, the
room temperature value.
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Above 30–100 K (the adiabatic limit),
√
Sadia is nearly constant, except for temperatures

where α becomes zero, since α/C and T
√
κ are nearly temperature independent. Below

30 K,
√
Siso is proportional to T 2.5, both in the isothermal and adiabatic limits.

8.2.5 Thermo-optic noise

Thermo-optic noise is caused by the relaxation dissipation of temperature differences
between the substrate and coating. This noise consists of coating thermoelastic noise (Bra-
ginsky and Vyatchanin, 2003a; Fejer et al., 2004) and thermorefractive noise (Braginsky
et al., 2000). Coating thermoelastic noise is a fluctuation of the coating surface while
thermorefractive noise originates in the fluctuations of the coating optical thickness. These
fluctuations are detected as mirror displacement noise since some of the light is reflected by
the inner layers of the coating. See Chapter 9 for a full description of coating thermoelastic
and thermorefractive noise.

There is a correlation between thermoelastic and thermorefractive noise because of the
common origin in the same temperature relaxation. Thus, they are treated coherently as
thermo-optic noise (see Chapter 9). Above the cutoff frequency of Equation 8.2, Equa-
tion 9.21 in Chapter 9 can be simplified to

Sto(adi) = 2√
π3

[αeff(T )d − βeff(T )λ]2 kBT
2

√
ρ0C0(T )

1

w2
m

√
f κ0(T )

. (8.6)

Below the cutoff,

Sto(iso) = 2√
π

[αeff(T )d − βeff(T )λ]2kBT
2 1

κ0(T )

1

wm
. (8.7)

Here, αeff and βeff can be approximated as

αeff ≈ α1
(1 + σ0)

(1 − σ1)

[
Y1

Y0
(1 − 2σ0) + 1 + σ1

1 + σ0

]
− 2(1 + σ0)α0

ρ1C1

ρ0C0
, (8.8)

and

βeff ≈ 1 + σ1

1 − σ1
α1n+ β, (8.9)

by using averaged coating values (instead of weighted averages in Equations 9.35, 9.39
and 9.40). The subscripts 0, 1 on the material properties denote substrate and coating,
respectively. Terms with αeff and βeff represent the coating thermoelastic noise and ther-
morefractive noise, respectively. Like the substrate thermoelastic noise, the two approxi-
mations are valid at high and low temperature regions, respectively.8

Coating thermal parameters (α1, β1, andC1) contribute to the noise only through αeff and
βeff . The second term of Equation 8.8 includes material properties of the substrate as α0/C0.

8 The thermo-optic noise also has a cutoff frequency that corresponds to the relaxation time of thermal gradients of thickness d.
The cutoff frequency is usually high (>10 kHz) because of the thinness of the coating. Therefore, we focus on the region below
this cutoff frequency.
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Figure 8.5 Temperature dependence of thermo-optic noise, where αeff and βeff are assumed to be 0
and 10−5 /K, respectively. The substrate is assumed to be sapphire. Frequency f is 1 kHz and beam
radius wm is 1 mm. The wavelength of light λ is 1064 mm.

This quantity has a constant value at low temperature (as discussed in Section 8.2.4). Since
both α1 andC1 become smaller at lower temperature, in general, αeff is expected to be small.
The first term in βeff is also expected to be low due to α1. The temperature dependence
of the second term, β, is not as well understood.9 In order to simplify the discussion, we
assume that β is temperature independent and αeff is neglected. Then the thermo-optic
noise

√
Sto(adi) is approximately proportional to βT C−1/2

0 l
−1/4
ph , and βT −1/2l

−1/4
ph . In the

other limit,
√
Sto(iso) is approximately proportional to βT (C0lph)−1/2, and β(T lph)−1/2.

Figure 8.5 shows the dependence of the thermo-optic noise on temperature, assuming
constant βeff = 10−5 /K, a typical room temperature value (Evans et al., 2008). When
cooled from room temperature, the noise becomes smaller because lph gets longer.10 Below
∼ 30 K, the linear spectral density is proportional to 1/

√
T , because of the constant lph.

Even with this, thermo-optic noise is typically smaller than coating Brownian noise.

8.2.6 Summary of temperature dependence of thermal noise

Figures 8.6 and 8.7 show the frequency dependence of thermal noise in a sapphire mirror
at 300 K and 4 K, respectively. The largest contribution at 300 K comes from the substrate
thermoelastic noise (see Chapter 7). When the mirror is cooled down, the substrate Brownian
noise and thermoelastic noise drop quickly. The coating Brownian noise depends on the
temperature more weakly,

√
T , because the coating loss is nearly temperature independent.

It has the largest contribution to the thermal noise at low temperatures, due to the large loss
at the φcoat ∼ 10−4 level. Current estimates indicate that the thermo-optic noise should not

9 There are some indications that β becomes smaller at lower temperature (Astrath et al., 2005).
10 In Figure 8.5, around 80 K, the cutoff frequency fc in Equation 8.2 becomes 1 kHz. Above and below this temperature, the

adiabatic and semi-isothermal approximations, Equations 8.6 and 8.7, become valid, respectively.
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Figure 8.6 Thermal noise of a sapphire mirror at 300 K. The beam radius wm is 1 mm.
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Figure 8.7 Thermal noise of a sapphire mirror at 4 K. The beam radius wm is 1 mm.

have a large contribution as long as the temperature coefficient of the refractive index β is
of the order of 10−5 /K.

8.3 Practical considerations in designing cryogenic experiments

Based on the theoretical predictions given in the previous section, a target temperature can
be selected to minimize thermal noise taking into account the available materials. In order
to reach and maintain the target temperature, heat in the system (mirror plus any supports)
has to be extracted through a thermally conducting channel to a cooling medium. The final
mirror temperature is set by the temperature of this medium, the heat conduction of the
cooling channel, and the heat load on the mirror. There is an inherent trade off between
high optical power (or high finesse), which increases heating, and cryogenics. In addition,
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the cooling process must not add any excess mechanical disturbances to the system. In this
section, we discuss these and other general concepts for optical measurements, reviewing
low-temperature experimental techniques (Ventura and Risegari, 2007).

8.3.1 Heat absorption in mirrors

There are two main mechanisms that can prevent mirrors from reaching a target
temperature – absorption of laser power and thermal radiation from higher temperature
surrounding structures. In order to minimize the effect of the absorption of laser power,
one should use the lowest finesse (to minimize coating thickness), the lowest input power
consistent with the sensitivity requirements, and materials with high thermal conductivity
and low absorption. If high input optical power has to be used to minimize shot noise, heat
generated in the mirror substrate and coating must be effectively extracted.11 Typically, the
absorption of dielectric coatings, ac, is 1–10 ppm (see Chapter 10). As substrate materials,
sapphire (Tomaru et al., 2001; Blair et al., 1997) and silicon (Green and Keevers, 1995)
have 10–100 ppm/cm of absorption, δ, at their transmission bands.12 In that case, a mirror
in a simple Fabry–Perot cavity with finesse F and incident laser power P would have a
heat load of

Pabs ∼ 32 μW
P

1 mW

1

2

(
δ

50 ppm/cm

t

1 cm
+ 2

π

ac

5 ppm

F
10000

)
(8.10)

in the substrate and the coating.13 Note that, t is the thickness of the mirror.
The other possible heating mechanism is radiation from the room temperature environ-

ment. When radiation shields have holes, e.g. for laser light transmission, the heat falls onto
the mirror as

P300K ∼ σBAε
Nπr2

4πL2
(300 K)4, (8.11)

∼ 57 µW

(
A

10 cm2

) (
N

2

) (
2r

1 cm

)2 (
10 cm

L

)2 ( ε

0.1

)
, (8.12)

where σB is the Stefan–Boltzmann constant, A and ε are the surface area and the emis-
sivity of the mirror, N and r are the number and the radius of the holes, and L is the
distance between the mirror and the holes. This 300 K radiation heat can be compara-
ble to that from light absorption. One can apply appropriate optical filters (an etalon or
short-pass filter) and/or shield pipes with buffers to minimize the radiation effects at far-IR
wavelength (Tomaru et al., 2008a,b). In some systems, optical fibers may also be used to
introduce the laser into the cryostat to avoid such radiation effects.

11 Thanks to generally higher thermal conductivity at lower temperatures, inhomogeneous heat deposition does not cause as large
of a thermal gradient within the substrate as at room temperature (Tomaru et al., 2002). Therefore, absorption affects noise
levels through the elevated temperature (i.e. thermal noise) but not through thermal lensing and deformation effects, which are
discussed in Chapter 10.

12 Typically 50 ppm at 1064 nm for large samples of sapphire, occasionally lower in smaller samples. These values may also be
dependent on temperature. For example, silicon shows lower absorption at lower temperature (Macfarlane et al., 1958, 1959).

13 The factors depend on coupling conditions of the cavity.
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8.3.2 Heat extraction from mirror

Any heat generated must be extracted from the mirrors by heat conduction through heat
links, since convection does not occur in vacuum and radiation is not efficient in cryogenic
environments. The heat links should be as short and thick as possible and have large thermal
conductivity. Pure copper and aluminum14 are convenient materials for heat links, since
they have a large thermal conductivity between 1 K and 300 K. At 300 K, the thermal
conductivities of pure copper and aluminum are on the order of 100 W/m/K, which is about
10 times larger than that of sapphire. At lower temperatures, their thermal conductivity
becomes even larger, taking maximum values of ∼104 W/m/K around 10 K. Below ∼10 K,
the thermal conductivity falls approximately proportionally to T (not T 3 as in crystals15).
Below 10 K, κ can be estimated by the Wiedemann–Franz law (Ventura and Risegari, 2007),
κ ∼ T × RRR (in SI unit), where RRR is the residual resistivity ratio (ratio of electrical
resistances at 300 K and 4.2 K). The RRR in metals depends strongly on impurities and it
can be measured by putting the sample in a 4He pot and measuring its resistance. Through
such measurements, appropriate heat link materials can be identified. Figures 8.16 and 8.17
show the κ of aluminum and copper with different RRRs, respectively.

Unfortunately, those metals with favorable thermal properties tend to have large mechan-
ical losses. When thermal noise from the heat link (and/or its support structure) becomes
an issue, crystalline materials must be used in spite of their smaller thermal conduc-
tivity and lower cooling efficiency. Keeping the connections to mechanically lossy heat
links well away from the readout beam is another way of reducing their thermal noise
effects.

8.3.3 Cooling media and vibration

Traditionally, liquid nitrogen (77 K boiling temperature at atmospheric pressure) and liquid
helium (4.2 K for 4He) have been used as cooling fluids, since they are cost effective.
With such cooling fluids, cryogenic system design becomes relatively easy, because their
temperatures are highly stable and they produce little mechanical disturbance from boiling.
When required, the boiling vibrations can be mechanically filtered out, for example, by
using a mechanical suspension. Most cryogenic rigid cavity experiments have been done
with these two fluids, having multiple liquid pods and radiation shields (layers at 77 K,
4.2 K, and other temperatures) under vacuum. On the other hand, these cooling fluids
require frequent refills, which may inhibit continuous operations of the experiment, and
can cause periodic deformation of mechanical structures. They also have inconvenient
logistics. Special attention must be paid to not produce any operational hazards.

A newer and more efficient “dry cooling” technology is replacing such liquid coolants.
This new technology is represented by closed-cycle mechanical cryocoolers. They have

14 Aluminum cannot be used as a heat link below 1.2 K because it becomes a superconductor.
15 In pure metals, electrons play an important role in thermal conductivity, rather than phonons. Below 10 K, the mean free path

of electrons is limited by impurities. Thus, from Equation 8.5, κ is proportional to C (electronic specific heat), therefore to T .
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simplified logistics, low maintenance, and are cost effective when used continuously. They
do not have the traditional temperature limitations, such as 77 K and 4.2 K. These chillers
include the Joule–Thomson, Brayton, Stirling, Gifford–McMahon, and pulse tube cryo-
coolers (Radebaugh, 2009). More recently, adsorption cryocoolers are finding practical
uses, especially for small cooling capacity applications. In spite of their easy turnkey
operation, mechanical cryocoolers tend to cause larger mechanical vibrations because they
have movable parts in cyclic motion and they derive their power from an external compressor
that provides a high-pressure reservoir. Therefore, they have to be properly isolated or
anchored down to solid ground. Currently, the Gifford–McMahon and the pulse tube cryo-
coolers are the most used for cryogenic optics applications because they do not require
cascades of different types of cryocoolers to reach cryogenic temperatures. In general,
the pulse tube is cheaper, smaller, more reliable, and has smaller vibrations than the
Gifford–McMahon because it uses a standing wave in the gas instead of a mechanically
oscillating displacer16 (Tomaru et al., 2004; Antonini, 2005). Still, it generates vibrations
from the waves of helium gas at the fundamental frequency (typically 1–60 Hz) and its
harmonics (Wang et al., 1999; Lienerth et al., 2001). Such vibrations can be suppressed by
careful design (Caparrelli et al., 2006; Ikushima et al., 2008; Wang and Hartnett, 2010) as
well as by external vibration-isolation mechanisms.

The second law of thermodynamics predicts that the efficiency of an ideal Carnot-
cycle cryocooler becomes 0 at 0 K. Therefore, cooling power becomes smaller at lower
temperature. For example, the typical power of a pulse tube cryocooler is about 40 W and
1 W at 45 K and 4.2 K, respectively. Evacuated 3He or 3He-4He dilution cryocoolers have
less than 1 mW of cooling power below ∼0.3 K. Currently, it is difficult to reach sub-Kelvin
temperatures with a heat load of ∼0.1 mW (as discussed in Section 8.3.1) because of limited
cooling power.

8.3.4 Contamination

One concern with cooled optics is the possible catastrophic optical power absorption from
residual gas condensation on the coating surface. The gas molecules accumulate on the
cold mirror surface, forming a layer. This layer leads to degradation of reflectance through
optical absorption, scattering, and refractive index changes (see Chapters 10 and 11 for
absorption and scattering effects, respectively). Through these effects, cavity finesse may
degrade over time during cryogenic operations. Therefore, mirrors must be surrounded
by other independently cooled and colder objects, namely, radiation shields. In general, a
cooling cycle should be started only after a good vacuum level is obtained in order to avoid
such effects.

Contamination effects have been investigated in detail at 1064 nm and at 10 K using
a high finesse (F ∼ 30 000) rigid cavity with SiO2/Ta2O5 coatings (Miyoki et al., 2001).

16 When a pulse-tube is driven by a Gifford–McMahon-type compressor and rotary valve, it is called a GM-type pulse tube. In
Stirling-type pulse tubes, valveless compressors or pressure oscillators are used.
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During cooling, while molecules were absorbed, the mirror reflectance remained constant
within ±5 ppm over a few weeks in a carefully operated cryostat.

8.4 Design examples

Cryogenic cooling of mirrors has been achieved in a number of fields. In this section, we
overview cryogenic system designs and scientific results.

8.4.1 Rigid cavities as length reference

Cryogenic cavities are used to measure thermal expansion of materials and to lock laser fre-
quencies to a stable length. At a low temperature T , the thermal linear expansion coefficient
drops as α ∝ T 3, which leads to a reduced sensitivity to temperature changes. Examples of
cryogenic cavity experiments and system designs are summarized below. General design
considerations of frequency stabilization cavities are discussed in Chapter 15.

The use of cooled rigid cavities started in the 1970s to measure thermal expansion of
materials, see Berthold and Jacobs (1976); Jacobs (1986); Richard et al. (1990).17 Notcutt
et al. (1995) operated a fused silica mirror cavity with a sapphire spacer at cryogenic
temperatures in which differential thermal contraction between the mirror and the spacer
was created. The cavity was mounted vertically in an evacuated copper can, which was
housed inside the vacuum of a bottom-loading liquid helium dewar flask. The details of
their cryo-system design are shown in Figure 8.8 (Notcutt et al., 1996). They also tested an
all-sapphire cavity between 5 K and 77 K and measured the thermal expansion of sapphire
to be α ∼ 10−12(T/1 K)3/K in that temperature region (Taylor et al., 1996).

Cryogenic cavities were first intensively used as optical frequency references by groups
led by Stephan Schiller at the Universität Konstanz. They first demonstrated laser frequency
stabilization at around 3 K using two identical, all-sapphire, cryogenic resonators in two
liquid helium cryostats (Seel et al., 1997). Their cavities achieved the lowest short-term
instability (fractional Allan deviation σA ∼ 3.5 × 10−15 at 100 s) among any oscillator at
that time. The drift of the cavity resonance was measured to be less than 3 kHz over 6
months (Storz et al., 1998). The cavity could be cooled down to 1.3 K by pumping on the
liquid helium in the pot. This system was used to test the foundations of relativity (isotropy
of space) (Müller et al., 2002; Braxmaier et al., 2002; Müller et al., 2003a),b) and to search
for fluctuations in space (Schiller et al., 2004). It was later modified by the implementation
of a pulse-tube cryocooler (Antonini, 2005; Antonini et al., 2005; Schiller et al., 2006)
which cooled the sapphire resonators down to 3.4 K. This technique was chosen to avoid
disturbances from the periodic refilling of liquid-based cryostats.

Figure 8.9 shows this experimental setup. A copper radiation shield was connected to the
first stage of the cooler (about 40 K), which enclosed the second stage and the experiment

17 Cryogenic optical cavities without spacers were also implemented as readout transducers in resonant-bar gravitational-wave
detectors, see Richard (1992).
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Figure 8.8 Cryostat for cooling a fully contained, small cavity. A sapphire cavity was vertically
suspended below the temperature control block (Notcutt et al., 1996).

Figure 8.9 Cryogenic system based on pulse-tube cryocooler (left) and a photograph of the cryogenic
sapphire cavity (right) for the test of the constancy of the speed of light (Antonini, 2005).
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which consisted of two sapphire cavities oriented at right angle. The shield, the tubes of the
cooler, and the second stage were wrapped by superinsulation aluminized foil to insulate
them from radiation from the cryostat walls. The effects of vibrations created by the pulse-
tube cryocooler were reduced by the use of mechanical vibration isolation (copper braids;
thermal link in Figure 8.9) and by fiber-coupling of the laser beams to the resonators. This
experiment set a limit on violations of Lorentz invariance from any anisotropy of space
to δc/c = 6.4 × 10−16. In a later experiment, an upper limit for the long-term drift of a
sapphire resonator was set using a frequency comb measurement and found to be less than
3 kHz over 140 days (Ernsting, 2009).

Currently, several groups are working on frequency stabilization experiments using
cryogenic cavities based on the latest understanding of thermal noise and other technical
advances, see Chapter 15 for a full discussion. The vibration-insensitive cavity support
system (Chen et al., 2006a) is very promising for cryogenic systems in which low-frequency
vibration isolation cannot be implemented easily. Detailed mechanical structures, thermal
noise, and heat flows can be calculated by numerical modeling. All-sapphire and all-silicon
cavities have been investigated to achieve higher laser frequency stability, mainly for optical
clocks.

8.4.2 Laser interferometer gravitational-wave detectors

In the field of gravitational wave detection using terrestrial laser interferometers, thermal
noise of the mirrors is the sensitivity limiting factor in the center of their observation
bands, typically around 100 Hz. The mirrors in gravitational-wave interferometers must be
suspended as pendulums individually, so that they behave as free masses in the observation
band and to provide isolation from mechanical disturbances (seismic noise). The use of
cryogenics is currently being developed to minimize thermal noise in mirrors and in their
pendulum suspensions for use in future detectors. Gravitational-wave interferometers are
described in detail in Chapter 14.

A part of the budget was recently approved for LCGT (Large scale Cryogenic Gravita-
tional wave Telescope) (Kuroda and The LCGT Collaboration, 2010) (see Section 14.5.2),
an interferometer that will use cryogenic sapphire mirrors. The Einstein Telescope (Punturo
and The Einstein Telescope Collaboration, 2007, 2010) (see Section 14.5.3) is in the early
planning stage and is also considering cryogenic mirrors for its lower frequency detector.
In LCGT, a high power laser with a relatively large beam radius (∼3 cm) will be circu-
lated within the cavity. The heat generated in the mirror is expected to be about 1 W and is
planned to be extracted through heat conduction along the suspending fibers to cryocoolers.
Ultimately, the suspending fibers have to have low mechanical loss, as well as high thermal
conductivity, in order to minimize suspension thermal noise.

As a technology demonstrator for LCGT, the CLIO (Cryogenic Laser Interferom-
eter Observatory) experiment has been built at Kamioka, in an underground site in
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Figure 8.10 Schematic view of the cryogenic system in CLIO. Left: vacuum system containing the
mirror suspension. Right: cryogenic mirror suspension system in the mirror tank. (Courtesy of Dr.
Takashi Uchiyama at Institute for Cosmic Ray Research, the University of Tokyo.)

Japan (Uchiyama et al., 2006; Miyoki and The CLIO and LCGT Collaboration, 2010).
The CLIO interferometer has two Fabry–Perot cavities with 100 m arm length. The four
main mirrors are made of sapphire with a diameter of 10 cm and a thickness of 6 cm.
Figure 8.10 shows the cryogenic system in CLIO. The mirrors are housed in four cryogenic
vacuum tanks, each of which has two radiation shields at 60 K and 8 K. The shields are
cooled by a 4 K, two-stage, pulse-tube cryocooler in which vibration reduction techniques
are applied (Tomaru et al., 2004; Yamamoto et al., 2006b; Ikushima et al., 2008). In order
to reduce radiation from the 300 K environment, each tank includes a 5 m long, 50 K
cryogenic sleeve inside the beam vacuum pipe. This sleeve is cooled by a separate 80 K
pulse-tube cryocooler. The sleeve has several baffles in order to reduce the transmission
of 300 K radiation along the sleeve as well as to minimize its scattering of the main laser
beam (Tomaru et al., 2008a,b).

A three-stage vibration isolation system and alignment optical stages are set on top of the
radiation shields in a room-temperature vacuum environment. Inside the radiation shield,
a cryogenic suspension is suspended from the optical stage by 800 mm long amorphous
metal wires whose thermal conductivity is small. The suspension is cooled from the shield
through heat link wires made of pure aluminum, which is soft and pliant enough not to
disturb the seismically isolated mirrors. The suspension consists of four masses, a damping
stage, a cryo-base, an upper mass, and then the main mirror. The suspension is designed
to attenuate vibrations from the heat link wires as well as the residual seismic noise
from the room temperature stage while under cryogenic operation. Mechanical resonances
of these systems are suppressed by passive magnetic dampers. The mirror is suspended at
the bottom stage of the suspension by 99.999% pure aluminum wires, 400 mm in length
and 1 mm in diameter. These aluminum wires will be replaced by sapphire in the future
to reduce thermal noise. The mirror can be cooled down to 21 K within 7 days. CLIO is
presently under cryogenic operation and will study the reduction of mirror thermal noise
from cooling in the near future.
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Figure 8.11 Cavity mounting inside the cryostat for the radiation-pressure self-cooling experi-
ment (Gröblacher et al., 2008).

8.4.3 Quantum ground state of opto-mechanical system

Quantum optomechanics is a rapidly growing field, which is discussed in detail in Chap-
ter 16. In order to achieve the quantum ground state of a mechanical oscillator, its “effective”
temperature is reduced by cold damping in addition to physical cooling by a cryocooler.18

The effective temperature Teff is defined as Teff = TQeff/Qmec, where Qmec(= 1/φ) and
Qeff are unperturbed and effective Q values of the mechanical oscillator, while T and Teff

are physical and effective temperatures, respectively. Therefore, when a reflective coating
is used in such a quantum experiment, it has to have low mechanical loss (and thus maintain
a highQmec) and low absorption in order to achieve low T , and thus low Teff .

Currently, the quantum ground state has been approached most closely (32 quanta) in a
SiO2/Ta2O5-coated Si3N4 membrane with Teff =1 mK,Qmec = 3 × 104, and T = 5.3 K at
945 kHz (Gröblacher et al., 2009a,b). Compared to earlier experiments with a SiO2/Ta2O5-
coated silicon cantilever (2 × 105 quanta) (Kleckner and Bouwmeester, 2006; Kleckner
et al., 2006) and a SiO2/Ta2O5 coating as an oscillator (104 quanta) (Gröblacher et al.,
2008), the use of low mechanical-loss cantilever materials (Q > 2 × 106 around 4 K in
Si3N4 (Zwickl et al., 2008)) and low T has enabled near quantum-limited operation. This
high Q was achieved even with a relatively high mechanical loss coating because the coating
does not deform much at the resonance, thus minimizing the amount of elastic energy lost
in the coating (see Chapter 1).

In the 32-quanta experiment, a Fabry–Perot cavity was set in a continuous 4He flow
cryostat (Figure 8.11). Vibration of the cryostat was not an issue because of the high

18 This cold damping can be done passively via photons in a detuned cavity (Braginsky and Vyatchanin, 2002) or actively via an
external control system (Milatz et al., 1953).
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Table 8.1 Mechanical properties of mirror materials

Material Sapphire Silicon Calcium fluoride Fused silica Ta2O5

Young’s modulus γ (×1010 Pa) 40 16 9.0 7.2 14
Poisson’s ratio σ , 0.29 0.22 0.28 0.17 0.23
Density (g/cm3) ρ 4.0 2.3 3.2 2.2 —

observation frequency. The 25 mm cavity was formed by a small mechanical oscillator and
a more massive mirror. The mechanical oscillator, 100 µm × 50 µm × 1 µm and coated
with a 4 µm thick SiO2/Ta2O5 coating, was cooled down to about 5 K through a cold finger.
The massive mirror was attached to the outer radiation shield. Alignment of the mechanical
oscillator was adjusted from outside of the cryostat using a positioner under the cold
finger.

In order to get closer to the quantum ground state, efforts are being made to reduce the
physical temperature, T , and the mechanical losses of cantilevers and coatings. Use of a
cryocooler based on nuclear adiabatic demagnetization (Kleckner and Bouwmeester, 2006)
and monocrystalline AlxGa1−xAs heterostructure coating (Cole et al., 2008) are currently
being implemented.

8.5 Appendix: Thermal and mechanical parameters of optical materials

8.5.1 Mechanical properties

Table 8.1 summarizes some mechanical properties of mirror materials. They are from Bra-
ginsky and Vyatchanin (2003a) for sapphire, Wortman and Evans (1965) and JAHM soft-
ware (1998) for silicon, Nawrodt et al. (2007a) for calcium fluoride, and Braginsky and
Vyatchanin (2003a) for fused silica and tantala (in deposited films). Crystalline materials
can have different values for mechanical properties along different crystal axes; typical
values are shown in Table 8.1. See the appropriate reference for more details.

Figure 8.12 shows the temperature dependence of mechanical loss in various substrate
and coating materials. The data are from Uchiyama et al. (1999) for sapphire, Nawrodt
et al. (2008) for silicon, Nawrodt et al. (2007a) for calcium fluoride, Schnabel et al. (2010)
for fused silica, and Yamamoto et al. (2006a); Martin (2009); Martin et al. (2010) for
SiO2/Ta2O5 dielectric coatings.

8.5.2 Thermal properties

Figure 8.13 shows the thermal linear expansion coefficient of mirror substrate materials
from Okaji et al. (1995) for fused silica, from Lyon et al. (1977) for silicon, and Touloukian
and Ho (1970) for others.
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Figure 8.12 Temperature dependence of mechanical loss φ of mirror substrate and coating materials.
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Figure 8.13 Temperature dependence of the thermal linear expansion coefficient, α, of mirror sub-
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Figure 8.15 Temperature dependence of the thermal conductivity, κ , of mirror substrate materials.
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Figure 8.16 Temperature dependence of the thermal conductivity, κ , of aluminum with different
residual resistivity ratios (RRR).
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Figure 8.14 shows the specific heat of materials from Zeller and Pohl (1971) for fused
silica, Jonscher (1964) for silicon, and Touloukian and Ho (1970) for others.

Figures 8.15, 8.16, and 8.17 show thermal conductivity of mirror substrate materials,
aluminum, and copper, respectively, from Zeller and Pohl (1971) for fused silica, Ho et al.
(1972) for silicon, Seeber and White (1998) for aluminum and copper, and Touloukian and
Ho (1970) for others.
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Thermo-optic noise

matthew evans and greg ogin

9.1 Introduction

The dielectric coatings typically used in high precision optical measurement consist of
alternating layers of materials with different refractive indices (see Figure 9.1). For high-
reflectivity, the coating layers form pairs of high and low refractive index materials, referred
to as doublets, with each component layer a quarter wave thick.1 In most cases, it is safe to
assume that the coating reflects incident light from a mirror surface; a conceptually perfect
plane at the boundary between the coating and the vacuum. However, a more precise picture
is that of a reflection from each interface between coating layers, all of which add at the
mirror surface to form the total reflected wave.

The displacement of the mirror surface, as interferometrically measured with the
reflected wave, is given by the simple relation �z = �ϕλ/4π , where �ϕ is the change in
reflection phase of a field with wavelength λ, and �z is the apparent change in position of
the surface. In this chapter we will consider thermo-optic noise, which manifests itself as
a change in the reflection phase of the coating resulting from thermal fluctuations in the
coating materials.

9.2 How to change the reflection phase of a coating

9.2.1 The thermoelastic mechanism

Thermal expansion of the coating materials causes the thickness of a coating to change as
a function of temperature. These temperature changes can be driven, or can result from
statistical fluctuations in the coating material. Changes in the thickness cause the reflection
phase of the coating to change with respect to a reference plane attached to the substrate or
to the center of mass of the optic.

1 Coating designs beyond the basic quarter wave doublet design are discussed in Chapter 12. The formalism in this chapter will
be kept general so that it may be applied to any coating design, but quarter wave doublet design will be used in most examples.
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Figure 9.1 A high reflection coating made of quarter wave doublets with a half wave cap layer.

The variation in reflection phase as a function of temperature due to thermal expansion
of the coating is given by the product of the average coefficient of thermal expansion (CTE)
of the coating and the coating thickness

∂ϕcTE

∂T
= 4πᾱc

d

λ
. (9.1)

Assuming that the substrate and coating have similar elastic coefficients, the substrate
constrains the coating expansion such that the effective CTE is given by

ᾱc ∼ 2αc(1 + σc), (9.2)

where αc is the average CTE of the coating, and σc the average Poisson’s ratio.2

Thermal expansion of the coating, when driven by statistical fluctuations in coating tem-
perature, is the basis for “thermoelastic” noise discussed later in Section 9.3. See Braginsky
et al. (1999); Braginsky and Vyatchanin (2003a); Fejer et al. (2004) for more on coating
thermoelastic noise.

9.2.2 The thermorefractive mechanism

A somewhat more subtle mechanism by which coating temperature affects the apparent
position of an optic is related to the change in refractive index of the coating material, and
the change in the thickness of each coating layer. This mechanism is referred to as the
“thermorefractive” mechanism, though it includes both thermal expansion and changes in
refractive index inside the coating (Braginsky et al., 2000).

In this case the coefficient used is an effective change in refractive index with tempera-
ture, and the length scale of interest is the wavelength of the reflected field,

∂ϕcT R

∂T
= −4πβ̄. (9.3)

2 The definitions of average coating properties are given in Appendix A of Evans et al. (2008).



Thermo-optic noise 131

This relationship defines β̄ such that

∂�zTR

∂T
= −β̄λ. (9.4)

The computation of β̄ depends on the coating structure, but it is based on a combination of
material properties which gives the fractional change in optical path length in each coating
layer as a function of temperature,3

Bk = βk + 1 + σk
1 − σk αknk (9.5)

where βk = ∂n/∂T for the kth coating layer, ᾱk is the effective CTE for that layer, and nk
is the layer’s refractive index at the operating temperature. Example calculations of β̄ for a
few simple coating structures are given later in Section 9.4.

To clarify the distinction between the thermoelastic (TE) and thermorefractive (TR)
mechanisms; the TR mechanism changes the reflection phase of a coating as measured at
its surface, while the TE mechanism changes the position of the coating surface relative to
the substrate (Braginsky and Vyatchanin, 2003a). This distinction is somewhat arbitrary,
and we will see later that a complete picture is only obtained when the two mechanisms
are treated together.

9.3 Noise resulting from fluctuations in coating temperature

9.3.1 Heat flow, dissipation and thermal noise

As discussed in Chapter 1, noise resulting from thermal fluctuations can be related to dis-
sipation resulting from thermal relaxation (e.g., heat flow) (Levin, 2008). The Fluctuation–
Dissipation Theory approach outlined there addresses the general problem of thermal noise
processes, and thus leaves open a problem specific “form factor” q(�r) which we will now
derive for thermo-optic noise.

We start by expressing the impact of temperature on the measurement of interest,

ẑ =
∮
δT (�r, t) q(�r), (9.6)

where δT (�r, t) is the deviation of the temperature from the average at location �r and time t .
This is similar to Equation 1.7 except that we have defined a specific measurement variable
ẑ, the apparent position of the mirror surface. We restrict further the formalism presented
in the introduction by assuming that the measurement is made by a Gaussian beam with a
normalized intensity profile given by

I (r⊥) = 2

πw2
m

e−2r2
⊥/w

2
m, (9.7)

3 Equation 9.5 does agree with Equation 8.9, but does not agree with Evans et al. (2008). This is believed to be due to the use of
incorrect boundary conditions in Evans et al. (2008), although work is still ongoing to understand this discrepancy.
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where r2
⊥ = x2 + y2 is the distance from the beam center on the mirror surface. Such a

beam measures the reflection phase as

ẑ = λ

4π

∮
δT (�r, t) I (r⊥)

∂ϕ(�r)
∂T

(9.8)

from which we can identify the overall form factor

q(�r) = λ

4π
I (r⊥)

∂ϕ(�r)
∂T

. (9.9)

Continuing on the path described in Chapter 1, we consider a periodic injection of
entropy, here expressed as energy in the form of heat per unit time or simply “heat power”,

P (�r)
δV

= T FP sin(2πf t) q(�r) = T FP sin(2πf t)
λ

4π
I (r⊥)

∂ϕ(�r)
∂T

, (9.10)

where in this expression the scale factor FP has SI units of m2 × W/m3 = N/ s. This
equation is a direct result of Equation 1.7 from Chapter 1, through the replacement of
entropy with heat power via P (�r) = T ∂s(�r)/∂t and FP = 2πfF0.

In the case of coating thermo-optic noise we must remove the component of q(�r) which
results from the substrate. To do this properly in the context of Fluctuation–Dissipation The-
ory, which we use by computing dissipation via heat-flow, we must remove the component
of power injection which does not result in heat-flow between the coating and substrate

1

ρ (�r)C (�r)
Pc(�r)
δV

= 1

ρ (�r)C (�r)
P (�r)
δV

− 1

ρsCs

Ps(�r)
δV

, (9.11)

where C is the specific heat per unit mass of each material and ρ is the density. This
expression can be rearranged to give the coating specific form factor

qc(�r) = λ

4π
I (r⊥)

(
∂ϕ(�r)
∂T

− ρ (�r)C (�r)
ρsCs

∂ϕs

∂T

)
. (9.12)

Note that qc(�r), the coating-only form factor, is zero in the substrate material where ϕ(�r) =
ϕs and C(�r) = ρsCs/ρ (�r).

Next we will make a few simplifying assumptions. The first and least limiting of these is
that the coating and substrate are uniform in the plane of the mirror surface, which allows
us to replace �r with z everywhere except in the beam intensity profile I (r⊥) . We will also
assume that the heat-flow is dominantly into the substrate from the coating, and that heat flow
parallel to the surface can be ignored. This is equivalent to assuming that the measurement
beam radius is large compared with the thermal diffusion length, wm 
 rT , where

rT =
√

κ

2πfCρ
. (9.13)

Since typical mirror materials have rT ∼ 10 µm
√

100Hz
f

at room temperature and higher

values at cryogenic temperatures, this assumption will be violated in low-frequency
measurements which utilize small beams, especially in cryogenic environments (see
Chapter 8) such as cryogenic reference cavities (see Chapter 15). Lastly, we will assume
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that the coating is thin enough that heat flow in the coating itself can be ignored; d 	 rT c.
A typical high reflection coating will have d ∼ 10λ, so this assumption may be violated at
high frequencies or in coatings with thermally conductive materials. This assumption will
be explored in more depth in Section 9.3.2.

Finally we are in a position to compute the dissipation, and thus thermal noise, associated
with the coating. The general expression for dissipation due to heat flow is

Wdiss =
〈∮

κ

T
( �∇δT )2

〉
, (9.14)

where the average 〈. . . 〉 is over the cycles of our injection of heat power. Given the above
assumptions, we can integrate the form factor qc(�r) over the coating

qc(r⊥) =
∫ ∞

0
dz

λ

4π
I (r⊥)

(
∂ϕ(z)

∂T
− ρ (z)C (z)

ρsCs

∂ϕs

∂T

)
(9.15)

= I (r⊥)

(
ᾱcd − β̄λ− ρcCc

ρsCs
ᾱsd

)
(9.16)

so that it can be treated as a heat source at the surface of the mirror. Again using the
assumption that heat-flow is dominantly into the substrate from the coating, we can solve
the diffusion equation to find

�∇δT 
 ∂δT

∂z
= −T FP

κs
e

−z√
2rT sin

(
2πf t − z√

2rT

)
qc(r⊥). (9.17)

We perform the average over injection cycles, leaving

Wdiss = −T F 2
P

2κs

∮
e

−2z
rT qc(r⊥)2

= −T F 2
P

2κs

∫ ∞

0
dz e

−2z
rT

∫ ∞

0
rdr qc(r⊥)2

= T F 2
P rT

4κs

∫ ∞

0
rdr qc(r⊥)2

= T F 2
P rT

2
√

2πw2
mκs

(
ᾱcd − β̄λ− ρcCc

ρsCs
ᾱsd

)2

, (9.18)

which is directly related to the measurement thermal noise by

Sẑ(f ) = 8kBT Wdiss

F 2
P

(9.19)

= 2
√

2kBT 2rT

πw2
mκs

(
ᾱcd − β̄λ− ρcCc

ρsCs
ᾱsd

)2

(9.20)

= 2kBT 2

πw2
m

√
πf κsρsCs

(
ᾱcd − β̄λ− ρcCc

ρsCs
ᾱsd

)2

. (9.21)

Taking a longer look at the equation for thermal noise, we can see that it easily breaks
into two parts. The first part represents the temperature fluctuations averaged over by a
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Gaussian beam profile,

ST̂ (f ) = 2
√

2kBT 2rT s

πw2
mκs

. (9.22)

The second part is simply the sum of the TE and TR mechanisms that make up the coating
thermo-optic mechanism, which can be thought of as an overall coefficient of thermal
expansion,

ᾱT O = ᾱc − β̄ λ
d

− ρcCc/(ρsCs)ᾱs . (9.23)

Further interrogation of ST̂ (f ) allows us to break it again into parts,

ST̂ (f ) =
√

2kBT 2

2πfρsCsr3
T

2r2
T

πw2
m

, (9.24)

where the first fraction represents the thermal fluctuations in a volume of size r3
T , and the

second is the averaging over this volume performed by a Gaussian beam of size wm. Thus,
the complicated expression for thermo-optic noise can be understood as the simple average
over thermal fluctuations which are converted to apparent surface displacement via the two
thermo-optic mechanisms.

9.3.2 Correction for thick coatings

In the previous section a number of simplifying assumptions were made, one of which is
that the coating is thin compared with the thermal diffusion length, or d 	 rT c. Here we
will relax this assumption, allowing diffusion in the coating to occur, as it may at high
frequencies or with special coating materials where rT c is small.

In thick coatings, an important difference between the TE and TR mechanisms comes
into play; the TE mechanism is the expansion of the entire coating, and is thus affected
by heat deposition in any part of the coating, while the TR mechanism is dominated by
changes in the first few layers of the coating where most of the laser field is reflected.
In terms of the Fluctuation–Dissipation Theory noise calculation, the implication is that
we can refine our model by injecting heat power associated with the TR mechanism at
the surface of the coating, rather than evenly throughout the coating. The result is a more
complicated solution to the heat diffusion equation which can be expressed as a change in
ᾱT O , such that for thick coatings we have

ᾱ2
thick = p2

E�0 + pEpRξ�1 + p2
Rξ

2�2

Rξ 2�D
(9.25)

�0 = 2(sinh(ξ ) − sin(ξ )) + 2R(cosh(ξ ) − cos(ξ ))

�1 = 8 sin(ξ/2)(R cosh(ξ/2) + sinh(ξ/2))

�2 = (1 + R2) sinh(ξ ) + (1 − R2) sin(ξ ) + 2R cosh(ξ )

�D = (1 + R2) cosh(ξ ) + (1 − R2) cos(ξ ) + 2R sinh(ξ )
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where we have made the expression more compact with TE and TR coefficients

pE = ᾱcd − ρcCc

ρsCs
ᾱsd , pR = −β̄λ (9.26)

and the dimensionless scale-factors

R =
√
κcρcCc

κsρsCs
= κcrT s

κsrT c
, (9.27)

ξ =
√

2d

rT c
=

√
4πfρcCc
κc

d. (9.28)

The resulting TO noise is then given by

Sẑ(f ) = ST̂ (f )ᾱ2
thick. (9.29)

We can connect this to the result in Section 9.3 by considering the case of d 	 rT c or
ξ 	 1 in which the coating is again thin compared with the thermal diffusion length. In
this case, we can use the Taylor expansion around ξ = 0 to find

ᾱ2
thick 
 ᾱ2

TO + p2
E + 3ᾱT O(pR − ᾱT OR2)

3R
ξ

− ᾱT O pE − 3ᾱT O(1 − R2)

6
ξ 2 (9.30)

which approaches ᾱ2
TO as ξ goes to 0. In the other extreme, a thick coating with ξ 
 1, the

TE and TR mechanisms contribute incoherently to the total thermo-optic noise such that

ᾱ2
thick 
 2p2

E

R(1 + R)ξ 2
+ p2

R

R
. (9.31)

9.4 Example calculations

In the previous sections we have presented the theory of coating thermo-optic noise in
a general way, without making reference to any particular coating structure or material
choice. Here we will apply the formalism developed thus far to a few example coating
structures in order to clarify and make more concrete the use of this formalism.

9.4.1 The classic high-reflector

As mentioned in Section 9.1, the most common coating structure used in high-precision
optical measurements is the multi-layer dielectric high-reflector. In the following example
calculation we will use a coating with a half wave cap layer of silica (SiO2), followed by
20 quarter wave doublets of tantala (Ta2O5) and silica (SiO2). The material parameters for
the coating are given in Table 9.1.
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Table 9.1 These material parameter values
are taken from Evans et al. (2008).

symbol Ta2O5 unit

α 3.6 10−6/K
β 14 10−6/K
κ 33 W/m K
C 290 J/K m3

ρ 7200 kg/m3

Y 140 GPa
σ 0.23
nH 2.06

symbol SiO2 unit

α 0.51 10−6/K
β 8 10−6/K
κ 1.38 W/m K
C 745 J/K ms
ρ 2200 kg/m3

Y 72 GPa
σ 0.17
nL 1.45

The coating thickness d is the sum of the layer thicknesses dk , which are optically a
quarter wave, such that dk = λ/4nk . Thus, the 19 Ta2O5 layers have dodd = 129 nm, and
the SiO2 layers have deven = 183 nm. The exception is the cap layer, which is d0 = 367 nm.
The resulting total coating thickness is

d = λ

4
(21/nL + 20/nL) = 6.4 µm. (9.32)

We will also need to know the thermal diffusion length in the coating and substrate
materials. For the substrate, this is simply a matter of taking values from Table 9.1,

rT s = 37 µm

√
100 Hz

f
. (9.33)

While for the coating we must first compute the average thermal conductivity and heat
capacity:

κc =
(

N∑
k=1

1

κk

dk

d

)−1

= 2.2 W/m K, (9.34)
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and

ρcCc =
N∑
k=1

ρkCk
dk

d
= 1.8 MJ/K m3. (9.35)

This results in a value similar to the substrate value,

rT c = 44 µm

√
100 Hz

f
. (9.36)

We are now in a position to compute the spectrum of thermal fluctuations, ST̂ (f ), which
makes up the first half of the measurement noise Sẑ(f ). For a fused-silica substrate at room
temperature, we have

ST̂ (f ) = 3 × 10−17 K2

Hz

√
100 Hz

f

(
1 mm

wm

)2

. (9.37)

This leaves us with the second half of Sẑ(f ), the overall thermo-optic coefficient ᾱT O ,
to compute. The coating thickness is small compared with the thermal diffusion length,
ξ = 0.2 at 100 Hz, so we will use the simpler Equation 9.23 to compute ᾱT O , though we
should use Equation 9.25 for frequencies above 100 Hz.

We will start with ᾱc, the effective coating thermal expansion coefficient. First, the
effective CTE for each layer is

ᾱk = αk
1 + σs
1 − σk

[
1 + σk
1 + σs + (1 − 2σs)

Yk

Ys

]
(9.38)

where Y and σ are the Young’s modulus and Poisson’s ratio of each coating layer, and of
the substrate material. In our case we have ᾱodd = 13 × 10−6/K for the Ta2O5 layers, and
ᾱeven = 1.2 × 10−6/K for the SiO2 layers. The average value for the coating is given by

ᾱc =
N∑
k=1

ᾱk
dk

d
= 5.8 × 10−6/K. (9.39)

Equation 9.38 simplifies for the substrate to ᾱs = 2αs(1 + σs) = 1.0 × 10−6/K.
The final ingredient in the calculation of ᾱT O is the thermorefractive coefficient β̄. A

useful approximation for high-reflectors is

β̄ 
 BH + BL(2(nH/nL)2 − 1)

4(n2
H − n2

L)
, (9.40)

where the subscripts H and L refer to the high- and low-index layers of the coating,
Ta2O5 and SiO2 in this example. Using Equation 9.5 we find BH = 40 × 10−6/K and
BL = 10 × 10−6/K, and β̄ 
 8 × 10−6/K, though we should note here that the value of
β for both coating materials, is poorly constrained (see Section 9.5 below).

Putting these values into Equation 9.23, we find ᾱT O = 3.3 × 10−6/K. Combining
this with our value for ST̂ (f ), we finally arrive at the power spectral density of apparent
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displacement noise in our measurement of the position of a mirror with a high-reflection
coating

Sẑ(f ) = ST̂ (f ) ᾱ2
TOd

2 = 1.3 × 10−38 m2

Hz

√
100 Hz

f

(
1 mm

wm

)2

. (9.41)

9.4.2 Gedanken coating designs

This section will briefly explore a few single-layer coatings which serve only to demonstrate
some of the features of coating thermo-optic noise. In a single layer coating, the computation
of ᾱT O can be done in only a few lines. The value of ᾱc comes directly from Equation 9.38,
since the coating consists of only a single layer. The value of β̄ comes from Equation 9.5,
combined with simple optics (see Appendix B of Evans et al. (2008)). The reflectivities of
the vacuum-coating interface, and the coating substrate interfaces are

rc = 1 − nc
1 + nc , rs = nc − ns

nc + ns . (9.42)

Assuming that our coating layer is a quarter wave thick, the reflectivity of the coating–
substrate combination is

rsingle = rc − rse−iϕk
1 + rcrse−iϕk , (9.43)

where ϕk is the deviation in the round-trip phase in the coating from π , as would be given
by a perfect quarter wave layer. The change in overall reflection phase with respect to ϕk is

∂ arg(rsingle)

∂ϕk
= n2

c − n2
s

nc(1 − n2
s )
. (9.44)

This gives a β̄ for a single layer coating of

β̄single = n2
c − n2

s

4nc(1 − n2
s )
Bc, (9.45)

reminiscent of Equation 9.40 for a high-reflection coating. The above is derived using
Equation 9.1 and the definition of Bc as the fractional change in optical path length such
that

∂ϕk

∂T
= πBc. (9.46)

The result is a single layer coating coefficient of

ᾱsingle = ᾱc − n2
c − n2

s

1 − n2
s

Bc − Cc

Cs
ᾱs, (9.47)

where we have used the fact that for our single quarter wave coating layer 4ncd = λ.
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We will now apply these results to a few cases. The first of these is the “conceptual
coating” in which we simply identify a thin layer of the substrate as a “coating”. Thermo-
optic noise must be zero for a coating made from the substrate since it is equivalent to no
coating at all, and this is borne out by Equation 9.47 since nc = ns , so the TR component
vanishes, and Cs = Cc such that the coating and substrate TE components cancel. Note,
however, that even if the coating material is optically and mechanically identical to the
substrate yet has a different heat capacity, such that Cs �= Cc, ᾱsingle �= 0 since heat flows
between the coating and substrate.

Another “conceptual coating” can be made by taking a small layer of the vacuum outside
of our mirror as a coating layer. Clearly, for true vacuum the heat capacity is zero, so there
is no heat flow and no thermal noise. If, however, we allow the coating to remain invisible
(nc = 1 and βc = 0), while having some heat capacity again we get ᾱsingle �= 0 due to heat
flow. Note that unlike the first example, this is true even if ᾱc = ᾱs and Cc = Cc, since the
TR component remains.

From these examples we can see that heat flow, and thus loss and thermal noise, will
result from essentially any difference between the substrate and coating, even if the coating
has no interaction with the optical field.

9.5 Measurement of thin film properties

Any discussion of thermo-optic noise would be incomplete without noting that critical
materials coefficients are notoriously different from those of the same materials in bulk,
and their measurement is currently an area of active research. In this section we will review
various techniques being used to find these numbers.

9.5.1 Spectroscopic ellipsometry

One promising option is spectroscopic ellipsometry. Ellipsometry is a method of studying
surfaces and thin layers by looking at how the polarization state of light changes on
reflection from these surfaces. When light hits a surface at a non-zero angle of incidence,
it undergoes partial reflectance and a phase shift, which are generally characterized by a
complex reflection coefficient:

rp = |rp|eiδp (9.48)

rs = |rs |eiδs . (9.49)

These reflectance effects will be different for polarization in the plane of incidence
(p-polarization) and perpendicular to the plane of incidence (s-polarization). Thus incident
light which is linearly polarized and contains both s- and p-components will be reflected
with some elliptical polarization that is a function of the index and structure of the surface.
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Ellipsometry measures the ratio of these two quantities,

ρ ≡ rp

rs
= |rp|

|rs | e
i(δp−δs), (9.50)

which is traditionally parameterized by the “ellipsometric quantities” � and �, related to
the magnitude ratio and phase difference respectively by

tan (�) = |rp|
|rs | (9.51)

� = δp − δs. (9.52)

With a thin coating on top of a substrate, it is possible to use ellipsometric measurements
at many wavelengths to determine the thickness of the coating independently of the index
of refraction of the coating if there is a model for how the index of refraction changes with
wavelength. A few such measurements at different temperatures will theoretically yield
measurements of the coefficient of expansion of the film as well as β. These models are
non-trivial though; simple Sellmeier coefficients are usually not enough, since the index
of refraction across the visible spectrum is in many materials affected by the temperature-
dependent position of near-UV features such as band gaps and atomic resonances. More
complicated models (e.g. the Tauc–Lorentz model, see Jellison and Modine (1996) and
subsequent erratum) involve more free parameters and are significantly more difficult to fit
to. For more on ellipsometry see Fujiwara (2007); Azzam and Bashara (1987).

9.5.2 Cyclically heated Michelson interferometry

Work is currently under way to measure the combined thermorefractive effect of a dielectric
mirror in a Michelson interferometer. A standard Michelson interferometer is set up, and
length changes of the arm that contains the mirror under test are measured as the coating is
cyclically heated by an amplitude modulated carbon dioxide laser.

At first glance, this should be the simplest experiment of all to understand, but in practice
the dynamics of the thermal waves that penetrate from the coating into the substrate are
key to understanding the response. Solutions to the heat equation in the body of a mirror
with a time harmonic heat source at the surface take the form of traveling waves that decay
exponentially over one wavelength,

T (x, t) = A√
2πf

e−x/λt ei(x/λt−2πt). (9.53)

Here A is a constant, f is the frequency of the thermal driving force, and λt is the thermal
length scale – a function of f given by

λt =
√

2κ

2πfρC
(9.54)
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in a material with thermal conductivity κ , density ρ, and specific heat C. For fused silica
and a driving force at 100 Hz, the thermal wavelength is 55 µm.

When deriving the expected response of a mirror to this type of heating, there will be
a coating response (including both thermoelastic and thermorefractive parts) proportional
to T (0, t), which will fall as f −1/2 and have 45◦ of phase lag relative to the driving force.
The substrate response will be an integral of this temperature profile multiplied by the
substrate coefficient of thermal expansion (CTE), and will pick up another factor of f −1/2

and another 45◦ of lag.
The results of such an experiment will reveal the overall thermo-optic coefficient of a

coating relative to the known substrate CTE, including the coating volume-weighted CTEs
as well as the thermorefractive coefficient. These numbers are a mix of the CTEs and βs
of both materials. However, by (1) measuring coatings with different compositions, and
(2) combining the results with an experiment that can isolate the CTEs (for example, cavity
assisted photothermal displacement, see Section 9.5.3), both numbers could be measured
for the case of interest – thin films in the geometry of a dielectric coating.

9.5.3 Cavity assisted photothermal displacement spectroscopy

A promising method for measuring the overall (volume-weighted) coefficient of thermal
expansion of a coating has been demonstrated by Black et al. (2004b). A mirror with
the coating to be tested is overcoated with a gold layer and used as the rear mirror in a
Fabry–Perot cavity. A probe laser is then frequency-locked to the cavity (using the Pound–
Drever–Hall, or “PDH” technique, see Section 15.2.1), and used to measure cavity length
changes due to the cyclic heating of the test mirror by a pump beam. The pump beam
is derived from the same laser as the probe beam (which means it also will be resonant
in the cavity, increasing the power incident on the test mirror), but has an orthogonal
polarization so it can be separated from the probe for length measurement purposes. The
pump is then amplitude modulated at various frequencies, and the response of the cavity at
the modulation frequency is measured with a lock-in amplifier.

At low pump modulation frequencies, thermal waves penetrate deep into the substrate,
and the main observed effect is the substrate expanding and contracting over heating cycles.
As the modulation frequency is increased, the thermal waves penetrate less deeply, and the
effect of the coating expansion becomes more important, until the frequency where the
coating thickness is on the same order as the thermal wavelength. At higher frequencies,
the coating expansion dominates the response of the experiment, allowing the coefficient
of thermal expansion for just the coating to be measured. A straightforward interpolation
between these two regimes gives the expected response as a function of frequency

δL (f ) ∝
[
α (1 + σ )

f
+

(
ρC

κρcCc

)
αc (1 + σc)
ft + f

]
, (9.55)

where α is a coefficient of thermal expansion, σ is a Poisson’s ratio, ρ is a density, C is a
specific heat, and κ is a thermal conductivity with parameters with no subscript referring
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Figure 9.2 Predicted mirror expansion response for the cavity photothermal experiment assuming
values similar to those in Black et al. (2004b). The asymptotic substrate and coating response
behaviors are shown by the lower and upper dashed lines, respectively. The transition frequency
ft ≈ 10 kHz.

to substrate values and parameters with a subscript c referring to volume averaged coating
parameters. The transition frequency ft is where the thermal wavelength is equal to the
coating thickness, given by

ft = κc

πρcCct2
, (9.56)

where t is the thickness of the coating. There are two important pieces of information that
can be determined from the measured response in this experiment. The lower frequency
1/f regime involves the substrate, whose properties are typically known – the amplitude
of this regime can be used as an overall calibration. The amplitude of the 1/f coating
dominated regime gives information about the coefficient of thermal expansion of the coat-
ing (multiplied by the appropriate expression involving the Poisson’s ratio). The transition
frequency between these two regions gives information about the thermal conductivity and
heat capacity of the coatings, both of which are typically not well known. There is uncer-
tainty in the transition frequency, since Equation 9.55 is just an interpolation, but an order
of magnitude measurement can still be quite useful. The expected response of the cavity
assisted photothermal experiment, showing the two 1/f regions, is shown in Figure 9.2.

This method has many benefits. Relative to most interferometric techniques, cavity
assisted photothermal displacement increases the sensitivity by a factor of roughly the
cavity finesse squared – one factor of the finesse for the increased PDH sensitivity, and
another for the increased pump power incident on the test mirror. It also has the advantage
that it can extract the coefficient of thermal expansion without “contamination” by changes
in the index of refraction, since the gold layer blocks any thermorefractive effects. The
down side is that this method will not give information about β. In addition, it gives a
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volume weighted average of the CTEs for both coating materials rather than the individual
numbers themselves – a shortfall which can be theoretically overcome by testing mirrors
with varying ratios of high- and low-index material.

The main experimental challenge of this method is maintaining the crossed polarization
of the pump and probe beams. Since the two are overlapped and of the same wavelength,
once a component of the pump has the same polarization as the probe, it will be read out
directly as a signal.

9.5.4 Dielectric band edge shift

Another way to measure the thermo-optic coefficients of a coating has been discussed
by Gretarsson (2008). This technique takes advantage of coating reflectivity as a function
of wavelength having a “plateau” shape. The first order approach is to use a wavelength
that is on the edge of the high-reflectance plateau, and then heat and cool the mirror
while measuring the reflectance at that wavelength as the coating parameters change with
temperature. From the change in the position of that edge with respect to a reference laser, the
optical coefficients can be extracted from the shift in the plateau position. Experimentally,
it is more straightforward to take a laser with a wavelength that the mirror can reflect,
and have the laser light incident on the mirror at an angle for which the mirror was not
designed. This allows the wavelength of the laser to be effectively increased with respect
to the coating structure until it reaches an effective wavelength on the edge of the mirror’s
reflectance.

This measurement has the benefit of being non-interferometric (or at least single-beam,
since the interference in the coating layers is what causes the reflectivity plateau), thus
relatively simpler to perform. Its main drawback is that it also does not distinguish between
coating layer expansion and change in index. However, as mentioned in Section 9.5.2, this
technique could be combined with an experiment that measured only the CTE or β in order
to extract the second value.

9.5.5 Measurements for films with thickness greater than a micron

There are a few additional techniques that deserve mention in passing that measure coeffi-
cients of films on the order of a few microns in thickness. The first is from Inci (2004) and
uses a fiber interferometer in a Michelson configuration, with one fiber end uncoated (as the
control “mirror”), and the other end coated with a 3 µm coating of tantala. This effectively
forms an etalon reflector. The incident light is from a superluminescent diode with a band-
width large enough to cover many free spectral ranges of the tantala etalon. By examining
the shift in the interference pattern over wavelength between different temperatures, both
the CTE and β can be inferred. This allows measurement of both quantities independently,
unfortunately some modification is needed to extend this technique to optical sized thin
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films. A much broader light source would be necessary for the observation of multiple
fringes in this case.

The second measurement is by Chu et al. (1997) and uses a Mach–Zender setup where
one of the optical paths traverses a long (1.5 mm), thin (3.3 µm) waveguide of tantala.
Results are compared at different temperatures. This method measures only β, since the
physical expansion of the film is assumed to be determined by the known CTE of the
substrate. As above, some modification would be needed to extend this technique to optical
sized thin films, for which it would not be possible to build a suitably confining waveguide
structure.
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Absorption and thermal issues

phil willems, david ottaway, and peter beyersdorf

10.1 Overview

Light incident on high quality optical surfaces and substrates can be lost from the beam in
two possible ways. The light can be scattered from the beam due to imperfections such as
microroughness or point defects, which is discussed in Chapter 11. Alternatively, the light
can be absorbed by the coating or the substrates. Experiments over many decades have
shown that for high quality mirrors reflecting radiation in the IR range, the dominant loss
mechanism is scatter by often more than an order of magnitude. This large bias towards
loss due to scatter makes it very challenging to measure the absorption in such optics. The
optical absorption of the mirror coatings in high precision applications like gravitational
wave interferometers (see Chapter 14) typically ranges from a few tenths of parts per million
(ppm) to several ppm. Given that the loss in mirrors is completely dominated by scatter,
one may ask the question: why then is such a small level of absorption important? The
reason is thermal aberrations.

Clearly, absorption at far larger than ppm levels is widely tolerated in many other
types of optical instruments – metallic mirror coatings typically absorb a few percent of
light incident upon them, for example. But most optical instruments are either of low
power, or low precision, or both. Absorption does play a central role in setting the damage
threshold intensity in high power optics. Precision measurements are typically not at such
high optical power that laser damage is an issue. In the field of precision measurement,
laser stabilization (see Chapter 15), cavity quantum electrodynamics (see Chapter 17), but
especially gravitational wave interferometers (see Chapter 14) are among the most sensitive
to thermal aberrations caused by coating absorption.

Astrophysically sensitive gravitational wave interferometers employ kilometer-scale
optical cavity lengths and beam spot sizes on their mirrors of several centimeters. See
Chapter 14 for more on gravitational wave detector design and Figure 14.3 in particular for
the placement of optics. Such large spot sizes are required to reduce the impact of coating
thermal noise on the performance of the interferometer (see Chapter 4). This requires the
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optical cavities to approach marginal stability – their cavity g-factors are close to ±1 (see
Chapter 13 for more on cavity stability). The recycling cavities for these interferometers,
located before the longer cavities and which create and maintain stable beams, often
maintain the same beam size, but over cavity lengths of tens of meters. These cavities
can be very close to marginally stable. For example, the initial LIGO interferometers had
power recycling cavities that are designed to be marginally unstable when operated at
low power and rely on thermal lensing effects to make them marginally stable at their
optimum operating points. Finally, the cavity finesses are high, of order 100, and the
circulating power quite large, from tens to hundreds of kilowatts of stored power in the
long arm cavities. These design choices enhance detector sensitivity: the long arms increase
the effective displacement for a given spacetime strain (see Section 14.2), the large laser
spot size averages over more thermal fluctuations in the mirror surfaces, the high finesse
improves the interferometer sensitivity down into the 100 Hz region, and the high optical
power reduces photon shot noise.

These choices all conspire to make the interferometers highly sensitive to thermally
induced aberrations. Absorption in the arm cavity mirrors of even a part per million pro-
duces relatively large heat gradients in the mirrors. These heat gradients then produce
thermorefractive phase gradients (or thermal lenses), thermoelastic deformations, and ther-
mal depolarization, to which the interferometer is highly susceptible as a consequence of
its nearly marginally stable cavities.

In this chapter we will discuss the levels of absorption typically found in high quality
coatings and the techniques used to measure them. We will then elaborate how thermal
aberrations can limit the performance of precision measurements like gravitational wave
detectors with high circulating power. Finally we will discuss some methods that can prevent
absorption from significantly degrading the performance of high power interferometers.

10.1.1 Measuring absorption

Low absorption levels are most commonly measured in pump-probe experiments by observ-
ing with a probe beam the effect of the thermal energy deposited in an optic by a modulated
pump beam. Such measurements are linear over many orders of magnitude in absorption,
allowing small loss levels to be accurately determined by comparing them to much higher
(and therefore easier to directly measure) loss levels of calibration optics.

The photothermal deflection technique (Commandre and Roche, 1996; Jackson et al.,
1981) uses a high power pump beam incident on the optical coating to produce a temper-
ature change in the substrate proportional to the absorbed power. This temperature change
produces a refractive index gradient in the surrounding material as well as a deformation
of the surface from the thermal expansion of the surrounding substrate. A nearby grazing
probe beam deflects in the presence of the refractive index gradient and/or thermal bump
on the surface, analogous to the mirage effect seen when looking along a hot road surface.
The deflection, �, of the probe beam is measured and is related to the absorption by

� = AabsG, (10.1)
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Figure 10.1 Absorption map of a LIGO mirror recorded after cleaning contamination that had
developed after several years of use. This absorption map was measured using photothermal common
path interferometry (Zhang et al., 2008). Figure courtesy of L. Zhang.

whereAabs is the fractional absorption of the pump power andG depends on the thermal and
optical properties of the coating and substrate as well as various experimental parameters
such as the pump power.

The proportionality constantG is determined from the measurement of the photothermal
deflection produced from an optic with similar thermal and optical properties, but known
losses. Using a modulated 10 W pump beam with the amplitude of the deflection measured
at the modulation frequency, Beauville and The Virgo Collaboration (2004) were able to
measure absorption with a sensitivity of 20 ppb.

An alternative to the photothermal deflection technique, photothermal common path
interferometry (Alexandrovski et al., 2009) uses a modulated pump beam much smaller
than the probe beam, and measures the amplitude change of the probe beam caused by
interference between the portion traversing the thermal distortion and that traversing the
undistorted part of the optic. At one Rayleigh length of the probe beam away from
the sample, the Guoy phase shift is optimal for producing amplitude modulation from
the interference. This technique also requires calibration of the signal to an optic with
known loss. The spatial resolution provided by the small pump beam allows raster scan-
ning of the optical surface to produce an absorption map, such as that shown in Figure 10.1.
This technique has been used to measure losses in coatings with a sensitivity of 100 ppb
with 10 W of pump power (Harry et al., 2006a).

Other methods have been proposed for spatially mapping the absorption in low loss
optical coatings using the surface thermal lens induced by absorption of a pump. Notably,
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Table 10.1 Typical absorption for tantala/silica (Ta2O5/SiO2) coatings deposited via
ion beam sputtering on superpolished substrates.

Absorption loss Scattering loss Wavelength Reference

0.6 ppm 4–8 ppm 1064 nm Beauville and The Virgo Collaboration (2004)
0.5–13 ppma 7–21 ppm 1064 nm Zhang et al. (2008)
0.9–2.5 ppm N/A 1064 nm Harry et al. (2006a)
1.1 ppmb N/A 850 nm Rempe et al. (1992)

a A loss of 13.2 ppm was observed on a “contaminated” optic that had a measured loss of 1.2 ppm after
cleaning.

b Loss here is total loss from a cavity (absorption plus scattering) but does not include small angle scattering
that is captured by the cavity mirrors, which would likely be the dominant portion of the scattering loss

Hao and Li (2008) proposed a lock-in detection method that can be applied to a CCD
sensor. This technique allows full frame capture of the spatial map of the absorption with
acquisition speeds several orders of magnitude faster than raster scanning, but with a
theoretical sensitivity comparable to photothermal deflection and photothermal common
path interferometry.

The state-of-the-art low absorption multi-layer coatings are typically made from alter-
nating layers of silica, SiO2, and tantala, Ta2O5, see Chapter 2. These are the coatings used
in first generation gravitational wave detectors. The absorption and scattering losses of var-
ious examples of these coatings are summarized in Table 10.1. It has been established that
these coatings do not have sufficiently low mechanical loss to prevent coating thermal noise
from limiting the performance of advanced gravitational wave detectors, see Chapter 4. To
improve the mechanical loss various changes to the composition of the Ta2O5 layers have
been investigated. Unfortunately, many of these alternative compositions have been mea-
sured to have greater absorption. Coatings using hafnia–silica (HfO2–SiO2) layers paired
with silica layers have been measured to have an absorption of 6.6–7.2 ppm (Markosyan
et al., 2008), for example. However, titania doped tantala (TiO2–Ta2O5) layers paired with
silica layers have shown an absorption loss of <0.5 ppm at 1064 nm with proper coating
design (see Chapter 12). This represents an improvement over the 0.9–2.5 ppm levels seen
with undoped tantala (Harry et al., 2006a). It is fortunate that this same titania doping
into tantala also improves the mechanical loss (see Chapter 4), so TiO2-doped Ta2O5/SiO2

coatings are the preferred coatings for next generation gravitational wave detectors (Harry
and The LIGO Scientific Collaboration, 2010). As an alternative route to achieving opti-
cal coatings for precision measurement, recent work has focused on the characterization
of monocrystalline mirrors based on epitaxially grown compound semiconductor materi-
als (Parker, 1985; Ludowise, 1985). Measurements of the optical absorption in multilayer
mirrors based on AlGaAs heterostructures have revealed absorption values between 50–
70 ppm in chemical vapor deposited epitaxial films, with the limiting absorption below
10 ppm for high purity films generated via molecular beam epitaxy (the details of this
material system are covered in Section 16.2.3). The challenge will be for optimization of
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this materials system to yield absorption values competitive with state-of-the-art dielectric
coatings.

The aforementioned methods have quantified the absorption in pristine optics, prior
to their installation into working interferometers. Unfortunately, practical experience has
demonstrated that optics frequently become contaminated once they are placed in a vac-
uum chamber. For example, an initial LIGO arm cavity mirror was discovered to have
increased its absorption to over 10 ppm after a significant period within the LIGO vac-
uum envelope (Ottaway et al., 2006; Zhang et al., 2008). It is therefore necessary to have
methods available that can measure the absorption of optics in situ. The laboratory tech-
niques described above cannot do this. A number of techniques, described below, have been
developed for directly measuring the thermal aberrations in mirrors of interferometric grav-
itational wave detectors. Such a measurement, coupled with knowledge of the circulating
power incident on the interferometer optics, yields an absorption value.

One such technique is the white light interferometry developed by Zelenogorsky et al.
(2006). A probe beam with a short coherence length (millimeters to centimeters) but well
defined wavefront is injected into the interferometer vacuum chamber and reflected from
two surfaces, one behind the thermal aberration and one in front (for example, the two
faces of a thermally distorted mirror). The two return beams have different optical path
lengths and propagation directions. These return beams are then reflected from a pair of
reference mirrors outside the vacuum which match the wavefronts and optical paths of
the two return beams to within the coherence length of the probe beam, allowing Fizeau
fringes to be measured. Precision of wavefront measurement at the level of λ/1000 can be
achieved.

An alternative in situ measurement technique utilizes a Hartmann sensor (Hartmann,
1900) that has been refined by Brooks et al. (2009). Using this method, it was demon-
strated that optical distortions at the λ/15 000 level are detectable. This latter method
will be deployed on the Advanced LIGO interferometers to provide in situ absorption
measurements and feedback to the thermal compensation system that will correct for the
absorption-induced aberrations.

Such in situ measurements require sophisticated optics and cannot practically be
retrofitted into existing gravitational wave interferometers. The initial LIGO and Virgo
interferometers were not designed with remote wavefront sensing and so some creative
methods were developed that made use of the infrastructure that was available. Betzweiser
et al. (2005) developed a method that made use of the fact that the g-factor of the arm
cavities changes when the radius of curvature of the optics changes due to surface heat-
ing. Ottaway et al. (2006) developed a method using the change in the spot size of the
interferometer input beam as it reflects from a distorted arm cavity input mirror to an
interferometer output port. This technique was calibrated by heating the mirror under test
with a known amount of carbon dioxide laser power, and achieved sub-ppm absorption
sensitivity. However, the technique cannot probe the arm cavity end mirrors, which are
4 km distant and viewable by the input beam only through the already thermally lensed
input mirrors. The heating of a mirror by absorption is also detectable by the change in
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its acoustic resonant frequencies, which change with the temperature dependence of the
density and elastic moduli of the mirror substrate. These acoustic resonances appear in the
output signal of the interferometer, and by monitoring how they shift as the interferometer
stored power is varied, the absorption of all the arm cavity mirrors can be measured, again
to sub-ppm levels (McIvor et al., 2007).

10.1.2 Treatments that affect coating absorption

Absorption can change during the life of the optic due to contamination, annealing or
other treatments. The absorption properties of many materials can be improved by anneal-
ing (Alexandrovski et al., 2001). For typical Ta2O5/SiO2 optical coatings, annealing at
250 ◦C or less has been shown to increase absorption as new energy levels are formed in
the band-gap due to a reduction in the degree of misorientation of the short-range ordering
in the amorphous tantala (Volpyan and Yakovlev, 2002). Higher temperature annealing in
N2O can improve the stoichiometry of the oxide and reduce absorption (Milam et al., 1982;
Atanassova et al., 2004). Increased absorption can result from surface contamination and
may be improved by cleaning, and treatments of the optic may contribute to changes in
absorption as well, such as the increased absorption seen after ultraviolet irradiation for
discharging (see below).

It is well established that the cleanliness of the optical surface is paramount to maintain-
ing low optical losses in an optical coating. The total integrated scatter from the mirrors of
the initial LIGO interferometer were analyzed via a raster scan to map out the scattering
losses on the mirrors. For mirrors with a scattering loss of 8–21 ppm averaged over the
surface, localized scattering losses were as high as 1000 ppm. Additionally, the absorption
losses were found to be a function of contamination on the optical surface. An absorption
loss of 13.2 ppm on an optical coating was reduced to 1.2 ppm by cleaning (Zhang et al.,
2008). Different techniques can be used to keep the coating clean, or re-clean it after it has
been contaminated. A protective cap can be kept affixed to the optic during installation,
and removed just before closing the vacuum chambers. A film of First ContactTM can be
applied to the surface of an optic before storage or transport and peeled off before use.1

Measurements have shown no increased absorption in regions covered with the film for one
week with a measurement resolution of 0.1 ppm, compared to pristine surfaces (Markosyan
et al., 2008).

Precision optical measurements that rely on dielectric test masses can also be adversely
affected by charge that accumulates on the surface. This can be caused by friction with
particulate matter or from free electrons produced by cosmic rays striking nearby matter
(see Section 3.5). Accumulation of charge and its resultant attraction to external objects can
create mirror displacements that may limit the sensitivity of the interferometer (Jafry and
Sumner, 1997; Braginsky et al., 2006b). It has been demonstrated that UV radiation can be
used to remove the excess charge from mirror surfaces (Ugolini et al., 2008; Pollack et al.,

1 First Contact is available through www.photoniccleaning.com



Absorption and thermal issues 151

2010; Sun et al., 2006). However, the effect of ultraviolet radiation on optical coatings
has been investigated and found to degrade optical losses. The absorption in Ta2O5/SiO2

coatings exposed to 16 J/cm2 of ultraviolet radiation over 250 h was observed to increase
asymptotically from 0.4 ppm prior to irradiation to 4–6 ppm immediately after irradiation.
Similar results were seen in coatings with other compositions; a TiO2–Ta2O3/SiO2 coating
had its absorption loss increase from 1.2 ppm to 3–5 ppm. Two months after exposure to
the UV radiation, however, the losses had decreased to 1–2 ppm (Sun et al., 2008), showing
that the degradation produced by UV exposure is temporary. However, this effect is not
well understood and the mechanism responsible is uncertain.

10.2 Thermal compensation

10.2.1 Thermal aberration physics

Mirror heating leads to three physical effects that change the optical phase profile of the
interferometer mirrors. Adopting the formalism of Lawrence (2003), we denote the optical
path length through a transmissive optic as OPL = nh, where n is the refractive index of
the optic and h is its thickness. A change in temperature of the optic will create a change
�OPL in the optical path:

OPL+�OPL(x, y) = (n+�nTR(x, y) +�nE(x, y))(h+�h(x, y)) (10.2)

≈ OPL+ h�nTR(x, y) + n�h(x, y) + h�nE(x, y).

The terms in this equation arise from the following.

(1) The thermorefractive effect (�nTR). The index of refraction of the mirror substrate
will vary with temperature, and so a temperature gradient will produce a refractive
index gradient, effectively turning the mirror into a graded index (GRIN) lens. This is
sometimes referred to as thermal lensing. If �T (x, y) is the temperature profile in the
mirror, then the change in OPL due to this effect is

�OPLTR(x, y) =
∫ h

0
�nTR(x, y)dz = dn

dT

∫ h

0
�T (x, y)dz, (10.3)

where we use z to label the axis through the mirror.
(2) The thermoelastic effect (�h). The mirror substrate will expand as it is heated, so a

thermal gradient will change the curvature of the mirror surface. If α is the thermal
expansion coefficient of the mirror substrate, then the change inOPL due to this effect
is

�OPLTE(x.y) = n�h(x, y) ∼ α

∫ h

0
�T (x, y)dz. (10.4)

This formula is approximate and is most accurate in predicting surface deformation
near the heated region of the mirror. Far from the heated region, thermal effects can
be significant which can only be accurately calculated by a full thermoelastic model
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of the mirror. For example, heating of one side of a mirror will cause it to expand
laterally, creating a bulk curvature of the mirror and of the unheated side, even though
the heating and temperature gradient may be spatially uniform.

(3) The elasto-optic effect (�nE). The thermoelastic strain field in the substrate will
also cause the refractive index to vary, adding to the thermal lens produced by the
thermorefractive effect. Unlike the thermorefractive effect, the magnitude and shape of
the lens depends upon the polarization of the light passing through it. This effectively
turns the mirror into a spatially nonuniform waveplate and can cause depolarization
of transmitted light. If p11 is the component of the elasto-optic tensor along the probe
beam polarization axis, then the change in OPL due to this effect is

�OPLE(x, y) = −αp11

∫ h

0
�T (x, y)dz. (10.5)

The relative importance of these effects depends upon many factors. Different materials
used for the mirror substrate will have different thermophysical parameters. Not to be
neglected is the thermal conductivity of the material, which sets the magnitude of the
thermal gradient, a higher conductivity giving a more spatially uniform temperature and
therefore less aberration. The optical absorption of the substrate also contributes to the total
heat load and its spatial distribution in the mirror; the same heat power deposited along the
beam path in the mirror substrate as in the coating will produce approximately the same
thermorefractive lens in the mirror, but much less thermal expansion of the mirror surface.
Absorption, whether it occurs in the mirror coating or the mirror substrate, produces thermal
gradients in the substrate that lead to the effects described above, although with different
spatial profiles. The methods of compensation below are useful regardless of the location
of the absorption in the coating, or substrate, or both. Current gravitational wave detectors
all use ultrapure fused silica for their mirror substrates, but sapphire is also a likely material
for future high power interferometers. See Chapter 7 for more on substrate materials.

The combination of these thermal aberration effects will be to produce a thermal phase
profile ϕ across the mirror:

ϕ(x, y) = 2π

λ
�OPL(x, y), (10.6)

where x, y are the position coordinates transverse to the mirror surface.
Hello and Vinet have produced analytical solutions for the thermorefractive and ther-

moelastic aberrations in a circularly cylindrical mirror with axially symmetric heating as a
Bessel function expansion (or Dini series) (Hello and Vinet, 1990a,b). These solutions are
quite accurate for mirrors made of fused silica, for which the elasto-optic effect is negligible
compared to the other two effects. Figure 10.2 shows the aberrations calculated using this
method as seen from the front and rear surfaces of an Advanced LIGO input test mass
mirror with spatially uniform 1 ppm optical absorption at the high reflectance coating and
10 kW of arm cavity optical power. At the front surface (the reflective, arm cavity side), the
aberration is entirely due to thermoelastic deformation of the mirror, n�h(x, y). From the
recycling cavity side, the aberration also includes the thermorefractive effect h�nTR(x, y)



Absorption and thermal issues 153

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
0

0.2

0.4

0.6

0.8

1

1.2

1.4
x 10−8

radius (m)

op
tic

al
 p

at
h 

va
ria

tio
n 

(m
)

back surface aberration

front surface aberration (x5)

Figure 10.2 Thermal aberrations in an Advanced LIGO input test mass. The front surface aberration
has been magnified 5× for clarity.

and so is much larger. In fused silica, the thermorefractive coefficient is ∼16 times the
size of the thermoelastic coefficient and so dominates. Of course, the optical absorption
of the coating need not be spatially uniform, nor the mirror be a perfect circular cylinder.
For example, patches of contamination could lie on the surface. In this case the aberration
will not have the simple profile of Figure 10.2, but can be calculated using finite element
methods if the exact heating distribution is known.

Finally, although thermal aberrations are most important in the input arm cavity mirrors
(we shall see why below), they also are present in other optics, such as the arm cavity end
mirrors and the beamsplitter which divides the beam into two equal beams, one going to
each arm. In the beamsplitter the thermal aberrations are necessarily astigmatic, due to the
off-axis illumination of the optic. Thus the thermal lens is different between the two arms
of the interferometer because the beam to one arm is transmitted through the beamsplitter
and the beam to the other arm is not.

10.2.2 Thermal aberration and interferometer performance

An aberration profile such as that of Figure 10.2, inserted into the interferometer input arm
cavity mirrors, will impair the interferometer performance in several ways. We still use the
formalism of Lawrence (2003).

Distortion of the arm cavity mode

The thermoelastic “bump” in Figure 10.2 changes the effective radius of curvature of the
arm cavity mirrors, thus changing the arm cavity spatial mode shape. As the arm cavity
spatial mode differs from the spatial mode injected into it, the coupling into the arm cavity
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drops, and with it the stored power. With very high aberration the arm cavity can be made
unstable, to where it has no stable resonant mode at all, if the nominal geometry is close to
flat–flat. Consider a nearly flat–flat arm cavity in which the two end mirrors have the same
radius of curvature R0. The effect of the thermoelastic aberration in Figure 10.2 can be
approximated as a thermal radius of curvature change Rt . The cavity will become flat–flat
and therefore unstable when

1

R0
− 1

RETMt

= −
(

1

R0
− 1

RITMt

)
, (10.7)

where ETM labels a cavity end mirror and ITM a cavity input mirror. Conversely, if the
cavity is nearly concentric, the thermoelastic aberrations will make the cavity more stable.
In either case, the hot cavity mode shape will differ from the cold cavity mode shape,
decoupling the arm cavity from the input beam.

Distortion of the RF heterodyne sidebands in the recycling cavities

The RF sideband light that is used to control the interferometer does not resonate in the
arm cavity (exceptions to this have been proposed (McClelland et al., 1999), but not
implemented), see Chapter 14. We show below how resonance in the arm cavity stabilizes
the carrier light against thermal aberrations, but the RF sidebands’ spatial mode will become
distorted, especially if the recycling cavity is degenerate, as is commonly done. Since the
heterodyne control signals for the interferometer rely on good overlap between the carrier
and RF sideband light, this distortion will reduce the control servo gains and the impact of
shot noise in the interferometer performance.

Referring to Figure 10.3, the carrier field reflected from the overcoupled arm cavity is
the superposition of the field promptly reflected from the input mirror and the field leaking
through the input mirror from inside the arm cavity. Each of these fields sees the thermal
aberration ϕ(x, y) in the input mirror substrate. However, the promptly reflected field suffers
the aberration two times (as it passes through the substrate twice upon reflection), and the
leakage field suffers the aberration only once. Thus,

E(c)
r ≈ re2iϕ(x,y)E

(c)
i + iteiϕ(x,y)E(c)

c (10.8)

≈ r(1 + 2iϕ(x, y))E(c)
i − 1 − r2

1 − r (1 + iϕ(x, y))E(c)
i (10.9)

≈ −E(c)
i , (10.10)

where we have assumed that the incident field E(c)
i is matched to the arm cavity field E(c)

c ,
that r ≈ 1, and that the end mirror of the cavity is perfectly reflecting. Remarkably, the
thermal aberration has no effect on the carrier mode inside the recycling cavity, so long as
the arm cavity is overcoupled.

For the RF sideband fields, there is only the promptly reflected field, and so

E(sb)
r ≈ e2iϕ(x,y)E

(sb)
i . (10.11)
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Figure 10.3 Optical fields to and from the input arm cavity mirror. Ei is the field incident from the
recycling cavity, Ec is the field incident from the arm cavity, and Er is the field leaving the mirror
in the recycling cavity. The optical phase distortion in the mirror substrate is ϕ, and r and t are the
amplitude reflectivity and transmissivity of the high-reflectance coating on the mirror’s arm cavity
face.

The RF sideband light is thus scattered into higher order transverse optical modes by the
thermal aberration, and no longer overlaps completely with the carrier field. Moreover, the
overall power of the RF sidebands in the power recycling cavity will drop as the aberrations
distort the recycling cavity mode profile away from that of the field injected at the input
mirror of the recycling cavity.

Distortion of the gravitational wave signal sidebands in the signal recycling cavity

Resonant sideband extraction (Mizuno et al., 1993) causes the gravitational wave sidebands
on the carrier light to be resonant in the signal recycling cavity on their way out of the
interferometer; this tailors the frequency response of the detector. If the signal recycling
cavity resonates at a different spatial mode than the arm cavities, the gravitational wave
sidebands will be “bottled up” in the arm cavities, thereby limiting the efficiency with which
they are transferred to the output detectors, hence reducing the interferometer sensitivity.

Reduction of the dark port contrast

The output port of the interferometer is ideally kept dark (or nearly so) to minimize shot
noise. If the thermal aberrations are different between the two interferometer arms, the
wavefronts returning to the beamsplitter will not match, with the result that some excess
light will leak to the output port and increase the shot noise, reducing sensitivity.

Again, the relative importance of these various effects will change dramatically depend-
ing upon interferometer parameters. For example, an output mode cleaner can be used to
filter out non-TEM00 light at the dark port due to differential thermal aberrations. The
cavity lengths, finesses, and stabilities, presence or absence of power and signal recycling
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cavities, the control and readout scheme used, etc., all factor into the susceptibility of an
interferometer to thermal aberrations.

10.2.3 Thermal compensation techniques

It is an unfortunate fact that the most sensitive gravitational wave interferometers now in
operation or installation would be crippled by thermal aberrations if they could not be
corrected in some way. Fortunately, several techniques have been developed to compensate
for thermal aberrations.

Absorption compensated interferometer optical designs

It was recognized early in the initial LIGO design process that absorption in the optical
coatings and substrates would have a detrimental impact on the performance of the instru-
ments. For this reason the curvatures of the optics were set such that they were sub-optimal
when the interferometer was operated in the cold state. It was then anticipated that with a
known absorption the optics would thermally distort by a specified amount and the optimal
optical state of the instrument would be achieved for a fixed input power level. Similar
techniques are utilized to compensate for the thermal lenses that are always present in high
power solid state lasers. However, the absorption in an individual optic’s coating is affected
by its environment and as a result is not easy to predict. Therefore, designing such a point
design interferometer is not in itself reliable. Curvature offsets can be utilized to lessen the
required compensation but methods such as discussed next still need to be employed to
compensate individual optics.

Incandescent heaters

By positioning incandescent filaments and shields appropriately around a thermally dis-
torted mirror, corrective thermal gradients can be added to the optic to minimize the
net aberration along the optical axis. This technique was first proposed and tested by
Lawrence et al. (2004) on a prototype interferometer mirror at the Massachusetts Institute
of Technology (MIT). This is not to say that the thermal profile of the mirror is made
uniform. For instance, a positive thermal lens produced in the high reflectance coating
on one side of a mirror can be compensated by a negative thermal lens produced by an
incandescent heater on the other side of the mirror.

Figure 10.4 shows the Lawrence incandescent heater prototype experiment at MIT. The
mirror (at right) is thermally loaded by a carbon dioxide laser beam with a Gaussian spot.
The heater (at left) is a coil of nickel-chromium wire wound around a ring of ceramic
beads on a metal former. Surrounding the heater is a set of metallic shields which block the
unwanted part of the heater’s radiated power. The radiation that emerges from the shield
array has a spatial profile at the mirror that compensates the thermal lens of the carbon
dioxide laser beam. Figure 10.5 shows the degree of compensation that was achieved using
this device.
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Figure 10.4 The MIT prototype incandescent heater experiment. Figure courtesy of R. Lawrence.

Figure 10.5 Results of the MIT prototype ring heater experiment. The figure on the left shows the
transmitted phase profile contours for the thermal aberrations produced by the carbon dioxide laser
alone. The figure on the right shows the contours with both the carbon dioxide laser and the ring
heater. Figure courtesy of R. Lawrence.

Incandescent heaters are simple to build and operate. Because they thermally average
input electrical power fluctuations before reradiating them to the mirror, they deliver very
stable power. This is important, because the compensation works by adding a corrective
optical path profile to the mirror, and fluctuations in the compensation power induce path
length fluctuations in the interferometer, potentially decreasing its sensitivity. However,
they generally require a large unimpeded solid angle around the mirror to produce the
desired heating profile. As they can be practically installed only in vacuum, they do not
permit much adjustment or variation of the spatial profile.
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Figure 10.6 The GEO 600 ring heater as installed.

This technique is not limited to transmissive optics or to thermal aberrations. The GEO
600 gravitational-wave detector uses a radiant heater (shown in Figure 10.6) positioned
behind a totally reflective folding mirror in order to correct the radius of curvature of
its high-reflectance surface (Lück et al., 2007). The function in this case is to correct a
mismatch in the polished radius of curvature between mirrors in the two cavities.

Carbon dioxide laser projectors

Like incandescent heaters, carbon dioxide laser projectors add heat to the mirror with a
spatial pattern that cancels the absorbed heat along the optical axis. These projectors are
installed outside the vacuum and inject their heat via a laser beam through a viewport, and
can produce a variety of different spatial profiles as needed should the absorption profile not
be as expected or change over time. Projectors are either of a “staring” design, in which the
spatial pattern is constant and produced by lenses, apertures and axicons (lenses with conical
profiles), or of a “scanning” design, in which a beam is raster-scanned across the optic with
a power or dwell time that varies from spot to spot. Compared to incandescent heaters, the
carbon dioxide laser projector’s convenience of pattern adjustability and operation outside
the vacuum is offset by greater complexity and noisier delivered power.

Carbon dioxide laser projectors are currently in use on the LIGO and Virgo gravitational
wave detectors and both are of the staring design. The optical layout of the LIGO carbon
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Figure 10.7 Schematic of the LIGO carbon dioxide laser projector.

dioxide laser projector is shown in Figure 10.7. The Virgo carbon dioxide laser projector is
similar.

A scanning carbon dioxide laser projector design has been prototyped by Lawrence
(2003). In this design, a pair of galvanometer mirrors sweeps the carbon dioxide laser
beam in a spiral pattern on the thermally loaded mirror’s face. The frequency of the pattern
cycle is 6 Hz, slow compared to the frequency band of gravitational wave detectors but
fast compared to the heat diffusion time of the thermal aberrations. At each point on the
mirror, an acousto-optic modulator sets the intensity of the projected beam to achieve the
desired thermal lens. The Lawrence design has the additional feature of using an active
servo to determine the optimal projected spatial profile, using a real-time measurement of
the thermal aberration taken by a Shack–Hartmann sensor.

A variant of the scanning carbon dioxide laser projector has been prototyped by Soloviev
et al. (2006) in which the scanned beam, rather than repeating a raster scan on the face
of the compensated mirror, maintains a constant intensity and sweeps through a fixed
circular orbit on the mirror face. The pattern achieved is similar to that of a radiant ring
heater.

Compensation plates

Correction of the arm cavity mirror’s high reflective surface radius of curvature can only
be done by acting directly on the deformed mirror. However, test mass radius of curvature
deformations tend to be a small effect and less important than thermal aberrations in the
recycling cavities. These recycling cavity aberrations can be corrected by applying the
compensating heat pattern not only to the arm cavity input mirror directly, but also or
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even exclusively to an additional transmissive optic – a compensation plate – suspended
just before the arm cavity input mirror, inside the recycling cavity. Because the wavefront
of the gravitational wave interferometer beam has a radius of curvature of the order of
kilometers, the compensation plate and arm cavity mirror together act as a thin lens, even
though together they can be nearly half a meter thick.

The primary advantage of a compensation plate is that noise in the power applied by an
incandescent heater or carbon dioxide projector will change only the apparent length of the
recycling cavity, in which the compensation plate hangs, rather than that of the high-finesse
arm cavity, in which the arm cavity mirror hangs and where the gravitational wave signal
is generated. Since noise in the recycling cavity couples much less strongly to the output
port of the interferometer, this allows more thermal compensation to be applied before its
injected noise degrades the sensitivity of the detector.

The use of a separate optical element as an active or passive component in high power
optical systems is not unique to gravitational wave interferometry. For example, Khazanov
et al. (2004) have demonstrated a high power Faraday isolator using a compensation plate
of opposite dn/dT to that of the Faraday crystal. In their design, the thickness of the
compensation plate is chosen so that the thermal lens passively produced in the plate just
corrects that of the Faraday crystal. A compensation plate that is conductively heated by a
resistive element wrapped around its barrel has also been developed for thermal tuning of
a laser beam profile to facilitate coupling into optical systems (Arain et al., 2007), as has
a design with a compensation plate heated by an auxiliary laser beam (Quetschke et al.,
2006).

An actively controlled, conductively heated compensation plate has been tested at the
Gingin facility in Western Australia (Zhao et al., 2006). This experiment was intended as
a proof of principle of thermal compensation, rather than as a test of a prototype design,
and so has many features that would not be applicable to an astrophysically sensitive
interferometric detector. For example, their plate rested on a v-block inside the high-finesse
cavity, and likely contributed significant absorption and displacement noise into the cavity.
Nevertheless their experiment showed that the beam profile inside a high power optical
cavity subject to thermal aberrations can be controlled.

Radiative cooling

A novel approach to thermal compensation has been demonstrated by Kamp et al. (2009).
Rather than add extra heat to the mirror to compensate the heat absorbed from the inter-
ferometer beam, the unwanted heat can be radiated away by exposing the warmer section
of the mirror to a cold surface, generally via reflective relay optics. This method has the
advantage of very low injected noise, allowing direct action upon the arm cavity mirrors.
Like the incandescent heater, a radiative cooler resides inside the vacuum chamber with
the thermally loaded optic, and so has limited adjustability. A radiative cooler must cover
a fairly large solid angle around the mirror surface to produce sufficient cooling for current
high power gravitational wave interferometers.
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10.2.4 Predicted impact of coating absorption on other experiments

The impact of absorption can be detrimental to other precision experiments in a number
of ways, including photothermoelastic noise (see Sections 3.4 and 3.10) and reduction in
achieved power build up in Fabry–Perot cavities. In this section, we will outline the limits
that optical absorption can place on an experiment. The photon nature of light means that
it is necessary to increase the circulating power within an optical cavity to increase the
measurement sensitivity that can be achieved. This limit is known as the shot noise limit.
The shot noise limit can be improved for a given circulating power by using non-classical
states of light. Currently the state-of-art in non-classical light implementation allows these
limits to be reduced by an amount equivalent to increasing the circulating power by a factor
of 10, see also Section 11.3.

High circulating power in a Fabry–Perot cavity can cause physical displacement of the
mirror surfaces by two mechanisms: radiation pressure and photothermoelastic noise. Radi-
ation pressure is the dominant noise mechanism in the experiments that require suspended
optics. This is because intensity fluctuations result in radiation pressure fluctuations which
cause an oscillating force on the mirrors. Suspended mirrors are unconstrained above the
resonant frequency of the suspension and hence move in response to this applied force.
Hence radiation pressure is the dominant noise mechanism due to high power operation
for suspended mirrors. However, most other high precision experiments use Fabry–Perot
mirrors fixed by a spacer. These fixed mirrors are virtually insensitive to radiation pressure
noise. Photothermoelastic noise results from the displacement of the mirror surface caused
by absorbed circulating optical power. This absorbed optical power causes local heating
which in turn causes the mirror surface to expand slightly due to non zero thermal expan-
sion coefficients. In this section we will explore how coating absorption can make this
noise source dominant. The level of photothermoelastic noise is directly proportional to the
circulating power and the level of shot noise is inversely proportional to the square root of
the circulating power. If an experiment is limited by these two noise sources then there is an
optimum circulating power in which the combination of these noise sources is minimized.

The shot noise limit of a Fabry–Perot cavity in terms of the minimum power spectral
density of the displacement of one of its mirror surfaces is given by

Sd (f ) =
(
λ

2π

)2
hν

8Pcirc
, (10.12)

where h is Planck’s constant, ν is the frequency of light, λ is the wavelength of light and
Pcirc is the power circulating within the cavity.

In many cases Fabry–Perot mirrors are used as high sensitivity frequency references (see
Chapter 15). Equation 10.12 can be re-written in terms of the minimum frequency noise
spectral density that can be sensed:

Sf (f ) =
(
FSR

π

)2
hν

8Pcirc
, (10.13)

where FSR is the free spectral range of the cavity.
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The displacement spectral density caused by photothermal noise is given by Braginsky
et al. (1999) (see also Section 3.4)

Sd (f ) = 2α2(1 + σ )2P 2
abs

SI (f )

π4ρ2C2w4
mf

2
, (10.14)

where σ is the Poisson’s ratio of the mirror substrate, Pabs(f ) = aPcirc is the power
absorbed at an oscillating frequency f , ρ is the density of the substrate, C is the specific
heat of the substrate, wm is the radius of the mode in the cavity, and a is the absorption
coefficient of the coating.

The optimal circulating power is found by equating Equations 10.14 and 10.12,

Pcirc =
(√
hλc

πfρCw2
m

8α (1 + σ ) SI (f )a

)2/3

. (10.15)

It is interesting to consider what sort of limit this sets on the available displacement
sensitivity and hence frequency stability given some currently achievable values. Consider
a 30 cm long fused silica reference cavity with a = 10−6, a 10 Hz measurement frequency,
a cavity mode radius of 0.1 mm, and a relative intensity noise of 5 × 10−9 (Kwee et al.,
2009). With the optimum circulating power of 375 Watts, a displacement noise of 1.3 ×
10−18 m/

√
Hz and frequency noise of 1.3 mHz/

√
Hz can be achieved. These numbers are

intended as a point of reference only because there is a large possible parameter space that
can be explored. There are currently no high precision experiments limited by photothermal
noise.
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Optical scatter

joshua r. smith and michael e. zucker

11.1 Introduction

Many high precision optical measurements require high laser power, low optical loss
or a combination of both to achieve their sensitivity requirements. Optical loss in an
apparatus is often dominated by light scattering from coatings while optical absorption
sets limits on the advances that can be made with higher optical power. In some cases,
the achievable sensitivity given these limits is not sufficient and experiments require more
advanced techniques such as a manipulation of the quantum behavior of light or avoiding
any transmissive optics. In this chapter we give an overview of our current understanding
of scattered light from high performance coatings. We also present simple overviews on
squeezed light, in Section 11.3, and diffractive optics, in Section 11.4.

11.2 Optical loss

Optical power loss in experiments can result from a variety of processes; scattering, absorp-
tion, transmission, polarization effects, and imperfect quantum efficiency in detection.
Some precision optical measurements are limited by the standard quantum limit, discussed
in Section 1.4 and below in Section 11.3, where optical power becomes a key parameter
in sensitivity. When position of a test mass is measured interferometrically, the signal will
scale linearly with the laser power while the quantum shot noise increases as the square-root
of power. In these situations, the signal-to-shot-noise ratio will increase proportionally to
the square-root of the power. Optical loss can limit the achievable power in a system, and
degrade this signal-to-noise ratio. It is also a limiting factor in the quantum noise reduction
achievable with squeezed states of light, as discussed below in Section 11.3.

Absorption and thermal effects are discussed in Chapter 10. The direct optical loss due
to absorption is often negligible when compared to scatter for high quality optics, but the
heat generated by absorption can cause local temperature changes that lead to changes in
index of refraction or material expansion, creating so-called thermal lensing. Scattering in
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high quality optics is a direct result of surface roughness and any irregularities or impurities
in the optical surfaces. In addition to reducing the overall light power, scattering can also
lead to spurious noise in the experiment readout.

11.2.1 Causes of scattering

In real optical systems, surface imperfections scatter light from the nominal paths defined
by ideal specular surfaces and homogeneous media. Scattered energy may simply be lost,
or it may couple to the external environment and return as interference.

Local defects or foreign particles can produce a range of scattering effects, depending on
their sizes and compositions. In principle, Mie theory (Mie, 1908) can be used to estimate
the scattered field from each isolated anomaly. In many cases of interest, particles (or
inclusions) are distributed randomly and with random heights (or depths). In such cases,
the independent ensemble scatters incoherently. Nevertheless, local diffraction may still
enhance the effective cross-section of each particle or defect. Perhaps counterintuitively,
a particle bigger than about λ/π in radius may actually scatter several times the incident
energy intersecting its geometric profile (Born and Wolf, 1999).

Particle and local defect scattering normally yield broad angular light distributions,
particularly when the offenders are comparable to or smaller than the wavelength in size.
We can characterize the differential fraction of energy scattered into a small element of
solid angle d� situated at angle θ from the surface normal by the Bidirectional Reflectance
Distribution Function or BRDF,

BRDF = 1

Pi

dPs

d� cos θ
, (11.1)

where Pi is the incident power and Ps is the scattered power. In the case of uniform
hemispherical scattering, also known as Lambertian scattering, normalizing the integral of
this function over 2π steradians yields

BRDFLambertian = R

π
, (11.2)

where 0 < R < 1 is the scattering reflectance. The distribution of light from collections of
particles and from rough, diffuse surfaces is generally Lambertian or nearly so.

For smooth surfaces, residual topography or coating index perturbations spatially mod-
ulate the optical phase, giving rise to topographic scattering. Most interferometric and
imaging optics maintain small root-mean-square height variations, that is, σz 	 λ. As a
result, all parts of the illuminated surface may contribute coherently. A comparison of the
BRDF of a Lambertian scatterer and a smooth reflecting surface is shown in Figure 11.1.

Thinking of the perturbed optic as a weak phase grating, the scattered field at some angle
θ from the normal will have constructive contributions from those features varying over
baseline d according to the grating equation, d sin θ = λ. Integrating over the surface, the
total energy scattered to this angle is thus determined by the surface autocorrelation function
evaluated at d, or equivalently, by its Fourier transform, the surface power spectral density
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Figure 11.1 Theoretical BRDF curves for a Lambertian diffuser and a smooth reflector, plotted versus
polar scatter angle θs for fixed azimuthal incident αi and scatter αs angles. Both samples have R = 1.

evaluated at the corresponding spatial frequency f = d−1. Given surface perturbations
z(x, y) the two-dimensional power spectral density for an isotropic surface will be

S2(f ) = lim
L→∞

1

L2

∣∣∣∣
∫ L

−L
dx

∫ L

−L
dy z(x, y) exp(−2πif (x + y))

∣∣∣∣
2

. (11.3)

As discussed below, practical limits of integrationL depend on the application. The diffrac-
tive scattering from this topography at angle θ is then given by (Stover, 1995; Elson and
Bennett, 1979)

BRDF(θ ) =
(

4π

λ2

)2

S2

(
θ

λ

)
. (11.4)

Optically polished surfaces and coatings often adopt fractal surface topogra-
phies (Church, 1988), leading to inverse power-law power spectral densities of the form

S2(f ) = Af −m (11.5)

where m is a positive index.1 For example, measured topography of 250 mm diameter
precision mirrors deployed in gravitational wave interferometers (Abbott and The LIGO
Scientific Collaboration, 2009)(see also Chapter 14) is described closely by this form, with

1 Many authors use 1-D power spectral densities, which are more easily derived from profilometer measurements. Under certain
assumptions, a 2-D power-law power spectral density with index m is equivalent to a 1-D power-law spectrum with index
n = m− 1; see, for example, Yamamoto (2007).
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m ≈ 2.4, over spatial frequencies ranging from ∼106 m−1 to ∼10 m−1 (that is, on spatial
scales ranging from microns to nearly the optic radius) (Walsh et al., 1999).

There is a small problem in that the integral of the BRDF (the total integrated scattering
or “TIS”) diverges for power spectra of the form of Equation 11.5. Of course, all real optics
have finite size, so there is in fact a “lowest frequency” to the power spectral density. Also,
at a certain point light “scattered” into narrow angles merges with the specular fluence,
say within the relevant Fresnel divergence angle or the imaging aperture, and is not really
“lost”. It’s often better to treat low-frequency topographic phase perturbations as classical
aberrations or figure errors. In general, however, appropriate angular limits for what is
defined as “scattering” depend on how a given application is affected by it.

11.2.2 Effects of scattered light

In imaging, scattering of course depletes available intensity. It can also limit achievable
contrast and feature detectability, spilling spurious energy from bright features into unre-
lated fields. The BRDF gives a straightforward measure of this interfering light flux. In
particular, the typically strong angular dependence of topographic scatter (Equation 11.5)
confounds the capacity to resolve dim features nearby a bright object, or to measure an
object’s size.

Net power loss is also an issue in laser interferometry. Unlike absorption (see Chapter 10),
scattering losses generally do not also cause heating or distortion. However for quantum-
limited applications (see Section 11.3), scatter losses are equally effective at introducing
unwanted vacuum fluctuations, and must therefore be minimized.

Scattering may also introduce spurious phase or displacement noise in precision inter-
ferometry. An instrument resolving optical phase differences at the level of 10−11 radian
will be degraded by infiltration of less than a part in 10−22 of the sensing beam’s power.
To illustrate the problem, we’ll consider two typical examples of phase noise infiltration:
pseudo-specular backscatter, and reciprocal coupling.

Consider an interferometer which compares optical paths traversed by two matched
Gaussian laser beams, interfered at a beamsplitter. To derive the phase, the residual intensity
must be detected somehow; this may involve relay mirrors, windows, and imaging optics to
deliver the interference fringe to a photosensor and to match its sensitive area. With careful
design, none of these elements will have specular surfaces aligned normal to the beam.
However, each will produce a finite degree of backscatter.

The fraction spatially matched to the beam mode can be approximated by the amount
falling within the mode’s characteristic solid angle�e ≡ λ2/

(
πw2

m

)
, wherewm is the local

Gaussian waist radius (Siegman, 1986). We can thus define a scattering pseudo-reflectance

Rsc ≈ BRDF(θ ) ·�e, (11.6)

where θ is the angle between the beam and the surface normal. From the viewpoint of the
interferometer, the backscattering optic behaves like a mirror aligned and curved to match
the beam, having effective reflectance Rsc.
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Notice that the pseudo-reflectance varies inversely with the square of the Gaussian beam
waist as projected in the vicinity of the scatterer. Reducing the beam size thus incurs the
penalty of casting a wider net for backscatter. Indeed, the detector or other aperture-limiting
element, such as an electro-optic crystal, may itself have high intrinsic BRDF, compounding
the problem.

The interferometer phase error δϕ0 caused by the backscattered field can be estimated
by superimposing the retroreflected field on other fields present at the beamsplitter. The
total phase may wander through many radians, but presuming the motion is stochastic, the
typical error will be proportional to the motion of the scattering surface δzsc (Flanagan and
Thorne, 1995; Fritschel, 2006):

δϕ0 ≈ 2πδzsc
λ

√
Rsc

2
. (11.7)

A second scatter-induced phase noise mechanism invokes three separate scattering pro-
cesses. In this scenario, beam power impinging on an interferometer optic is scattered and
strikes surrounding objects such as supports, chamber walls, or baffles. These objects rescat-
ter the light, impressing their motion on its phase. A portion of this rescattered light falls
back on the original mirror, and (since the process is symmetric) is reciprocally scattered
back into the beam, contaminating its phase. In this case the effective pseudo-reflectance
Rsc is proportional to the wall or environmental object BRDF as well as two powers of
the optic BRDF, integrated over relevant angles. This mechanism is important for several
applications explored in Flanagan and Thorne (1995) and Fritschel and Zucker (2010).

11.2.3 Measurement of scattering

Because of the close relationship between BRDF and the topography of optical surfaces,
experimental characterization of scattering can be used to gain insight into polishing, coating
and material technology, even where instrument performance is not directly impacted.

Instrumentation to measure scatter falls into two broad classes. Integrating instruments
attempt to capture all energy leaving a target surface in order to assign the total integrated
scatter (TIS) (sometimes also called total hemispherical scatter or “THS”). The precise
method of excising the specular beam involves practical judgment based on the application
and the required sensitivity. Modern sub-Ångstrom polishing methods may yield TIS in the
parts per million, making reliable integrating measurement a challenge.

More information can be derived by resolving the BRDF as a function of angle. A
scatterometer for this type of measurement is shown in Figure 11.2. In the variant shown,
a camera or imaging array is used as a detector to enable mapping the sample surface
under broad illumination. This allows one to distinguish the scattered energy due to local
defects and particles from that arising from intrinsic topographic scattering. In both types
of scatterometer, intrinsic scattering from the probe beam relay optics forms an irreducible
measurement background, sometimes referred to as the instrument signature.
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Figure 11.2 Diagram of an imaging scatterometer. The sample is illuminated by a linearly polarized
and collimated laser beam at normal incidence. The azimuthal scattering angle is fixed and scattered
light from the sample surface can be imaged by the lens, iris and camera. The sample and laser output
are fixed to a rotation stage that allows imaging over a set of polar scattering angles from a few
degrees to ninety degrees from the normal.

For simplicity, our overview has so far assumed isotropic surfaces and polar symmetry.
General surfaces will not necessarily conform, and azimuthal variability is a critical indi-
cator. The instrument shown may be generalized by moving the detector out of the plane of
incidence. Polarization of scattered light is another important indicator for general surfaces,
and may be probed by introducing an analyzer in front of the detector. Such augmented
instrumentation is especially critical in characterizing surfaces with deliberate anisotropy,
such as diffractive optics (see Section 11.4).

11.2.4 Reducing light scattering

For precision optical measurements that are sensitive to light scattering, care must be taken
in the experiment design, the handling, and cleaning of optics. As described above, a lower
limit on the BRDF of a smooth reflector is given by its surface roughness. However, the
role of defects and contaminants can easily dominate this scatter. Even a small number of
defects with characteristic size greater than the diffraction limit will increase the BRDF
significantly (Lequime et al., 2009). To avoid excess scatter, extreme care must be taken in
the handling of substrates, the uniformity and purity of coatings, and the cleanliness of the
optics in the experimental setup. The optics should be manufactured, polished and coated
in a clean environment and with the appropriate specifications for roughness, contaminants
and scratches.
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After manufacture, the optics must be handled cleanly. This can be aided by specially
designed cases for transportation and storage that keep the optics isolated under a light
vacuum to avoid contamination by organic compounds, dust, and moisture which can
penetrate the optical surface via micropores and cracks. Should the optics require cleaning,
a commonly used method is drag-wiping the surfaces with a non-abrasive clean room-
quality optical tissue wetted with high grade methanol (which is hydroscopic and should
thus be used from a fresh bottle when possible). Another effective cleaning method is to use
First ContactTM, a polymer that is spread onto a surface while still liquid, and then attaches
itself to surface particles as it dries.2 Once the polymer has solidified it is peeled off, taking
the surface contaminants with it. Removal of First Contact can generate significant electric
charge, however, which can re-attract nearby dust. So care must be used when removing
this polymer. See Section 10.1.2 for more on charging of optics.

The pernicious effects of stray light in an instrument can be reduced by using materials
with high absorption and low scatter to baffle or trap the diffuse radiation. In addition,
secondary beams, such as reflections off anti-reflection coatings should be identified and
dumped to avoid them scattering off an auxiliary surface. In the experimental setup, baffles
and beam dumps constructed from highly absorptive materials with low BRDF and installed
in key locations at Brewster’s angle, when possible with linearly polarized light, can
effectively reduce the intensity of stray light that is re-reflected into the main beam or
any measurement photodiodes. By using large optics with rigid optical mounts, scattering
due to beam clipping and optic motion, respectively, can be reduced. Finally, beam waists
efficiently couple scattering back into the main beam (Hild, 2007), so placing components
in them should be avoided.

There are a number of ways to identify and eliminate scattered light in a functioning
optical experiment. To check for dominant scattered light noise from components in an
auxiliary scattering beam path, such as a monitored beam transmitted by an end mirror
in an optical cavity, an optical attenuating filter (such as a neutral density filter) inserted
in the path between the cavity and the scatterer can give a double-path reduction of the
scattered light field re-entering the cavity. Alternatively, a transparent opto-mechanical
phase-shifting device can be used in the same situation to shift the scattered light noise
to a higher (out-of-band) frequency (Lück et al., 2008). In both of these situations, the
reduction of dominant scattered light noise can be seen as an improvement in the main
measurement output. In rare cases where the scattered light source, once identified, cannot
be improved or eliminated, absorptive filters or optical mechanical phase-shifting can be
used to permanently reduce the coupling of the noise.

11.3 Squeezed states of light

The Heisenberg Uncertainty principle sets a fundamental limit on the minimum uncer-
tainty product of any two quantum observables that do not commute, such as the phase and

2 First Contact is available through www.photoniccleaning.com
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amplitude of light. This quantum limit manifests itself as noise in precision optical mea-
surements. In general, in un-squeezed electromagnetic fields, noise is equally distributed
between amplitude and phase quadratures, and the minimum uncertainty state is given by
zero-point, or vacuum, fluctuations. The noise of this un-squeezed state is referred to as
the standard quantum limit, see Section 1.4. In a squeezed light state (Caves, 1981) the
noise is reduced below the vacuum state for one quadrature and consequently enhanced
for its conjugate. Thus squeezed light states can be used to reduce the uncertainty in the
measurement quadrature and thereby improve the sensitivity of an optical measurement.
Squeezed light has been demonstrated in several proof of principle experiments to reduce
quantum noise in optical applications, see for example the list presented in Goda et al.
(2008).

Squeezed states of light can be produced by creating quantum correlations between
individual photons (Vahlbruch et al., 2008). Often non-linear optics such as optical para-
metric oscillators are used to correlate the upper and lower quantum sidebands (The LIGO
Scientific Collaboration, 2010) about the carrier for a given light field. State of the art
squeezing has reached 10 dB quantum noise reduction (Vahlbruch et al., 2008), limited by
optical loss in the squeezing setup, which is dominated by imperfect photodetection.

An example of applying squeezed light states to precision optical measurement is in
current and future interferometric gravitational-wave detectors whose astrophysical range
is, or will be, limited by quantum noise (Caves et al., 1980; Braginsky et al., 1999).
Phase and amplitude uncertainty manifest themselves as shot noise and radiation pres-
sure noise, respectively, in the interferometer output signals, see Chapter 14. Shot noise,
present at high frequencies, scales as the 1/

√
P . Unfortunately, there are many technical

challenges present, including thermal lensing and thermal loading for cryogenic detectors
(see Chapters 8 and 10, respectively) which impose practical limits on the achievable laser
power.

The use of squeezed light to surpass the quantum limit in interferometric gravitational-
wave detectors was proposed by Caves (1981). Over the past several years, the injection of
squeezed vacuum states has been demonstrated to reduce the quantum shot noise level in
both prototype (Goda et al., 2008) and kilometer-scale laser interferometric detectors (The
LIGO Scientific Collaboration, 2010). The amount of noise reduction due to squeezing,
Fsqz, is limited by the amount of squeezing produced, and the losses in the interferometer
system,

F ′
sqz = Fsqzη + (1 − η) . (11.8)

One of the main components that contributes to the loss η is scatter and absorption
from the optics. In addition, a scatterer can couple back to where the squeezing is pro-
duced and mask the quantum correlations. This effect limits the amount of squeezing
present while possibly replacing quantum noise at low frequencies with amplified scattered
noise.
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11.4 Diffractive optics

Transmissive optics such as beamsplitters, input-coupling mirrors for optical cavities, and
partially transmitting end mirrors can negatively affect precision measurements. First,
coating transmissive optical substrates with stacks of dielectric materials increases the
thermal noise of the optic because the mechanical loss of the dielectric coating materials
is higher in general than that of the bulk materials. For a discussion of coating thermal
noise and diffractive gratings, see Section 6.5.2. Second, absorption of laser power by
the substrate material couples via temperature changes to the bulk index of refraction or
expansion coefficient to form a so-called thermal lens as described in Chapter 10. Although
higher light power is desirable from a shot-noise standpoint, the thermal deformations of the
interferometer optics lead to changed beam parameters and potentially instability, setting a
practical upper limit for the light power (Punturo and The Einstein Telescope Collaboration,
2010). These effects make choosing substrate and coating materials with both high optical
transparency and desirable mechanical and thermal properties a significant challenge.

Diffraction gratings offer a reflective alternative to these transmissive optics. By care-
fully designing grating structures, reflective optics can be produced with similar optical
properties to partially transmissive beamsplitters. Diffractive beamsplitters have the advan-
tage of allowing the choice of substrate material to be optimized for thermal performance,
independent of optical performance. So materials such as silicon, which can tolerate more
than an order of magnitude higher circulating optical power than fused silica, can be used
despite being opaque at visible and near IR wavelengths (Beyersdorf, 2001). Diffractive
beamsplitters have been experimentally demonstrated in tabletop Michelson, Sagnac and
Fabry–Perot interferometers (Sun and Byer, 1998; Friedrich et al., 2008). Input couplers to
optical cavities can also be replaced by diffraction gratings (Bunkowski et al., 2004). These
may be realized with either very high or very low diffraction efficiency, depending on if the
reflected or diffracted beam is intended to provide the coupling to the cavity (Clausnitzer
et al., 2005). Low efficiency gratings formed by depositing a standard high-reflectivity
dielectric stack on top of a corrugated optical substrate have been shown to have signifi-
cantly less optical loss than high diffraction efficiency gratings formed by corrugating the
top layer of the reflective dielectric stack (Clausnitzer et al., 2005). They have been shown
to have efficiencies as low as 0.02%. Grating input couplers in various configurations have
been demonstrated in tabletop and suspended Fabry–Perot optical cavities with finesse as
high as 1500 (Bunkowski et al., 2006) and 1100 (Edgar et al., 2010). Finally, gratings based
on optical waveguides for use as normal incidence mirrors have recently been demonstrated
with reflectivity of 99% (Brückner et al., 2009) and 99.8% (Brückner et al., 2010).

Figure 11.3 shows a standard transmissive beamsplitter, input coupler, and high reflec-
tivity mirror, and their all-reflective diffraction grating equivalents. These diffractive optics
allow for the construction of all-reflective optical experiments of high complexity (Barr and
Burmeister, 2009). While these all-reflective technologies may reduce thermal lensing and
thermal noise, they bring along other conditions that must be dealt with in the experimental
setup. Beam geometry and noise coupling of alignment and translation to phase noise via



172 J. R. Smith and M. E. Zucker

Figure 11.3 Standard transmissive optics and their all-reflective counterparts. The transmissive optics
are, from upper left, a partially transmitting beamsplitter with four ports, a partially transmitting mirror
used as a cavity input coupler, and a highly reflective end mirror. The diffractive optics from lower
left are a four-port beamsplitter diffraction grating, a three-port input coupler diffraction grating, and
a (monolithic) highly reflective waveguide.

the structured surfaces are areas where diffractive optics place more stringent requirements
on the experimental setup (Freise et al., 2007; Hallam et al., 2009). Another concern is
whether the scatter of diffractive optics is low enough for precision measurements (Sieg-
man, 1986), although recent advances in design and manufacturing have greatly decreased
optical loss in diffractive gratings.
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Reflectivity and thickness optimization

innocenzo m. pinto, maria principe, and
riccardo desalvo

12.1 Introduction

This chapter is focused on design strategies for minimizing Brownian (see Chapter 4) and,
more generally, thermal noises (see Chapters 3 and 9) in high-reflectivity optical coatings.
It is organized as follows: in Section 12.2 we review the basic formulas needed to describe
the optical properties of dielectric coatings (an ab-initio derivation of these formulas is
included in the Appendix). Brownian noise formulas are the subject of Section 12.3.
Section 12.4 presents the key ideas of coating thickness optimization. Thermo-optic noise
issues are reviewed in Section 12.5, together with a discussion of pertinent minimization
criteria. Section 12.6 contains a few comments on material characterization, and touches
the important topic of glassy mixture modeling and optimization.

12.2 Coating formulas

In this section we summarize the basic coating formulas on which the subsequent analysis
is based. A compact ab-initio derivation of these results is given in the Appendix.

Optical coatings are modeled as stacks of planar layers terminated on both sides by
homogeneous halfspaces; the relevant geometry and notation is sketched in Figure 12.1.
Layers are identified by an index i=1, 2, . . . ,NL. It is understood that i=0 and i=NL+1
correspond to the left halfspace and the substrate, respectively. It is convenient to introduce a
local coordinate system (x, y, zi) for each layer, so that the internal layers i = 1, 2, . . . , NL
correspond to −di≤zi≤0, the left halfspace is defined by −∞<z0 ≤0, and the substrate
by 0≤zNL+1<∞. Plane wave incidence from the leftmost halfspace is assumed.1 An
exp(ı2πf t) time dependence of the field is understood and omitted.

1 This is the usual (optical limit) approximation. The general case of an incident Gaussian beam, and its optical limit, are discussed
in Hillion (1994).

Optical Coatings and Thermal Noise in Precision Measurement, eds. Gregory M. Harry, Timothy Bodiya and Riccardo DeSalvo.
Published by Cambridge University Press. © Cambridge University Press 2012.
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n(0)

n(1)

d1

n(i)

di

n(NL)

n(NL+1)

dNL

Figure 12.1 A stack of plane layers between different halfspaces.

12.2.1 Singlet matrix

Consider normal incidence first, where the field in each layer is a linearly polarized plane
wave whose wave vector is normal to the (planar, parallel) interfaces. The properties of a
singlet, i.e. a planar homogeneous layer with finite thickness di and (complex) refractive
index n(i) are described by the transmission matrix

Ti =
[

cosψi ı(n(i))−1 sinψi
ın(i) sinψi cosψi

]
, (12.1)

where

ψi = 2π

λ0
n(i)di (12.2)

is the phase-thickness of the layer, λ0 being the light wavelength in vacuum. The matrix in
Equation 12.1 relates the nonzero transverse components of the electric and magnetic field
at the singlet terminal planes as follows[

E(i)

Z0H
(i)

]
zi=−di

= Ti ·
[
E(i)

Z0H
(i)

]
zi=0

. (12.3)

A vacuum characteristic impedanceZ0 = √
μ0/ε0 factor is inserted in front of the magnetic

fields in Equation 12.3 so as to make the transmission matrix dimensionless. The singlet
matrix in Equation 12.1 is unimodular, i.e. det Ti = 1.

Maxwell’s equations require the transverse field components to be continuous across
the layer interfaces. Hence [

E
(i)
t

Z0H
(i)
t

]
zi=−di

=
[
E

(i−1)
t

Z0H
(i−1)
t

]
zi−1=0

. (12.4)
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Accordingly, [
E(1)

Z0H
(1)

]
z1=−d1

= T ·
[
E(NL)

Z0H
(NL)

]
zNL=0

, (12.5)

where

T = T1 · T2 · · · · · TNL (12.6)

is the whole multi-layer transmission matrix.
In the substrate only a forward propagating plane wave exists, so that

E(NL+1) = Z(NL+1)H (NL+1) = (n(NL+1))−1Z0H
(NL+1), (12.7)

Z(NL+1) =: ZS and n(NL+1) =: nS being the substrate characteristic impedance and refrac-
tion index, respectively. From Equations 12.5 and 12.7 it is possible to compute the input
impedance Zc of the whole substrate-terminated coating, and its effective refractive index
nc

E(1)

Z0H (1)
=:
Zc

Z0
= (nc)

−1 = T11 + nST12

T21 + nST22
. (12.8)

The (complex) coating reflection coefficient is thus

�c = n(0) − nc
n(0) + nc , (12.9)

and the power transmittance is

τp = 1 − |�c|2. (12.10)

Alternatively,2 the coating reflection coefficient can be retrieved from the Airy–Schur
formula:

�i−1 = γi−1,i + �i exp(−2ıψi)

1 + γi−1,i �i exp(−2ıψi)
, (12.11)

where �i is the ratio between the (complex) forward and backward wave amplitudes at
zi = 0, and

γi−1,i = n(i−1) − n(i)

n(i−1) + n(i)
(12.12)

is the reflection coefficient for a wave incident at the interface from a halfspace with n =
n(i−1) to a halfspace with n = n(i). The coating reflection coefficient is obtained by iterating
Equation 12.11 from i = NL, where �NL = γNL,NL+1 down to i = 1, where �1 =�c.

2 Equations 12.6–12.9 and 12.11 have different error propagation properties. When dealing with truncated-periodic multi-layers,
using Equations 12.6–12.9 yields better accuracy.
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12.2.2 Oblique incidence

The normal-incidence results in the previous section are readily extended to the case
of a general elliptically polarized obliquely incident plane wave. Such a wave can be
always decomposed into the superposition of linearly polarized transverse-electric (TE)
and transverse-magnetic (TM) plane waves, where, respectively, the electric field and the
magnetic field is orthogonal to the incidence plane, defined by the normal to the interface(s)
and the incident field wave vector (the xz plane in Figure 12.1). Equations 12.1–12.3 are
still valid, provided the transverse fields components in Equation 12.3 are identified as

(Et,Ht ) =
{

(Ey,−Hx), for TE incidence
(Ex,Hy), for TM incidence

, (12.13)

once the following formal substitutions are made,

n(i) −→ n
(i)
T =

{
n(i) cos θi, for TE incidence
n(i)/cos θi, for TM incidence

, (12.14)

and the phase thickness, Equation 12.2, is replaced by

ψi = 2π

λ0
n(i)di cos θi . (12.15)

The quantities nT and ZT = Z0/nT are referred to as the transverse refraction index and
characteristic impedance, respectively.

The angles θi (i = 1, 2, . . . , NL) and θNL+1 needed to compute the transverse indexes,
Equation 12.14, and the phase thickness, Equation 12.15, are obtained from the incidence
angle θ0 by repeated application of Snell’s law,

n(0)sin θ0 =n(1)sin θ1 = . . .=n(NL)sin θNL=n(NL+1)sin θNL+1. (12.16)

For normal incidence θ0 =0, the TE and TM cases are physically equivalent (except for an
irrelevant rotation around the z-axis), all θi are zero, and n(i)

T =n(i).

12.2.3 Optical losses

Optically lossy materials are characterized by complex refraction indices

ñ(i) = n(i) − ıκ (i), (12.17)

with κ > 0 being known as the extinction coefficient. All Equations 12.1–12.16 remain
valid, after the analytic continuation n → ñ.

Snell’s law, Equation 12.16, now yields complex values for sin θi , and the root sign in

cos θi = (1 − sin2 θi) =
[

1 −
(
ñ(i−1)

ñ(i)
sin θi−1

)2
]1/2

(12.18)
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should be chosen so that

�(cos θi) ≤ 0. (12.19)

The average power (per unit area) absorbed in all coating layers with i ≥ m, including the
substrate, is

P [i≥m] = 1

2
�

(
�Et (m−1) × �Ht (m−1)∗ · ẑ

)
zm−1=0

, (12.20)

where the asterisk denotes complex conjugation. The power absorbed in layer i = m is thus

Pm = P[i≥m] − P[i≥m+1]. (12.21)

For m = 1

E
(0)
t = E

(0),+
t (1 + �c), Z0H

(0)
t = ñ

(0)
T E

(0),+
t (1 − �c), (12.22)

at z0 = 0, and hence (assuming κ (0) = 0)

P[i≥1] = n
(0)
T P (0),+(1 − |�c|2), (12.23)

where E(0),+
t is the known (complex) amplitude of the incident plane wave at the coating

interface, and

P (0),+ = 1

2Z0

∣∣∣E(0),+
t

∣∣∣2
(12.24)

is the related (known) power per unit area in vacuum. Using the inverse of Equation 12.3,

[
Et (m)

Z0H
(m)
t

]
zm=0

= T−1
m ·

[
E

(m−1)
t

Z0H
(m−1)
t

]
zm−1=0

. (12.25)

Equations 12.20 and 12.21 allow recursive computation, starting from m = 1, the power
(per unit cross section) dissipated in each layer of the coating.

12.3 Coating Brownian noise

For coatings using only two different materials (binary coatings), the (frequency-dependent)
power spectral density (henceforth PSD) of Brownian noise induced random fluctuations
of the mirror front face in the normal (ẑ) direction was first deduced via the Fluctuation–
Dissipation Theorem (Callen and Welton, 1951) (see Chapter 1), and reads

S(B)
z (f ) = 2kBT√

π3f

1 − σ 2

wmY
φc, (12.26)
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where

φc = d1 + d2√
πwm

1

Y⊥

{[
Y

1 − σ 2
− 2σ 2

⊥YY‖
Y⊥(1 − σ 2)(1 − σ‖)

]
φ⊥

+ Y‖σ⊥(1 − 2σ )

(1 − σ‖)(1 − σ )
(φ‖ − φ⊥)

+ Y‖Y⊥(1 + σ )(1 − 2σ )2

Y (1 − σ 2
‖ )(1 − σ )

φ‖

}
(12.27)

is the effective coating loss angle. This is Equation 4.37, reproduced here for convenience.
In Equations 12.26 and 12.27, kB is Boltzmann’s constant, T the absolute temperature, wm
the laser beam width,3 d1 and d2 are the total thicknesses of the two coating materials, φ,
Y and σ the mechanical loss angle, Young’s modulus and Poisson’s ratio, pertinent to the
substrate (no suffix), and to the coating under parallel (suffix ‖) and perpendicular (suffix
⊥) stresses. The quantities in Equation 12.27 are4

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y⊥ = d1 + d2

Y−1
1 d1 + Y−1

2 d2

Y‖ = Y1d1 + Y2d2

d1 + d2

φ⊥ = Y⊥

(
Y−1

1 φ1d1 + Y−1
2 φ2d2

d1 + d2

)

φ‖ = Y−1
‖

(
Y1φ1d1 + Y2φ2d2

d1 + d2

)

. (12.28)

These are Equations 4.33–4.36, also reproduced here for convenience. It is readily seen
that letting

Ỹi = Yi(1 − ıφi), (12.29)

where Ỹi is the complex Young’s modulus, Yi its real part, and φi the mechanical loss angle
(assumed 	 1), Equations 12.28 are obtained taking the real part and the argument of

Ỹ⊥ = 〈Ỹi〉R, Ỹ‖ = 〈Ỹi〉V , (12.30)

3 The normalized beam intensity profile for a Gaussian beam is

I(r) = 2

πw2
m

exp

( −2r2

w2
m

)
.

Occasionally, the beam radius rm = wm/
√

2 is used in the literature.
4 Note that the equation for φ‖ in Equation 12.28 is mis-written in Harry et al. (2006a), whose Equation 8 entails an obvious

dimensional error.



Reflectivity and thickness optimization 179

where 〈·〉R,V denote the Reuss (isostress) and Voigt (isostrain) mixture-averages, respec-
tively (see, e.g., Lakes, 2009).

The Poisson’s ratios, on the other hand, may be computed from

σ⊥ = σ1Y1d1 + σ2Y2d2

Y1d1 + Y2d2
(12.31)

and taking the (only) positive root of the quadratic equation

σ1Y1d1

(1 + σ1)(1 − 2σ1)
+ σ2Y2d2

(1 + σ2)(1 − 2σ2)
= − Y‖(σ 2

⊥Y‖ + σ‖Y⊥)(d1 + d2)

(σ‖ + 1)[2σ 2
⊥Y‖ − (1 − σ‖)Y⊥]

. (12.32)

The limiting form of Equations 12.27 for vanishingly small Poisson’s ratios is remarkably
simple 5

φc = d1 + d2√
πw

(
Y

Y⊥
φ⊥ + Y‖

Y
φ‖

)
. (12.33)

Somiya (2009a) derived φ‖ and φ⊥ independently and showed that the formulas in Equa-
tions 12.28 are valid in the limit of vanishing Poisson’s ratios. This suggests that Equa-
tion 12.33 could be a more consistent choice for use together with Equation 12.28.

12.4 Minimum noise coatings

It is seen from Equation 12.26 that coating Brownian noise can be reduced, in principle,
by a number of techniques. Attention will be focused here on coating layers’ thickness
optimization, which has been experimentally demonstrated (Villar et al., 2010b) (see
also Section 5.4.3), and offers perhaps the best tradeoff to date between technological
challenges/cost, and noise reduction. Other thermal noise reducing strategies are discussed
in Chapters 4, 6, 8, and 13.

12.4.1 Blind coating thickness optimization

Adopting a controlled ignorance attitude, genetic optimization6 was used to find the struc-
ture of minimal noise coatings under a prescribed transmittance constraint, treating the total
number of layers and the thicknesses of each layer as free independent parameters (Agresti
et al., 2006). Genetic optimization was chosen in view of its known ability to handle
non-convex optimization problems (Charbonneau, 2002).

The main result of this investigation was that optimized coatings display a tendency (as
the number of optimization cycles is increased) toward configurations consisting of stacked
identical low/high index doublets, except for the terminal (first/last) layers (Agresti et al.,
2006). These doublets are, however, not quarter wavelength, as in the standard design.

5 This limiting form appears in Harry et al. (2002), Equation 23, with a misprint: an omitted ⊥ suffix on the denominator of the
second term in round brackets.

6 In particular, we used PIKAIA, a public domain genetic optimization engine. The PIKAIA software is freely available at
http://www.hao.ucar.edu/modeling/pikaia/pikaia.php.
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#Nddoublet#1doublet

dL dLdH

nH

Figure 12.2 Stacked-doublets between different halfspaces.

In the optimized coatings, the amount of tantala (the noisier material, see Chapter 4) is
reduced, while the number of doublets is slightly increased. On the basis of these findings,
attention was focused on the analysis and optimization of coatings consisting of identical
stacked-doublets.

12.4.2 Stacked-doublet coatings

Stacked-doublet coatings (sketched in Figure 12.2) are the simplest case of truncated, peri-
odic multi-layers using only two different dielectrics. Each elementary doublet is described
by the transmission matrix

D = TL · TH , (12.34)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D11 = cosψL cosψH − (nH/nL) sinψL sinψH

D12 = ı[(nL)−1 cosψH sinψL + (nH )−1 cosψL sinψH ]

D21 = ı[nL cosψH sinψL + nH cosψL sinψH ]

D22 = cosψL cosψH − (nL/nH ) sinψL sinψH

. (12.35)

The whole coating consisting of Nd doublets is accordingly described by the transmission
matrix

T = DNd =

⎡
⎢⎢⎣
D11 − �Nd−2(�)

�Nd−1(�)
D12

D21 D22 − �Nd−2(�)

�Nd−1(�)

⎤
⎥⎥⎦�Nd−1(�), (12.36)

where

�N (�) = sin[(N + 1)�]

sin�
, �=cos−1

[
Tr(D)

2

]
, (12.37)
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and

Tr(D)=2 cosψ1cosψ2−
(
nH

nL
+ nL
nH

)
sinψ1sinψ2 (12.38)

is the trace of the doublet matrix.
The second equality in Equation 12.36 follows from a well known property of unimodular

matrices (see, e.g. Born and Wolf, 1999). For computational purposes it helps to recognize
that7

�N (�) = UN

[
Tr(D)

2

]
, (12.39)

with UN being the Chebychev polynomial of the second kind.

12.4.3 Stacked-doublet coating loss angle

Equation 12.33 for the coating loss angle can be easily rewritten in terms of the low/high
index medium parameters. Letting

zL,H = nL,H

λ0
dL,H , (12.40)

the layer thicknesses in units of the local wavalength, we may write

φc = φ0(zL + γ zH ), (12.41)

where

φ0 = Ndλ0√
πw

φL

nL

(
YL

Y
+ Y

YL

)
, (12.42)

and

γ = φH

φL

nL

nH

(
YH

Y
+ Y

YH

)
(
YL

Y
+ Y

YL

) . (12.43)

According to Equation 12.41, the loss angle per unit thickness (scaled to the local
wavelength) of the high-index material is γ times larger than that of the low-index material.
For silica/tantala doublets, γ ≈ 7 (see Chapter 4).

12.4.4 Minimal noise stacked-doublet coatings

Figure 12.3 shows a number of constant-loss-angle contours (straight lines), together with
a number of iso-reflectance contours (closed curves), in the (zL, zH ) plane.8 It is seen

7 It also helps to note that exp(±ı�) are the Bloch eigenvalues of D, the corresponding eigenvectors being {D12, exp(±ı�) −D11}.
The reflection bands of the coating thus correspond to the forbidden bands of the infinite periodic structure.

8 The former are obtained from Equations 12.41–12.43, the latter from Equations 12.8–12.10 and 12.36–12.38.
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Figure 12.3 Constant transmittance (closed curves) and constant loss angle (straight lines) curves for
a 10-doublet silica/tantala coating. The dotted line is zL + zH = 1/2, the dashed line is the tangent,
the white marker is the minimal noise design, and the black marker is the approximate minimal noise
design.

that the quarter wave design (the point zL=zH =0.25) yields the largest reflectance at the
corresponding fixed coating loss angle level. On the other hand, the design yielding the
minimal coating loss angle for a prescribed transmittance corresponds to the point where
the pertinent iso-reflectance contour is tangent (from above) to a constant φc contour.
Such a point is the white marker in Figure 12.3. When the number of doublets becomes
large (as implied by the large reflectances in order), the iso-reflectance contours squeeze
unto the zL + zH = 1/2 line (the dashed line in Figure 12.3), and little error is made by
taking the intersection between this latter and the iso-reflectance contour (the black marker
in Figure 12.3) as the minimal noise design. Adopting this reasonable approximation9

amounts to letting

zH = 1

4
− ξ, zL= 1

4
+ ξ, ξ ∈ (0, 1/4), (12.44)

which leaves only two free coating design parameters, namely, the number of doublets
Nd and the quantity ξ in Equation 12.44. This leads to the simple optimization algorithm
below (Agresti et al., 2006; Villar et al., 2010b).

(1) Start from the quarter wave design getting closest to the desired transmittance, for
which ξ = 0 and Nd = N

(min)
d .

(2) Add one doublet, and adjust ξ until the same transmittance is recovered.

9 Kondratiev et al. (2011) have derived a simple, implicit formula yielding the lowest order correction in the dielectric contrast
to this approximation. The added accuracy, however, may be easily blurred by uncertainties and tolerances in the material
parameters values.
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Figure 12.4 Loss angle reduction vs. number of doublets and layer thickness in a stacked-doublet
coating.

(3) Calculate φc of the current coating configuration using Equations 12.41–12.44.
(4) Repeat steps (2) and (3) until the minimum of φc is reached.

The results of this procedure are illustrated in Figure 12.4 for the special case10 of a
silica/tantala coating with a transmittance of 287 ppm at 1064 nm. Increasing the number
of doublets (and, in parallel, increasing ξ , to keep the transmittance fixed) has a twofold
effect: the fraction of higher-index (lossier) material (tantala) is reduced, while the fraction
of lower-index (less lossy) material (silica) is increased. The coating loss angle φc in
Figure 12.3 has a minimum for Nd = 17, corresponding to the tradeoff between these
competing effects.

Note that the minimum in Figure 12.4 is shallow. This is beneficial, both in view of
uncertainties about the actual value of γ , and of possible variations due to manufacturing
tolerances. The φc reduction factor featured by the optimal design withNd = 17, compared
to the quarter wave design, changes by less than 2% when γ is allowed to vary between 5
and 10.

The genetically optimized coatings differ from pure stacked-doublet configurations
because the terminal layers are different. This suggests modifying the optimization pro-
cedure by implementing a final step which consists of tweaking the terminal layers as
follows (Villar et al., 2010b).

10 These are the coating design figures for the Caltech Thermal Noise Interferometer mirrors (Black et al., 2004a) discussed in
Chapter 5.
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(1) Tweak the top layer thickness so as to maximize the coating reflectance.
(2) Tweak the bottom layer thickness so as to bring back the reflectance to the design value.

Numerical experiments indicate that tweaking successive layers beyond the terminal ones
does not yield any appreciable further noise reduction. There is also no advantage in
seeking a minimum of the coating loss angle, at prescribed reflectance, using Nd , ξ ,
and the thicknesses of the top and bottom layers as free parameters, compared to the
simplest sequential strategy where one first finds the optimal values of Nd and ξ for a pure
stacked-doublet geometry, and subsequently tweaks the terminal layers, keeping Nd and ξ
unchanged (Villar et al., 2010b).

Optimized coating prototypes designed according to the above recipe were manufac-
tured at the Laboratoire des Matériaux Avancés in Lyon, France. The noise PSD was
measured using the Caltech Thermal Noise Interferometer (Black et al., 2004a). See Sec-
tion 5.4.3 for details and results of this experiment. Extension to dichroic coatings, featuring
different transmittances at two different frequencies is possible, and relatively straightfor-
ward (Principe et al., 2008).

Note that simpler coating optimization strategies, based on a single “compensating”
layer, either within (Kimble et al., 2008) or on top (Gorodetsky, 2008) of the coating do
not yield significant reductions in the coating loss angle (Kondratiev et al., 2011).

12.5 More coating thermal noises

In this section we shall briefly overview additional coating thermal noise terms. Within the
limits of present day technologies, Brownian noise is by far the dominant coating noise
term in most applications, but progress in optical materials and coating design may change
the situation in a few years.

12.5.1 Coating thermo-optic noise

Fluctuations in the coating temperature may have a twofold origin; thermodynamic and
photothermal. The latter stem from fluctuations in the laser intensity, resulting into fluctu-
ations of the power dissipated in the coating. The power spectral densities of both kinds of
temperature fluctuations have been derived in Braginsky et al. (2000) and Braginsky et al.
(1999) (see also Chapter 3), and are, respectively,

S
(�)
�T (f ) = 2kBT

2

√
π3w2

m

√
f κSCSρS

, (12.45)

S
(�)
�T (f ) = 4PabsEλ

4π3w4
mκSρSCSf

, (12.46)

where kB is Boltzmann’s constant, T the temperature, wm the beam amplitude radius, κS ,
ρS and CS are the thermal conductivity, density, and heat capacity of the substrate, Pabs is
the power dissipated in the coating due to optical losses, Eλ the beam photon energy, and
f the frequency.
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The underlying mechanisms being independent, the thermodynamic and photothermal
fluctuations are uncorrelated, and their power spectral densities add incoherently to form
the power spectral density of the coating temperature fluctuations,

S�T (f ) = S
(�)
�T (f ) + S(�)

�T (f ). (12.47)

Temperature fluctuations in cavity mirrors imply fluctuations in the cavity phase length,
via thermal expansion (thermoelastic noise), and temperature dependence of the refraction
index of the coating materials (thermorefractive effect). See Chapter 9 for a discussion of
coating thermoelastic and thermorefractive noises. It is expedient to define the quantities11

αeff , βeff

�z(T E)

dtot
= αeff�T (12.48)

�z(T R)

λ0
= −βeff�T (12.49)

relating, respectively, the (actual or equivalent) displacement of the mirror front face to a
temperature change�T , with dtot = Nd (dL + dH ) the total thickness of the coating, and λ0

the beam wavelength. The superscripts T E and T R in Equations 12.48 and 12.49 identify
the thermoelastic and thermorefractive displacement components, and the quantities αeff

and βeff are the coating thermoelastic and thermorefractive coefficients.
The power spectral densities of the thermoelastic and/or thermorefractive displacements

can be simply obtained thereafter, by the Wiener–Khinchin Theorem,

Sz(f ) = Fτ→f 〈�z(t)�z(t + τ )〉t = |H�z|2 S�T (f ), (12.50)

where F is the Fourier transform operator, the angle brackets denote (integral) time aver-
aging, and H�z denotes the spectral transfer function connecting �z to �T .

12.5.2 Thermoelastic coefficient

A formula for αeff was first derived by Braginsky and Vyatchanin (2003a) (the post-
publication version of this paper (v5) available in ArXiv (Braginsky and Vyatchanin,
2003b) contains important fixes and additions) and independently obtained by Fejer et al.
(2004). Merging those results, it is possible to write

αeff = αL
dL

dL + dH + αH dH

dL + dH (12.51)

where

αL,H = 2(1 + σS)

{
αL,H

2(1 − σL,H )

[
1 + σL,H
1 + σS + (1 − 2σS)

YL,H

YS

]
− αS CL,H

CS

}
·

·
(
g(f )

g(0)

)1/2

 
1/2
fsm. (12.52)

11 In general, Equations 12.48 and 12.49 should be understood as being written in the spectral domain, αeff and βeff representing
frequency-dependent complex transfer functions.
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The frequency-dependent factor g(f ) was introduced in Fejer et al. (2004), and is

g(f ) = �
{

− sinh[(ı2πf τf )1/2]

(ı2πf τf )1/2
[
cosh[(ı2πf τf )1/2] + R sinh[(ı2πf τf )1/2]

]
}

(12.53)

with

τf = (dL + dH )Cf
κf

, R =
(
κf Cf

κSCS

)1/2

, (12.54)

and

κf = (dL+dH )

(
dL

κL
+ dH
κH

)−1

= 〈κi〉R,

Cf = dLCL+dHCH
dL+dH = 〈Ci〉V .

(12.55)

The factor fsm(f ), accounting for the finite size of the mirror, was first derived by Braginsky
and Vyatchanin (2003a), and can be written

 fsm = w̄m
(!/2)1/2

√
2�(1 + σS)

. (12.56)

where w̄m = wm/Rm,Rm being the mirror radius. The quantities� and! in Equation 12.56
are given by Braginsky and Vyatchanin (2003a);

� =
∑
i=L,H

di

dL + dH

[
−Ci
CS

+ αi(1 + σi)
2αS(1 − σi)(1 + σS)

+ Yi(1 − 2σS)

YS(1 − σi)
]

(12.57)

and

! = [U + V S1]2 + S2 (12.58)

where12

U =
∑
i=L,H

di

dL + dH

[
αS

αi

(
1 + σi
1 − σi − 2σSYi

ES(1 − σi)
)

− Ci

CS

]
, (12.59)

V =
∑
i=L,H

di

dL + dH

(
Ci

CS
− αiYi(1 − σs)
αSYs(1 − σi)

)
, (12.60)

S1 = 12h̄−2
∞∑
m=0

exp(−ζ (1)
m r̄

2
0/4)

(ζ (1)
m )2J0(ζ (1)

m )
, (12.61)

S2 =
∞∑
m=1

�2
m

exp[−(ζ (1)
m r̄0)2/2]

J 2
0 (ζ (1)

m )
. (12.62)

12 The infinite sums in S1,2 converge rapidly, 30 terms are sufficient to achieve 16 figure precision.
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In Equations 12.61 and 12.62, ζ (1)
m is themth zero of Bessel function J1, h̄ = Hm/Rm, with

Hm being the mirror thickness, and

�m = A+ BYm, (12.63)

with

A =
∑
i=L,H

di

dL + dH

[
αi(1 + σi)
αS(1 − σi) − 1 + σS

1 − σi

]
, (12.64)

B =
∑
i=L,H

di

dL + dH

[
αiYi(1 − 2σS)

αSYS(1 − σi) + 1

1 − σi − 2
Ci

CS

]
, (12.65)

and

Ym = (1 + σS)[1 − exp(−√
2ζ (1)
m w̄m)]

[1 − exp(−√
2ζ (1)
m w̄m)] − 4(ζ (1)

m h̄)2 exp(−√
2ζ (1)
m w̄m)

. (12.66)

12.5.3 Thermorefractive coefficient

A simple closed form expression for the thermorefractive coefficient βeff valid for quarter
wave coatings was given in Braginsky et al. (2000). This was based on a self-consistency
argument valid for high reflection coatings, for which the addition of a further doublet does
not change appreciably the coating input impedance, yielding

βeff = n2
HβL + n2

LβH

4(n2
H − n2

L)
. (12.67)

The same formula was obtained in Principe et al. (2007) using a different route (complete
induction), disproving an alternative formula in Braginsky and Vyatchanin (2003b). The
argument in Braginsky et al. (2000) can be extended to a general stacked-doublet coating
to give (Principe et al., 2007)

βeff = 1

2πı

Ẏc

1 − Yc2 (12.68)

where Yc is the coating input admittance (normalized to the vacuum), and the dot denotes
derivative with respect to temperature. Both Ẏc and Yc can be written in terms of the doublet
matrix elements in Equation 12.35 as

Yc = − (D11 −D22) +
√

(D11 −D22)2 − 4D12D21

2D12
, (12.69)

Ẏc = Ḋ21 + Yc(Ḋ22 − Ḋ11) − Yc2
Ḋ12

D11 −D22 + 2YcḊ12
. (12.70)
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Both the thermoelastic and thermorefractive coefficients can be minimized by reducing the
relative amount of high index (more noisy) material in the coating. This is similar to the
Brownian case, and suggests that even if thermoelastic and/or thermorefractive noise were
comparable to Brownian noise, one may still use the optimization strategy discussed in
Section 12.4.4 to minimize the total coating noise.

12.5.4 Thermo-optic noise cancelation

It is expected on physical grounds (coating thickness and field build-up time are much
smaller than the corresponding decorrelation scales of the temperature fluctuations) that
thermoelastic and thermorefractive displacements should be added coherently13 so that

|H�z|2 = |dtotαeff − λ0βeff|2 (12.71)

in Equation 12.50. As shown in Evans et al. (2008) and Chapter 9, adding coherently
the thermoelastic and thermorefractive terms with the right relative signs entails partial
cancelation between the two terms. Experimental checks of this cancelation are under
way at the California Institute of Technology (see Section 9.5.2). Exact cancelation may
occur (assuming positive values for the αi and the βi) for some specific, non-quarter wave
coating configurations, in a frequency-dependent way, due to the f -dependent factor in the
thermoelastic coefficient, Equation 12.52.

However, coating designs optimized for minimal Brownian noise turn out to be also
nearly optimized, at least throughout the spectral band of interest for gravitational wave
observations (see Chapter 14), when thermo-optic noise is included.

12.6 Material parameters and related uncertainties

Noise calculations and coating design optimization are dependent on the availability of reli-
able values for the pertinent material parameters. In this section we shall limit our discussion
to the coating materials tantala and silica, as being common in precision measurements (see
Chapter 2). Similar results will hold for other materials. The coating loss angle of silica thin
films has been measured to high accuracy, yielding φ = (5 ± 3) × 10−5. The loss angle for
tantala and titania-doped tantala (see Chapters 2 and 4) has been recently obtained from a
direct thermal noise measurement (see Chapter 5) using different geometries and materials.
The estimated values are14 (4.7 ± 0.5) × 10−4 for tantala and (3.7 ± 0.3) × 10−4 for 16%
titania-doped tantala. These values differ somewhat from those obtained by measuring the
damping constant of cantilever or membrane shaped specimens (see Section 4.2.1), for rea-
sons yet to be understood. However, being consistently estimated directly from measured

13 In the extreme opposite case where thermoelastic and thermorefractive displacements were totally uncorrelated,

|H�z|2 = |dtotαeff |2 + |λ0βeff |2.

14 These values are obtained using Equation 12.33. If Equation 12.27 is used instead, the estimated values are (6.3 ± 0.4) × 10−4

for tantala, and (4.9 ± 0.6) × 10−4 for titania-doped tantala.
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noise power spectral densities and from the noise model in Section 12.3, these numbers
are perhaps the most reliable ones obtained so far for coating optimization. The values
presently in use for all other relevant parameters (elastic modulus Y , Poisson’s ratio σ , etc.)
are fiducially assumed as being equal to their bulk counterparts.

Thermoelastic and thermorefractive coefficients are presently known with much less
accuracy. For tantala, values of α ranging from −(4.43 ± 0.05) × 10−4 K−1 (Inci and
Yoshino, 2000) to (5 ± 2) × 10−6 K−1 (Braginsky and Vyatchanin, 2003a) and values
for β ranging from (2.3 ± 2) × 10−6 K−1 (Braginsky and Vyatchanin, 2003a) to (1.2 ±
2.) × 10−4 K−1 (Inci, 2004) have been reported, possibly due to different manufacturing
technologies. These uncertainties, however, have almost no impact on total coating noise,
and coating design optimization for minimal noise.

Reliable numbers are expected from ongoing direct measurements on actual coating pro-
totypes, see Section 9.5.4. These measurements face the basic difficulty of disentangling the
thermoelastic and thermorefractive contributions (Gretarsson, 2008). Measurements taken
at different wavelengths could be effective, provided a suitable model for the wavelength
dependence of the α, β parameters is assumed.

Concerning titania–tantala mixtures, it is worth noting that sputtered titania films are
known to exhibit a negative thermorefractive coefficient β (Xie et al., 2008). Co-sputtered
mixtures involving titania may thus be expected to exhibit positive or negative β, depending
on the titania concentration. This has been observed, e.g., in silica/titania mixtures (Hirota
et al., 2005).

12.6.1 Beyond pure glasses – mixtures

The most successful attempt to date, in the search for optical materials featuring low
mechanical loss angle and high refractive index, has been the introduction of co-sputtered
titania–tantala mixtures (Harry et al., 2007). The relevant design criteria, however, are to a
large extent proprietary and undisclosed. On the other hand, the use of glassy mixtures in
optics is by no means new, and is relatively well studied (see, e.g., Stenzel et al., 2011).

Titania is perhaps the most interesting mixture candidate,15 in view of its high refrac-
tive index and low mechanical loss angle (Scott and MacCrone, 1968). The optical and
mechanical properties of co-sputtered mixtures based on both silica–titania (Chao et al.,
2001; Netterfield and Gross, 2007) and titania–tantala (Chao et al., 2001; Harry et al.,
2007) have been investigated by several groups.

Modeling efforts aimed at understanding the properties of mixtures are also under
way. Both a microscopic approach (see Chapter 4) and a macroscopic one (effective-
medium theory), have been proposed and are being pursued. Preliminary results based
on effective-medium theory reproduce nicely the measured properties of titania-doped
tantala co-sputtered mixtures, and suggest that mixtures consisting of successively sputtered

15 Crystallization, occurring already at thicknesses ∼50 nm and entailing an increase in the optical and mechanical losses, limits
the use of pure titania for optical coatings (Wang and Chao, 1998).
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Figure 12.5 Plane waves at the interface between different halfspaces.

alternating sub-wavelength layers of silica and titania may feature an even better tradeoff
between high optical index and low mechanical loss angle (Pinto et al., 2010).

12.7 Appendix: Coating formulas primer

In this Appendix useful coating formulas are derived from first principles.

12.7.1 Plane waves

The electric and magnetic field of a monochromatic plane wave can be written:

�e(�r, t) = �[ �E(�r) exp(ı�t)], �h(�r, t) = �[ �H (�r) exp(ı�t)], (12.72)

where the complex field vectors (i.e. phasors) are given by

�E(�r) = �E0 exp(−ı�k · �r), �H (�r) = �H0 exp(−ı�k · �r), (12.73)

� being the (angular) frequency, and �k the wave vector.
The source-free Maxwell equations in a time-invariant, spatially homogeneous and

isotropic medium with constitutive parameters ε and μ yield⎧⎨
⎩
k2 = �2εμ,

k̂ · �E0 = k̂ · �H0 = 0,
k̂ × �E0 = Z �H0

(12.74)

where Z = √
μ/ε is the medium characteristic impedance, and k̂ = �k/k is the unit wave

vector.

12.7.2 Interface between different halfspaces

Consider a plane wave impinging on the planar interface between two halfspaces with dif-
ferent time-invariant, spatially homogeneous and isotropic constitutive parameters ε andμ.

The problem’s geometry is sketched in Figure 12.5. We adopt a Cartesian reference
system with z=0 at the interface and ẑ pointing toward medium 2.
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The pertinent solution of Maxwell equations consists of three plane waves. Besides the
incident wave, a reflected wave exists in the z ≤ 0 halfspace, and a transmitted wave exists
in z ≥ 0. The relevant field phasors will be denoted as ( �E(1)+, �H (1)+), ( �E(1)−, �H (1)−) and
( �E(2)+, �H (2)+), respectively, with the corresponding wave vectors⎧⎨

⎩
�k+

1 = k1(x̂ sin θ+
1 +ẑ cos θ+

1 )
�k−

1 = k1(x̂ sin θ−
1 −ẑ cos θ−

1 )
�k2 = k2(x̂ sin θ2+ẑ cos θ2)

, (12.75)

where the angles θ+
1 , θ−

1 and θ2 are defined in Figure 12.5. The plane spanned by the vectors
ẑ and k̂+

1 (the zx plane in Figure 12.5) is referred to as the incidence plane.
Equations 12.74 imply that,

E0z = −k̂−1
z (k̂xE0x + k̂yE0y), H0z = −k̂−1

z (k̂xH0x + k̂yH0y), (12.76)

so that, in general, knowledge of the (x, y)-components alone (also referred to as transverse)
is sufficient to reconstruct the whole �E0 and �H0 field vectors in Equation 12.73.

In the following, for the sake of simplicity, μ1,2 = μ0, so that

Z1,2 = Z0

n(1,2)
, k1,2 = n(1,2)k0, (12.77)

n(1,2) =
√
ε1,2/ε0 being the refraction index, Z0 = √

μ0/ε0 the vacuum characteristic
impedance, and k0 =�√

ε0μ0 =2π/λ0 the wavenumber in vacuum. A general (elliptically
polarized) incident plane wave can be written as a superposition of a transverse-electric
(TE) and transverse-magnetic (TM) plane wave, where, respectively, the electric or mag-
netic field is orthogonal to the incidence plane.

The nonzero transverse field components are, in view of Equation 12.74,{
E0y, H0x = −Z−1k̂zE0y (TE)
H0y, E0x = Zk̂zH0y (TM)

. (12.78)

From Equations 12.78 and 12.76 it is seen that �E0 and �H0 can be derived fromE0y (orH0x)
alone in the TE case, and from H0y (or E0x) alone in the TM case.

Using a superscript + (−) to identify waves propagating in the forward (backward)
z-direction, Equations 12.78 and 12.75 yield

Z±
T :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

E±
0y

H±
0x

= ∓ Z

cos θ
= ∓Z0

nT
(TE)

E±
0x

H±
0y

= ±Z cos θ = ±Z0

nT
(TM)

, (12.79)

where the Z±
T is referred to as the (forward, backward) transverse impedance, and

nT =
{
n cos θ (TE)
n/ cos θ (TM)

, (12.80)

is referred to as the (TE, TM) transverse refraction index of the medium.
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Maxwell equations entail continuity of the transverse components of the total electric
and magnetic fields across the interface at z = 0. Enforcing such continuity using Equa-
tions 12.75 and 12.77 in Equation 12.78 yields Descartes’s and Snell laws,

k+
1x=k−

1x=k2x ⇐⇒ θ+
1 = θ−

1 , n(1) sin θ+
1 = n(2) sin θ2, (12.81)

(we shall accordingly henceforth drop the +,− superscript in θ1), together with the Fresnel
formulas

� :=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E
(1),−
0y

E
(1),+
0y

= n(1) cos θ1−n(2) cos θ2

n(1) cos θ1+n(2) cos θ2
= −H

(1),−
0x

H
(1),+
0x

(TE)

E
(1),−
0x

E
(1),+
0x

= n(1)/ cos θ1−n(2)/ cos θ2

n(1)/ cos θ1+n(2)/ cos θ2
=−H

(1),−
0y

H
(1),+
0y

(TM)

, (12.82)

where θ2 is related to θ1 by Equation 12.81. Clearly, it is possible to write

� = n
(1)
T − n(2)

T

n
(1)
T + n(2)

T

=: γ12, (12.83)

for both the TE and TM case, using the appropriate formula for nT from Equation 12.80,
with n=n(i) and θ=θi . The quantity γ12 is referred to as the halfspace (or interfacial)
plane-wave reflection coefficient from material 1 to material 2. Also,

E
(2),+
0y

E
(1),+
0y

(TE)

E
(2),+
0x

E
(1),+
0x

(TM)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

= 1 + � = 2n(1)
T

n
(1)
T +n(2)

T

=:τ12, (12.84)

and

H
(2),+
0x

H
(1),+
0x

(TE)

H
(2),+
0y

H
(1),+
0y

(TM)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=1−�= 2n(2)
T

n
(1)
T +n(2)

T

= n
(2)
T

n
(1)
T

τ12, (12.85)

using the appropriate transverse indexes from Equation 12.80. The quantity τ12 is referred
to as the halfspace (or interfacial) plane-wave transmission coefficient from material 1 to
material 2.

Summing up, the transverse fields in z ≤ 0 can be written⎧⎪⎪⎨
⎪⎪⎩

�ET = �E(1),+
0

[
exp(−ı�k+

1 · �r)+γ12 exp(−ı�k−
1 · �r)

]

Z0 �HT =n(1)
T (ẑ× �E(1),+

0 )
[
exp(−ı�k+

1 · �r)−γ12 exp(−ı�k−
1 · �r)

] . (12.86)
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Figure 12.6 Plane waves in a homogeneous plan layer.

The fields in z ≥ 0 can be written⎧⎪⎨
⎪⎩

�ET = τ12 �E(1),+
0 exp(−ı�k+

2 · �r)

Z0 �HT = n
(2)
T (ẑ× τ12 �E(1),+

0 ) exp(−ı�k+
2 · �r)

. (12.87)

As written, Equations 12.86 and 12.87 hold true for both the TE and TM case, where,
respectively, �E(1),+

0 = E
(1),+
0y ŷ and �E(1),+

0 = E
(1),+
0x x̂, and n(i)

T is given by Equation 12.80
with n = n(i) and θ = θi .

For normal incidence θ1 = θ2 = 0, the TE and TM cases are physically equivalent
(differing by an irrelevant π/2 rotation around the z-axis) and n(i)

T = n(i).

12.7.3 Plane layered media

Consider a stack of planar layers, sandwiched between two different half spaces. The
relevant geometry and notation is sketched in Figure 12.6. Layers will be identified by an
index i = 1, 2, . . . , NL. It is understood that i = 0 and i = NL + 1 correspond to the left
halfspace and the substrate, respectively.16

A plane wave incident from the left halfspace will produce a cascade of plane waves
propagating in the forward and backward z-direction, originating at the interfaces.

16 The more realistic case where the refraction index is not piecewise constants, and partial inter-diffusion between successive
layers exists, has been analyzed in Ignatchenko and Laletin (2004).
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Plane waves in a layer

It is easy to prove that, in view of Descartes and Snell laws, all plane waves propagating
in layer-i in the forward (resp. backward) z-direction will have the same wave vector �k+

i

(resp. �k−
i ), with (see Figure 12.6)

k+
ix = k−

ix = ki sin θi, k
+
iz = −k−

iz = ki cos θi, (12.88)

where the θi are obtained by applying Snell law at all interfaces,

n(0)sin θ0 =n(1)sin θ1 = . . .=n(NL)sin θNL=n(NL+1)sin θNL+1. (12.89)

It is again convenient to focus on the TE and TM cases. Hence, in view of Equations 12.75,
12.77, 12.78 and 12.81, the transverse components of the field in layer-i can be written⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
(i)
t (x, z)=F (i)(z) exp(ıkix sin θi)

Z0H
(i)
t (x, z)=G(i)(z) exp(ıkix sin θi)

with

F (i)(z)=E(i),+
0 exp(−ıkiz cos θi)+E(i),−

0 exp(ıkiz cos θi)

G(i)(z)=n(i)
T [E(i),+

0 exp(−ıkiz cos θi)−E(i),−
0 exp(ıkiz cos θi)]

, (12.90)

where (E(i)
t , H

(i)
t ) represent, respectively, (E(i)

y ,−H (i)
x ) for the TE case, and (E(i)

x ,H
(i)
y ) for

the TM case, n(i)
T is given by Equation 12.80 with n = n(i) and θ = θi , and the superscripts

+,− identify the forward and backward propagating plane wave in the layer.

Layer transmission matrix

It is expedient to introduce a local reference system (x, y, zi) for each layer, so that the
layer corresponds to −di ≤ zi ≤ 0 (see Figure 12.6). Letting zi = 0 in Equation 12.90 it is
possible to write E(i),±

0 in terms of F (0) and G(0),

E
(i),±
0 = 1

2

[
F (i)(0) ± (n(i)

T )−1G(i)(0)
]
. (12.91)

Using Equation 12.91 in Equation 12.90, and letting zi = −di , yields[
E

(i)
t

Z0H
(i)
t

]
zi=−di

=
[

cosψi ı(n
(i)
T )−1sinψi

ın
(i)
T sinψi cosψi

]
·
[
E

(i)
t

Z0H
(i)
t

]
zi=0

, (12.92)

where

ψi = 2πdi
λ0

n(i) cos θi (12.93)
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is referred to as the phase thickness of the layer. Equation 12.92 relates the transverse field
components at the terminal planes of a single homogeneous layer (or singlet).

Note that Maxwell equations imply continuity of the transverse field components across
the interfaces, whence [

E
(i)
t

Z0H
(i)
t

]
zi=−di

=
[
E

(i−1)
t

Z0H
(i−1)
t

]
zi−1=0

. (12.94)

Airy–Schur formula

Define the reflection coefficient in layer-i as the (complex) ratio

�i = E
(i),−
0

E
(i),+
0

(12.95)

between the transverse components of the forward and backward propagating waves at
zi = 0. This definition is consistent with Equation 12.82.

Using Equation 12.95 in Equation 12.90 and enforcing Equation 12.94 at the interface
zi−1 = 0 also known as zi = −di between layer-(i−1) and layer-i yields⎧⎪⎨

⎪⎩
E

(i−1),+
0 (1+�i−1)=E(i),+

0

[
exp(ıψi)+�i exp(−ıψi)

]
n

(i−1)
T E

(i−1),+
0 (1−�i−1)=n(i)

T E
(i),+
0

[
exp(ıψi)−�i exp(−ıψi)

] , (12.96)

where ψi is given by Equation 12.93.
The solutions of this homogeneous system of equations in E(i−1),+

0 and E(i),+
0 must be

non-zero, hence its determinant must vanish, yielding

�i−1 = γi−1,i + �i exp(−2ıψi)

1 + γi−1,i �i exp(−2ıψi)
, (12.97)

where

γi−1,i = n
(i−1)
T −n(i)

T

n
(i−1)
T +n(i)

T

(12.98)

is the interfacial reflection coefficient between two half spaces with the same refraction
index as layers (i−1) and i. Equation 12.97, known as Airy–Schur formula, relates the
reflection coefficients pertinent to neighboring layers.
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Beam shaping

andreas freise

13.1 Introduction

In this chapter we review recent research on using alternative beam shapes for reducing
thermal noise and other thermal effects in mirrors. High-precision laser interferometry
experiments typically make use of the fundamental Gaussian beam, which can be gener-
ated with the great spatial stability that is important for achieving low-noise signal readouts.
However, the Gaussian beam might not be the optimal choice for all high-precision mea-
surements. The idea of using an alternative beam geometry, specifically a flat-top intensity
profile, to reduce mirror thermal noise in optical cavities was discussed first by Kip Thorne
and his research group at Caltech in 2000 (Thorne et al., 2000). Since then several groups
have made progress in taking this idea closer to reality. Despite these efforts, no high-
precision interferometric measurement actually showing lower thermal noise has so far
been undertaken with alternative beam shapes.

Alternative beam shapes improve thermal noise, and specifically coating thermal noise,
by effectively increasing the wm parameter of Equation 4.9 and subsequent related equa-
tions. Straightforward increasing of the beam width wm of a Gaussian beam will work up
to a point, but the optical loss from light spilling over the mirror edge generally will be
unacceptable at some level. Thus, with purely Gaussian beams, there is a tradeoff between
lower thermal noise (larger wm) and lower shot noise (higher optical power, thus smaller
wm). Using beam shapes other than Gaussian is a way to change this tradeoff, because
alternative beam shapes can be effectively larger while keeping the light mostly contained
on the face of the optic.

Most research so far has concentrated on the theoretical understanding of alternative
beam shapes under the constraints of high-precision instrumentation. The theory involved
is straightforward classical optics but used with a slightly new twist. New beam shapes have
been proposed and new mathematical frameworks developed to describe their propagation
and interaction with optics. In addition, numerical simulations have been used to verify
the performance of alternative beam shapes in the presence of defects and deviations
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from a simplified theoretical optical system. Furthermore, first experiments with prototype
interferometers have been performed or are under way. Vinet (2009) provides an in-depth,
mostly analytical, review on beam shaping and its prospects for reducing thermal noise and
thermal effects. In this chapter we review the ongoing research on alternative beam shapes
for reducing thermal noise with a special focus on the practical design criteria for finding
the optimal beam shape.

13.1.1 Interferometry with optical resonators

With the availability of ultra-stable laser sources, the use of laser interferometers for preci-
sion measurements has become commonplace. Laser interferometers are intrinsically well
suited to comparing lengths and optical frequencies; in this type of application, typically
the entire cross section of the laser beam can contribute to the interference signal. Thus,
not spatial but temporal interference fringes are used to observe the optical signal.

Current interferometric gravitational wave detectors are Michelson interferometers
enhanced with optical resonators. In order to improve the signal-to-shot-noise ratio, mod-
ern gravitational wave detectors include optical resonators in the arms of the Michelson
interferometer. These and other techniques have led to a reduction of various noise sources
so that in current state-of-the-art detectors (which are under construction) the thermal noise
of the mirrors of the optical resonators will be a limiting noise source in a large section in
the measurement band, see Chapters 4 and 14.

At the same time developments in other areas of precision measurement have also
led to thermal noise limitations: the frequency stabilization of lasers with compact optical
resonators, especially in the context of optical clocks or frequency standards as well as cavity
optomechanical and quantum-electrodynamic experiments. Ongoing research is trying to
improve the linewidth of lasers to reach a frequency stability beyond the level of one
part in 1017, see Chapter 15, improve the measurements of the quantum properties of
macroscopic objects, see Chapter 16, and improve the measurements of the quantum nature
of interactions between light and atoms, see Chapter 17.

13.1.2 Alternative beam shapes

The most common type of laser beam is the Gaussian beam, so called because of its radial
Gaussian intensity profile. This type of beam is generated as the fundamental mode shape
in an optical resonator using spherical (concave, convex or flat) mirrors. One of the key
features of a Gaussian beam is that its beam shape and its propagation through optical
systems can be fully described analytically. In addition, the Gaussian beam retains its shape
over propagation, i.e. it remains Gaussian after passing a spherical lens or after being
reflected by flat or spherical mirrors.

However, in many applications the use of beams with a different intensity profile can
be beneficial or even essential. The most common examples are the use of so-called flat
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beams in which the light power is more evenly distributed. Several analytical descriptions
of such beams have been suggested, such as the super-Gaussian beam (SGB) by de
Silvestri et al. (1988), the flattened Gaussian beam (FGB) by Gori (1994) or the flat-topped
multi-Gaussian beam (FMGB), proposed by Tovar (2001). The flat variants of the Gaussian
beam are often used in unstable, high-power laser resonators in order to maximize the
filling of the active medium for the maximum power output of the laser. However, they can
also be useful for the optimized application of laser energy in many types of application;
a more exotic type of usage of flat-top beams, for example, is laser paint-stripping
(Forbes et al., 2009).

Another now quite common application of alternative beam shapes is the use of ring
shaped beams (also called doughnut modes) in the field of cold atoms and quantum optics.
In this field, beams with an intensity minimum at the center can be used as waveguide
for cold atoms or for optical traps, see Bongs et al. (2001) and Kuga et al. (1997). More
recently it has been recognized that certain types of Laguerre–Gauss modes carry orbital
angular momentum and can be utilized for new applications such as quantum cryptogra-
phy and quantum communications, see, for example, Gibson et al. (2004) and references
within.

The following sections will introduce the concept of spatial modes for describing beam
shapes and will recall the main features of the Gaussian beam and a number of alternative
beam shapes discussed in the literature. Currently, nearly all research into thermal noise
reduction with alternative beam shapes concentrates on reducing mirror thermal noise in
nearly symmetric linear optical cavities. In Section 13.2 we discuss what constraints the
choice of optical setup puts on the type of beam shape that can be used.

13.1.3 Optical resonators and eigenmodes

Laser optics with optical resonators is based on research on laser resonators, originally
reviewed by Kogelnik and Li (1966). A very good resource for laser optics is Siegman
(1986) and a recent review on interferometer techniques for gravitational wave detectors
has been published by Freise and Strain (2010).

Optical cavities are employed in precision experiments to resonantly enhance circu-
lating fields in order to increase the signal-to-noise ratio; in many cases with respect to
the shot noise of the photo detection process. In order to achieve the resonant enhance-
ment, the cavity must be constructed such that the incoming light field can interfere con-
structively with the field after one round-trip in the cavity. This is achieved when the
phases of the fields inside the cavity are well matched, i.e. when the following conditions
apply.

� The round-trip length of the cavity is set to be an exact multiple of the laser wavelength.
� The wave front, i.e. the transversal phase distribution, of the field after one round-trip

is identical to that of the incoming field. In the case of linear cavities with Gaussian
beams this is achieved by using spherical mirrors whose reflective surfaces are shaped
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identically to the wave front of the beams, so that each beam is reflected back exactly
into the same shape. Bélanger and Paré (1991) showed that the same method also works
for non-Gaussian beam shapes and non-spherical wave fronts.

With the phase matched as described above, the beam interferes constructively and also
remains the same shape over time; it can thus be considered an eigenmode of the system.1

The requirement on the wave front matching is one of the reasons why Gaussian beams
are simple to generate and to use: their wave front is spherical (or flat at the beam waist)
and simply requires mirrors with a spherical surface of the correct radius of curvature.
In comparison, beams with other intensity patterns typically develop much more complex
wave fronts and thus their use in optical resonators would require new mirror shapes
which are currently more difficult to produce with the same precision as spherical mirrors.
Mirror requirements in some precision measurements can be so tight that post machining
processes like ion milling and/or corrective coatings are required. Once these processes
are introduced, the gap in production difficulty between traditional spherical and numerical
controlled shaped mirrors is greatly reduced. See Section 2.7 for more on the production
of coatings for alternative beam shapes. Deviations from the required surface cause light
to be lost through scattering, or may even produce phase noise in the cavity through back
scattering from external surfaces, potentially spoiling any high-precision measurement. See
Chapter 11 for more on scattering. Therefore, in designing a resonator for alternative beam
shapes it is important to pay special attention to its robustness against the likely reduction
in mirror surface quality and/or dynamic deviations from the optimal profile like thermal
lensing (see Chapter 10) and gravitational sag.

We will later use some specific features of optical cavities, in particular those related
to beam sizes. It is useful to derive the basic parameters for such a cavity with spherical
mirrors using Gaussian optics. In the case of a two-mirror cavity the size of the beam can
be computed conveniently from the stability parameters g1, g2, given as

g1,2 = 1 − L

RC 1,2
, (13.1)

with L the length of the cavity and RC 1,2 the radii of curvature of the input and end mirror,
respectively. In the case of a symmetric cavity (g = g1 = g2) we can compute the beam
size on the mirrors as

w2
m = Lλ

π

√
1

1 − g2
= λ

π

√
RCL

2 − L
RC

. (13.2)

In order to have a stable resonator the magnitude of the g-parameter must be smaller than
1. Using Equation 13.2 we see that the minimal beam size at the mirrors occurs at L = RC
and is given by wmin = √

Lλ/π , which corresponds to a minimal waist size in the center

1 We ignore the possibility of using cavity mirrors with a non-uniform reflectivity for shaping the intensity pattern. This method
has been used in connection with flat beams, however, it imposes extra optical losses and does not seem well suited for precision
interferometric measurements.
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Figure 13.1 Beam profile of several different types of beams. Shown are the normalized intensity
patterns (for 1 ppm clipping loss) of a fundamental Gaussian beam (LG00) a higher-order Laguerre–
Gauss mode (LG33), a super-Gaussian beam of order 4 (SGB order 4) and a specific multiple-Gauss
flat-top beam, the “Conical beam”.

of the cavity of

w0,min =
√
λL

2π
. (13.3)

We will make use of this fact when discussing multi-Gauss flat beams.

13.2 Designing the right beam shape

In the following sections we will describe various alternative beam shapes. In particular, the
mathematical details and several graphs are presented for a few selected alternative shapes
which can be considered exemplary for different families of beam shapes.

Figure 13.1 shows four different example beam profiles. The reference beam shape is the
fundamental Gaussian beam LG00 and the three “flat” beams are a higher-order Laguerre–
Gauss mode LG33, a Conical beam (which is a particular example from the family of
flattened multi-Gauss beam) and a super-Gaussian beam (de Silvestri et al., 1988). One can
see clearly that in comparison to the fundamental LG00 mode, the alternative beams have
a much more widely spread intensity distribution for a given mirror radius (and for a given
clipping loss, see Section 13.2.2).

When designing a beam shape which can reduce the mirror thermal noise in a realistic
optical experiment, one has to take into account several aspects.

� Thermal noise reduction: the main question is how much a different beam can reduce the
thermal noise.
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� Optical loss: the beam size of any beam must be chosen such that the beam fits onto the
finite-size cavity mirror.

� Cavity stability: the high-precision experiments discussed here rely on stable and station-
ary setups. Alternative beams must be stable eigenmodes of the optical cavity and they
should be robust against small optical defects such as misalignment.

� Practical considerations: the availability of special mirrors to match the wave front
shape, how to generate the alternative beam in question, whether there exists an
analytic description of beam propagation (which can significantly help in the design
and commissioning phase of an experiment), and any mode degeneracies that would
allow other modes in the cavity.

Some of these requirements are discussed in more detail below.

13.2.1 Thermal noise reduction with alternative beam shapes

Historically, mirror thermal noise is divided into different categories, all of which are cov-
ered in detail in this book, see Chapters 3, 4, 7, and 9. In this section we show briefly
how to compute the thermal noise reduction for the coating Brownian noise when moving
from a fundamental Gaussian beam to a higher-order Laguerre–Gauss mode. The same
principle applies for computing thermal noise reductions for other beam shapes and other
thermal noises. The interested reader is referred to Vinet (2009) where detailed calculations
of various thermal noises such as substrate Brownian, coating Brownian, and thermoelastic
thermal noise with alternative beam shapes are presented. Franc et al. (2010) provide a
good example of how these equations are applied to accurately compute the noise reduction
factors regarding all mirror thermal noises for a possible implementation of higher-order
Laguerre–Gauss modes in the Einstein Telescope (see Section 14.5.3). The detailed equa-
tions used in this example are published in an accompanying article, Franc et al. (2009).

An interferometer can be set up such that it has a linear response to the longitudinal
motion of one or more mirrors. The optical signal should be computed as the weighted
average of the mirror surface shape and position. For an axisymmetric beam reflecting off
a cylindrical mirror with radius R this can be written as

s(t) =
∫
dφ

∫ R

0
dr rI (r)m(r, φ, t), (13.4)

with I (r) the normalized intensity profile of the beam and m(r, φ, t) the two dimensional
information about the mirror surface shape and its evolution over time. Mirror thermal noise
will dynamically distort the mirror shape. This shows already that, for a random surface
distortion m, a flat-top intensity distribution I (r) would provide the best averaging and
effectively reduce the imprint of the noise on the optical signal. However a perfect flat-top
intensity pattern cannot be used due to diffraction effects, as described in Section 13.2.3.

The current models for estimating the impact of thermal noise on optical signals are based
on a method introduced by Levin (1998), see Chapter 1. Traditionally the amount of noise is
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quantified as an equivalent displacement, which specifies the amount of motion of the whole
mirror (surface) that creates the same optical signal as the surface deformation through
thermal noise. According to Levin (1998), the power spectral density of displacement
equivalent thermal noise is given by (Equations 1.2 and 1.3)

Sx(f ) = 4 kB T

π f
φ U , (13.5)

with φ being the loss angle and U the strain energy of the static pressure profile on the
mirror surface normalized to 1 N. The pressure profile is identical to the intensity profile I
of the beam.

The most limiting thermal noise in most precision experiments is the coating Brownian
thermal noise, see Chapter 4. In the case of a semi-infinite mirror the coating Brownian
thermal noise induced by a LGpl mode can be calculated using the strain energy

Up,l,coating = δc
(1 + σ )(1 − 2σ )

π Y w2
m

gp,l . (13.6)

Here δc is the thickness of the coating, σ is the Poisson’s ratio, Y is the Young’s modulus,
wm is the beam size at the mirror and gp,l is a numerical scaling factor depending on the
LGpl mode used.2 In the case of the fundamental LG00 mode this scaling factor is g0,0 = 1,
whereas for a LG33 mode g3,3 = 0.14 must be used. Hence the power spectral density of
displacement equivalent coating Brownian thermal noise is more than a factor of seven
smaller for a LG33 mode in comparison to the fundamental LG00 mode.

A number of theoretical works have been published with predictions for the possible
thermal noise reduction using alternative beam shapes, see Table 13.1. It can be seen that
with a carefully designed alternative beam shape the limiting thermal noise could be reduced
by a factor of 2 or more.

13.2.2 Beam size and clipping losses

We have introduced above the notion that wider beams reduce the thermal noise contribution
in an optical cavity. However, there is an obvious limit to the size of the beam: the wider the
beam becomes the more light power falls outside the mirror diameter and is consequently
lost from the cavity. The light loss due to this effect is often referred to as clipping loss. In
high-precision experiments the limits for allowable optical loss are typically very small, as
low as 1 ppm for some applications. The clipping loss, lclip, on a cylindrical mirror can be
approximated as

lclip(wm, ρ, z) = 1 −
∫ 2π

0
dφ

∫ ρ

0
dr · r

× u(wm, r, φ, z) u
∗(wm, r, φ, z) , (13.7)

2 The factor gp,l is just a convenient way of writing a short form of an integral equation, see Vinet (2009).
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Table 13.1 A selection of predicted reduction factors of the thermal noise equivalent
displacement linear spectral density. Numbers larger than 1 represent a reduction in
noise. Note that these factors have been computed for different optical setups and
different materials and cannot be compared directly. They are listed to illustrate the order
of magnitude of the effect.

Brownian thermoelastic

coating substrate coating substrate

LG00 1 1 1 1
LG33 1.67 to 1.93 1.88 to 2.13 1.08 to 1.45 Franc et al. (2010)
LG55 1.64 to 2.11 1.99 to 2.49 Franc et al. (2010)
LG55 4.84 3.56 5.13 Vinet (2009)
Mesa 2.78 17.18 5.93 Vinet (2009)
Mesa 1.17 to 6.17 O’Shaughnessy et al. (2004)
Mesa 1.7 1.7 1.55 1.9 Agresti (2008)
Conical 5.45 2.33 11.38 Bondarescu et al. (2008)

where wm is the beam radius at the mirror, ρ is the radius of the mirror coating and
u(w, r, φ, z) is the transversal field distribution of the beam shape of interest. Note that the
parameter beam radius wm refers to differently defined beam sizes for different types of
beam shapes. For example, within the family of Gaussian modes, wm is always a measure
of the beam size of the fundamental Gaussian mode (LG00 or HG00). Higher-order LG or
HG modes of the same beam radius actually are more spatially extended, in the sense that
a significant amount of light power can be detected at distances away from the optical axis
larger than the beam radius. In Figure 13.2 the clipping losses for the fundamental Gaussian
and three alternative beam shapes are plotted over the mirror-radius to beam-radius ratio.

It should be noted that all optimizations of beam sizes described here, in particular those
mentioned in Section 13.3.3, are based on the effectively arbitrary requirement that the
clipping losses should be less than 1 ppm. In practise, many cavities feature optical scattering
losses which can be a hundred times larger than that. In such a case the requirements for
clipping losses can be relaxed. An optimization of the beam size and profile should be
performed specifically for each case, taking into account the actual requirement for optical
losses.

13.2.3 Beam propagation and cavity stability

When mirror thermal noise is limiting the performance of an optical cavity the optimal
setup is that of a symmetric linear cavity with two equal mirrors with beam and mirror
shape optimized so that the impact of mirror thermal noise at each mirror is the same.
For practical reasons, slightly asymmetric (or near symmetric) systems are often used, for
example, to be able to detect the optical signal in reflection of the cavity. However, the
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Figure 13.2 The relative power loss in reflection from a finite-sized mirror due to clipping loss for
four different incident beam shapes over the mirror to beam radius ratio. The different curves shown
are: dotted curve = TEM00 mode; solid curve = LG33 mode; dot-dashed curve = Conical beam;
dashed curve: super-Gaussian beam of order 4.

principal design criteria can be described with the simpler symmetric system and we restrict
the discussion to this type of cavity geometry.

The term “cavity stability” refers to the question of whether an eigenmode of the optical
cavity exists (and is equal to the desired beam shape). This is exactly the same requirement
as those stated in Section 13.1.3. We have seen in the previous section that the beam size
on the mirrors is limited by requirements on the optical loss. However, this still leaves the
freedom to change the wave front of the beam. The combination of intensity profile and
wave front defines the beam. For Gaussian beams the cavity stability is well understood.
For alternative beam shapes, however, a simple rule typically does not exist. Numerical
simulations based on the Fourier transform, as proposed by Vinet et al. (1992), are a very
powerful tool for modeling the behavior of an optical cavity or simply the propagation of a
beam with an alternative shape. Such simulations are often referred to as FFT propagation
and have, for example, been used to create Figures 13.3 and 13.4. Figure 13.3 illustrates
the diffraction of a given beam shape over propagation; four different beam shapes are
created at their waist such that they fit onto the same sized mirror at that location. Then
the numerical simulation has been used to compute the beam shape after propagation, as
shown in the right plot. It can be seen that all beams have widened through the unavoidable
diffraction. The Gaussian modes (LG00 and LG33) have retained their shape while the super-
Gaussian beam has been transformed into an almost perfect Gaussian and the beam with an
exact flat-top intensity profile shows strong distortions, which result from the sharp edges
of the original flat-top profile. Figure 13.4 illustrates the beam shapes and mirror surfaces
for three example cavity designs. In all three cases the cavity mirrors are assumed to be
2.5 cm in diameter and the length of the cavity is approximately 22 cm. The cavity setup
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Figure 13.3 The left plot shows the intensity profile of four different beams at their respective beam
waist. The size of the beam has been adjusted so that they fill the same area (with 1 ppm clipping
losses). The right plot shows the same beams after propagation: the super-Gaussian becomes a
Gaussian, the LG33 mode is more divergent than the LG00 mode and the flat-top beam distorts rapidly.

is symmetric and the beam size has been adjusted for a 1 ppm clipping loss per reflection.
The three plots show the examples of an LG00 beam, a LG33 mode and a Conical beam
(see Section 13.3.3). The required mirror surface shape is indicated by a vertical trace (the
surface height changes are exaggerated and the beam intensity patterns are shown with a
high contrast for clarity).

Comparing the higher-order LG mode with the fundamental Gaussian mode we see that
in order to fit a higher-order mode optimally on the same mirror as the fundamental mode,
the beam radius of the higher-order mode must be different from that of the fundamental
mode. This corresponds to a different wave front curvature and consequently to a different
spherical curvature of the cavity mirrors. This can be seen clearly in the two top plots of
Figure 13.4. Therefore, changing an existing optical experiment such as an interferometer
from a configuration using, e.g., the TEM00 mode to a configuration using the LG33 mode,
the radii of curvature of the mirrors must be changed if one wants to keep the clipping
losses at a constant level. Similarly, beams from other families, such as multi-Gauss flat-
top beams, can be created with different divergence (i.e. wave fronts) while retaining the
same intensity profile on the cavity mirrors. The divergence should be optimized so that
the setup is robust against small changes to the system, such as mirror alignment or static
mirror surface deformations.

13.3 Beam shapes

In general, the beam shape describes the spatial properties of a beam along the transverse
orthogonal x and y directions, which should be independent of the temporal properties of
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Figure 13.4 These plots show a cross section along the z–x-plane. The beam waists are located in the
center and the vertical size is equal to 2.5 cm, the diameter of the cavity mirrors in this example. The
beams are optimized for a 1 ppm clipping loss and a stable operation in this cavity of ≈ 22 cm length.
At the left and right the required surface shapes of the cavity mirrors are indicated by an exaggerated
trace of the beam wave fronts.

the beam. We can generally describe a beam as a sum of frequency and spatial components.
For simplicity, we restrict the following description to a single frequency component at one
moment in time (t = 0):

E(x, y, z) = exp (−i kz)
∑
n

an un(x, y, z), (13.8)

with un as special functions describing the spatial properties of the beam, an as complex
amplitude factors, and k = 2πf/c. Different types of spatial modes un can be used in this
context. Of particular interest are the higher order Gaussian modes, which will be treated
in Section 13.3.4. The most common beam can be described by the fundamental Gaussian
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mode; the light propagates along one axis, is well collimated around that axis, and the cross
section of the intensity perpendicular to the optical axis shows a Gaussian distribution. The
beam shape function of this mode is given as

u(x, y, z) =
√

2

π

1

w(z)
exp (i θ (z)) exp

(
−i k

x2 + y2

2RC(z)
− x2 + y2

w2(z)

)
, (13.9)

with a corresponding radial intensity profile of:

I (r) = 2P

πw2(z)
exp

(−2r2/w(z)2
)
, (13.10)

with P the light power and w(z) the spot size, defined as the radius at which the intensity
is 1/e2 times the maximum intensity I (0). The other parameters in the above equations
are defined as follows; w0 is the minimum value of w(z), θ (z) = arctan ((z− z0)/zR)
is the Gouy phase, an extra phase factor associated with a Gaussian beam, z0 is the
position of the beam waist, zr = πw2

0/λ is the Rayleigh-range of the beam, and RC(z) =
z− z0 + z2

R/(z− z0) is the radius of curvature of the spherical wave front of the beam. The
intensity is a Gaussian distribution, see for example the trace “LG00” in Figure 13.1, hence
the name Gaussian beam.3

One of the key features of a Gaussian beam is that it retains its shape over propagation.
Equation 13.9 already contains the dependency of the shape as a function of propagation
(along the z-axis). The size of the beam increases in the far field but the shape remains
unchanged. Furthermore a whole framework exists to analytically describe the interaction
of Gaussian beams with optical elements such as mirrors, lenses, optical fibres, etc., see,
for example, Siegman (1986) and Freise and Strain (2010).

13.3.1 Multiple-Gauss flat-top beams

Bagini et al. (1996) showed that flat beams can be described well as a sum of LG modes
and state

[...] although there are an infinite number of possible formulas representing such a type of field [flat], a
desirable feature would be the ability of evaluating in an easy way the corresponding field distribution
everywhere in space upon free propagation. From this standpoint some widely used profiles such as
the super-Gaussian are not entirely satisfactory, because the corresponding propagation problem is to
be treated numerically.

Flat beams can be described by sums of Laguerre–Gauss beams or Hermite–Gauss
beams. Initially, this was of particular interest because the well understood propagation of
Gaussian beams through optical systems can be utilized to describe flat beams. However,
it turned out that this method also provides an intuitive handle on the design of new beam

3 The fundamental mode in any family of Gaussian modes, such as the Hermite–Gauss or Laguerre–Gauss modes is often labelled
HG00, LG00 or simply TEM00 (for Transverse Electro-Magnetic mode).
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shapes which are optimized for certain properties, such as their potential thermal noise
suppression.

13.3.2 Mesa beams and Mexican-hat mirrors

While multi-Gauss flat-top beams had been known and used for several years in the optical
community, they were first considered as a possible means for reducing thermal noise
by D’Ambrosio (2003), O’Shaughnessy et al. (2004) and D’Ambrosio et al. (2004b).

The original idea was to compose a flat beam by an integral of smaller beams. An ideal
flat-top could be constructed mathematically as an integral over narrow Gauss functions:

u(x, y) =
∫∫

x2
0 +y2

0 ≤p
dx0dy0

√
2

w2
0π

exp

(
− 1

w2
0

(
(x − x0)2 + (y − y0)2

))
, (13.11)

with p and w0 being the size of the total beam and of the narrow Gaussian modes. This
becomes an ideal flat-top for w0/p → 0. However an ideal flat-top cannot retain a flat
shape over propagation nor have a flat profile in the near and far field, see Figure 13.3. A
compromise can be found for larger w0 such that the beam profile remains rather flat at the
location of both cavity mirrors.

As shown in Section 13.1.3, there exists a minimal waist size for Gaussian beams that can
be supported by a cavity of length L. Using Equation 13.11 with such minimal Gaussians
produces a flat beam that has been dubbed a Mesa beam. Mesa is the Spanish word for
“table” and this term is used in the western United States to describe flat-top mountains
similar in shape to this beam. The wave front of this beam in the far field is not spherical
but resembles roughly the shape of a shallow Mexican hat, which needs to be matched in
the mirror profile.

It was later recognized that the Mesa beam profile can be described in a compact and
mathematically more useful way (see Vinet (2009) for the derivation of the following
expression). The normalized Mesa beam profile can be written as

�FM(r, z) = 2Z

wM
√
πM

∫ wM/w

0
exp

[
−Z

(
r

w(z) − x
)2

]

× exp

(−2Zrx

w(z)

)
I0

(
2Zrx

w(z)

)
xdx (13.12)

with wM the radius of the Mesa beam, w0 and w(z) the waist and beam size of the “small”
Gaussians of which the Mesa beam is composed. Further we have Z = 1 − i z/zr and M
as a normalization factor,

M = 1 − exp

(−w2
M

w2
0

) [
I0

(
w2
M

w2
0

)
+ I1

(
w2
M

w2
0

)]
, (13.13)
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Figure 13.5 This plot shows a comparison between the theoretical and the achieved Mexican Hat
profile from Miller (2010). (Courtesy of John Miller.)

where I0, I1 are the modified Bessel functions. The subscript “FM” in Equation 13.12
stands for “Flat Mesa” because the wave front of this beam on the cavity mirrors is almost
flat with the Mexican hat shape superimposed.

The flat Mesa beams were the first alternative beam shape to be tested experimen-
tally (Tarallo et al., 2007). A prototype cavity has been set up to generate a Mesa beam with
an optical design based on a folded cavity approximately 7 m in length, an end mirror with
a Mexican hat profile and two flat mirrors. One of the flat mirrors is simply a folding mirror
and the other, the input mirror, is positioned at the beam waist. This design is equivalent to
a symmetric linear cavity of twice the length.

The “Mexican Hat” mirror was manufactured using a special coating technique invented
to selectively deposit material on a mirror surface (Cimma et al., 2006). See Section 2.7
for a discussion of creating a mirror for use with Mesa beams. The process was started
with a flat cylindrical substrate, 50 mm in diameter and 30 mm thick. The entire Mexican
Hat shape was created by depositing extra material, up to a thickness of 1 µm onto the
polished front surface. The resulting shape compared well with the required shape, see
Figure 13.5, with a roughly 5 nm random deviation. However the resulting coated mirror
showed some anomalies, such as 150 ppm total scattering losses and a variation of 700 ppm
in the transmission. Both of these values are in excess of what was expected and is typical
for high-quality spherical mirrors.

Apart from the first successful creation of the Mesa beam, this prototype has been used
to investigate the behavior of this beam shape in a suspended cavity. The research group
reported the successful comparison between experimentally measured beam shapes and
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Figure 13.6 Photograph and schematic of the Mesa cavity setup. The left image shows the cavity
structure during construction: A – Suspension system, B – INVAR rods, C – Cavity end plate housing
input and Mexican Hat mirrors, D – Intracavity bracing plate. The right image shows the conceptual
layout to measure the tilt of the Mexican hat mirror: (i) Mephisto laser, (ii) HeNe chopper monitor
laser, (iii) mode profiler CCD camera, (iv) chopper wheel, (v) HeNe optical lever laser, (vi) chopper
monitor photodiode, (vii) optical lever quadrant photodiode, (viii) mirror dithering PZT, and (ix)
function generator. (Photograph on left courtesy of John Miller.)

numerical models using the FFT propagation method. They could successfully demon-
strate a longitudinal control via the Pound–Drever–Hall technique (see Section 15.2.1)
and developed a possible alignment control system. A detailed review of the experimental
prototype for the Mesa beam cavity can be found in Miller (2010).

13.3.3 Hyperbolic and conical beams

While the original Mesa beams were studied in detail, both theoretically and experimentally,
it was realized that their almost flat wave front would make the corresponding cavities
very sensitive to mirror alignment and other surface distortions, similar to nearly flat-flat
resonators for Gaussian beams. Bondarescu and Thorne (2006) then suggested a new way
of creating the desired flat shape from multiple small Gauss beams. Instead of keeping the
mathematical Gauss components all parallel they proposed to align them along hyperboloids
with a characteristic twist angle α. The nearly flat configuration coincides with a twist angle
α = 0 while a near concentric beam can be created with a twist angle ofα = π . After further
study they concluded that, similar to the current design, arm cavities for Gaussian beams
with a near concentric design would provide the best results for cavity stability.

We will not recall the original mathematical derivation of the hyperbolic beams which
is elegant and illustrative as it has since been replaced by a formalism which is more
useful for practical optical design tasks. Galdi et al. (2006) analyzed the mathematical
structure of the hyperbolic beams and realized that another parametrization can be realized
by using a Gauss–Laguerre expansion, as first proposed by Sheppard and Saghafi (1996).
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The hyperbolic beams can be described efficiently by a rapidly converging series,

Uα(r, z) =
∞∑
m=0

A(α)
m �m(r, z), (13.14)

withA(α)
m theα-dependent complex expansion coefficients and�m(r, z) the Gauss–Laguerre

propagator as base function

�m(r, z) = w0

w(z)
ψm

(√
2r

w(z)

)
exp

(
i
k0r

2

2RC(z)

)
exp (i (k0z− (2m+ 1) θ (z))) , (13.15)

in whichw0,w(z) are the Gaussian waist size and beam radius,RC(z) is the Gaussian radius
of curvature of the wave front, and θ (z) the Gouy phase. The orthonormal Gauss–Laguerre
basis functions ψm(ξ ) are given by

ψm(ξ ) =
√

2 exp

(
−ξ

2

2

)
Lm(ξ 2), (13.16)

with Lm(ξ ) being Laguerre polynomials. The family of hyperbolical Mesa beams can be
well described using the expansion coefficients

A(α)
m = (−cosα)mA(π)

m , (13.17)

and

A(π)
m =

√
2w2

0

R2
0

P

(
m+ 1,

R2
0

2w2
0

)
, (13.18)

with P (n, ξ ) the incomplete Gamma function and R0 the waist radius of the hyperbolical
beam.

The Gauss–Laguerre formalism has been recognized as a powerful method to describe
any multi-Gauss beam so far investigated. Pierro et al. (2007) derived a framework for
optimizing the beam shape in an optical cavity with respect to thermal noise and then
Bondarescu et al. (2008) showed that a maximal thermal noise suppression can be achieved
by a beam they dubbed “Conical” because of its near conical wave front. The intensity
pattern of this Conical beam is shown in Figure 13.1 and the intensity distribution within
an example cavity has been illustrated in Figure 13.4. The Conical beam represents the
state-of-the-art of research into multi-Gauss beams for thermal noise suppression. However,
it should be noted that the optimization performed by Bondarescu et al. (2008) did not take
into account several practical considerations such as cavity alignment control. Thus the
Conical beam offers the maximal possible noise reduction but for practical use a slightly
less aggressive noise optimization might prove beneficial.

13.3.4 Higher-order Gaussian modes

While the multi-Gauss flat-top beams promise a strong reduction of thermal noise, they
have the disadvantage of requiring mirrors of special non-spherical shapes. Current laser
interferometers make use of over 40 years of experience with Gaussian beams and spherical
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mirrors. The polishing and coating of mirrors to the highest precision has been optimized
for spherical mirrors. Consequently Mours et al. (2006) proposed use of Laguerre–Gauss
modes for thermal noise reduction. These beam shapes are part of the Gaussian family and
thus offer all the advantages of Gaussian beams, such as a spherical wavefront. The higher
orders of these modes feature a wider intensity profile and thus also provide thermal noise
suppression, see Section 13.2.1.

The Laguerre–Gauss modes are a complete set of functions which solve the paraxial
wave equation. Laguerre–Gauss modes are commonly given in their orthonormal form, see
for example Freise and Strain (2010),

up,l(r, φ, z) = 1
w(z)

√
2p!

π(|l|+p)! exp(i (2p + |l| + 1)θ (z))

×
( √

2r
w(z)

)|l|
L

(|l|)
p

(
2r2

w(z)2

)
exp

(
−i k r2

2q(z) + i lφ
)
,

(13.19)

with r , φ and z as the cylindrical coordinates around the optical axis. The letter p is the
radial mode index, l the azimuthal mode index and L(l)

p (x) are the associated Laguerre
polynomials:

L(l)
p (x) = 1

p!

p∑
j=0

p!

j !

(
l + p
p − j

)
(−x)j . (13.20)

The other parameters used in Equation 13.19 are the position of the beam waist along the
z-axis, z0, the Rayleigh-range, zR, the beam radius, w(z), the so-called Gaussian beam
parameter, q, and the Guoy phase, θ . The dependence of the Laguerre modes on φ as given
in Equation 13.19 results in a spiraling wave front, while the intensity pattern will always
show unbroken concentric rings. These modes are called helical Laguerre–Gauss modes
because of their special phase structure.

There exists a slightly different type of Laguerre–Gauss mode (compare the two plots in
Figure 13.7) that features dark radial lines as well as dark concentric rings. Mathematically,
these can be described simply by replacing the phase factor exp(i lφ) in Equation 13.19 by
a sine or cosine function.

Initial investigations on using higher-order Laguerre-Gauss modes have been done with
numerical simulations (Chelkowski et al., 2009). Encouraged by the simulation results,
Laguerre-Gauss modes are now being investigated further. A particular concern is the
degeneracy of higher-order Gaussian modes in optical cavities. Typically, optical cavities
are designed such that they are non-degenerate, i.e. the resonance for the fundamental
Gauss mode does not overlap with a resonance of another low-order mode (inevitably
some high-order mode resonance will overlap with that of the fundamental mode, but
these modes have a much larger beam size and typically suffer larger optical losses, so
that they can be ignored). This effect relies on the fact that the round trip Gouy phase,
given by

θr.t. = 2(2p + |l|)(θ (L) − θ (0)), (13.21)
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Figure 13.7 Intensity profiles for Laguerre–Gauss modes (dark areas are shown as white, high
intensity zones are black): the left plot (three columns) shows the normalized intensity of helical
modes upl . The u00 mode is identical to the Hermite–Gauss mode of order 0. Higher-order modes
show a widening of the intensity and decreasing peak intensity. The number of concentric dark rings
is given by the radial mode index p. The right plot (three columns) shows intensity profiles for
sinusoidal Laguerre–Gauss modes ualt

pl . The up0 modes are identical to the helical modes. However,
for azimuthal mode indices l > 0 the pattern shows l dark radial lines in addition to the p dark
concentric rings.

is different between the fundamental mode and higher-order modes. However, for any non-
zero order several modes share the same Gouy phase and are thus resonant simultaneously.
The order of an LG33 mode is (2p + |l|) = 9 and there are in total 9 modes of order 9
(for each Gaussian family) which can be resonant together with the LG33 mode. This can
be problematic, especially in a setup that uses optical cavities in the arms of a Michelson
interferometer. Tiny distortions of the surface of the cavity mirrors could cause a signifi-
cant coupling of degenerate modes which would then strongly reduce the contrast in the
Michelson interferometer. Therefore, experimental demonstrations and further numerical
investigations are required to confirm the suitability of these beam shapes for high-precision
experiments.

The first experimental results have been produced by Fulda et al. (2010). In a table-top
setup, higher-order Laguerre-Gauss modes have been created using a spatial light modulator.
These modes were then used as the input light for standard mode cleaner cavities of linear
and triangular design. Mode cleaners are middle- to high-finesse optical cavities which
are used in the input optics setup of some high-precision interferometers. The laser light
is transmitted through these cavities in order to reduce beam geometry fluctuations and
in some cases laser frequency and amplitude noise (Drever et al., 1983). The goal of the
experimental demonstration was to validate the claims of Chelkowski et al. (2009) regarding
the optical control signals and to test for possible degradation of the optical performance due
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Figure 13.8 Intensity patterns of LG33 modes before and after a mode cleaner cavity. The top row
shows sinusoidal modes, the bottom row contains helical modes. The pictures on the left show beams
with about 60% in the desired LG33 mode. After passing the mode cleaner the purity is increased to
approximately 99%, as shown on the right. Reprinted figure with permission from Fulda et al. (2010).
Copyright 2010 by the American Physical Society.

to degeneracy. The results show that the Pound–Drever–Hall control (see Section 15.2.1)
with higher-order modes works exactly as with the fundamental mode. The mode-cleaning
performance was also confirmed; with ordinary off-the-shelf components the mode purity
of an LG33 mode was increased approximately from 60% to 99% by transmitting it through
a linear mode cleaner with a finesse of ≈ 170, see Figure 13.8. No problems due to the
mode degeneracy were reported. However, these might become apparent only at a higher
cavity finesse.

Fulda et al. (2010) further discussed and demonstrated practical problems related to
LG modes: triangular cavities which are commonly used as mode cleaners cannot pass
helical modes, as these modes lack the required symmetry around the vertical axis. This
problem does not occur when the cavity features an even number of mirrors. However,
in ordinary non-linear cavities at least one spherical mirror will be used under an angle
(not normal incidence) and introduce astigmatism. This is a problem as LG modes cannot
be eigenmodes of astigmatic cavities. Thus, linear cavities or special non-astigmatic ring
cavities must be preferred over triangular cavities.
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13.4 Conclusion

Most laser beams used in precision measurements today are fundamental Gaussian beams.
Theoretical studies have shown that the effect of thermal noise from mirrors in such
experiments can be reduced if beams with an alternative shape, i.e. a wider intensity
distribution, are used. The reduction factor depends largely on the type of thermal noise
and the specific experimental setup. However, noise reduction factors of 2 or larger seem
possible.

It has further been shown theoretically and using computer simulations that such new
beam shapes are, in principle, compatible with high-precision measurement setups. They
can be used together with, for example, different optical materials, new coatings designs,
cryogenic setups, and so on. This makes them a very interesting technology with a wide
range of application and a potentially high impact.

However, alternative beam shapes set more stringent requirements on the optical param-
eters, especially the alignment and surface quality of the main mirrors and optical com-
ponents. A number of mathematical frameworks have been developed to describe the
propagation of beams with special shapes as well as their interaction with optical elements.
Numerical simulations as well as first experimental prototypes have given promising results.
More research, especially with table-top prototypes, is under way to test the alternative
beams in realistic systems. While this technology has not been used for reducing thermal
noise yet, the research and development has advanced so that implementations in actual
devices such as optical clocks or gravitational wave detectors can be tested in the near
future.
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Gravitational wave detection

david j. ottaway and steven d. penn

14.1 Introduction

Some of the most energetic and intriguing phenomena in our universe, including black hole
coalescence and the first moments of the Big Bang, cannot be observed with traditional
“light telescopes”. These events can only be “seen” with gravitational wave observatories
that detect minute ripples in the fabric of space-time. Gravitational wave detection has the
potential to open a new window for humanity to view and understand the universe. However
the experimental requirements for detection are extreme and meeting the sensitivity limits
has spurred research in noise reduction. The study of thermal noise in optical coatings was
driven by the need for mirror displacement sensitivities of 10−19 m in advanced gravitational
wave interferometers (Levin, 1998; Harry and The LIGO Scientific Collaboration, 2010;
Harry et al., 2002).

Einstein’s General Theory of Relativity states that an accelerating mass will produce a
gravitational wave. The acceleration produces a distortion in space-time that propagates
at the speed of light (see Einstein (1915), Einstein (1916), and Barish and Weiss (1999)).
Gravitational waves interact extremely weakly with matter and as a result are very difficult
to detect. Thus, an astrophysical event is required to produce gravitational waves that are
strong enough to be detected on Earth. These weakly interacting waves are rarely scattered
or absorbed, therefore the information they carry is virtually unaltered regardless of the
time and distance they have traveled to us or the intervening objects and conditions they
have encountered.

This chapter provides a general introduction to gravitational waves, their interferometric
detectors, and the impact of coating thermal noise on this research. The detector overview
(Section 14.4.2) includes sections for each of the major subsystems: optical, vacuum,
seismic isolation, lasers and thermal noise. It concludes with a summary of all detectors
either terrestrial (Section 14.5) or space-based (Section 14.6).

Optical Coatings and Thermal Noise in Precision Measurement, eds. Gregory M. Harry, Timothy Bodiya and Riccardo DeSalvo.
Published by Cambridge University Press. © Cambridge University Press 2012.
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14.2 Generation of gravitational waves

In 1915–1916, Einstein (Einstein 1915, 1916) developed the General Theory of Relativity
(GR). GR describes now the mass–energy distribution defines the local curvature of space-
time, and how this local curvature determines the trajectory followed by mass energy.1

“Mass tells Space how to Curve, and Space tells Mass how to Move”2 The relationship is
given by the Einstein equation:

Gμν = 8π GTμν, (14.1)

where Gμν , the Einstein tensor, describes the space-time curvature and Tμν , the stress-
energy tensor, describes the mass–energy and momentum flux density.

In GR, the local proper distance s between space-time points (events) is described by
the metric tensor, gμν , where

ds2 = gμνdx
μdxν (14.2)

and xα, α = {0, 1, 2, 3}, is the local coordinate system. Gμν is calculated from gμν and its
derivatives.3 In empty space, Tμν = 0, and gμν = Mμν the flat metric of special relativity,
where gii = {−1, 1, 1, 1} and gij = 0 for i �= j . When a small perturbation, h, is added to
the metric gμν = Mμν + hμν , then, to first-order in h and utilizing the transverse-traceless
gauge, the Einstein equation (14.1) becomes the wave equation

(
∇2 − 1

c2

2

2t2

)
hμν = 0 (14.3)

This gravitational wave is a quadrupolar strain that travels at the speed of light and
oscillates in the plane transverse to the direction of propagation. Figure 14.1 illutrates the
effect of the wave on a ring of unconstrained masses in this transverse plane. There are two
polarizations, ht and hx , that have a relative angle of 45◦.

The quadrupole nature of gravitational waves is supported by our understanding of
oscillations in the mass-energy distribution. The conservation of energy prevents the mass
(energy) creation required for a monopole wave. The conservation of momentum prohibits
the mass dipole oscillation needed to form a dipole wave. Thus the leading order multipole
is the oscillating quadrupole term, which is exemplified by two masses in orbit about their
center of mass.

A major shortcoming of Newtonian gravity is that it allows for instantaneous action at a
distance; a shift in the mass distribution alters the gravitational field and that change is known

1 A clear and thorough introduction to General Relativity may be found in several texts, especially Misner et al. (1973), Hartle
(2003), and Schutz (2009).

2 A common adage used to describe General Relativity.
3 The full equation for Gμν can be found in most GR textbooks (Misner et al. (1973), Hartle (2003)).



218 D. J. Ottaway and S. D. Penn

0 π/2 π 3π/2
Figure 14.1 The effect of a gravitational wave propagating into the page on a ring of free masses.

instantly everywhere. GR alleviates that problem. In GR, a shift in the mass distribution
alters the space-time curvature and that change propagates out as a gravitational wave.

14.3 Gravitational wave sources

When Einstein theorized the existence of gravitational waves, he estimated that the strain
waves too small to ever be measured. Any terrestrial source mass that is accelerated to
its material strength limit will produce a wave that is many orders of magnitude smaller
than the sensitivity limit of today’s best detectors. For example, two tungsten spheres, each
with a 1 m diameter and a mass of 10 metric tones, supported at the end of the strongest
cabon nanotube composite rod, when spun about at 100 H2 would produce a strain wave
with an amplitude of only h ≈ 10−39, which is 1015 times smaller than the sensitivity of a
second generation detector.

Even main-sequence, binary star system, with orbital frequencies in the ωH2 range, are
well outside the frequency range of terrestrial detectors (10 Hz to 10 kHz) and medium-term
space-bosed detectors (1 mHz to 1 Hz). Instead, today’s interferometric detectors search
for signals from sources that were unknown in 1916, including neutron stars, black holes,
and the Big Bang.

Only celestial sources with bodies of solar mass or more are expected to produce
measurable gravitational waves. These celestial sources are generally divided into four
categories: periodic sources, compact binary coalescence, burst events, and the stochastic
background.4

14.3.1 Periodic sources

Mass systems that radiate gravitational waves at nearly constant frequency are called
periodic sources. These sources include binary star systems and rapidly spinning compact

4 Note that at the time of this writing there have been no direct detections of gravitational waves from any source.
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masses. Main-sequence binaries revolve at frequencies at or below the µHz level. If one or
both of the binary stars are compact masses (white dwarfs, neutron stars, or black holes),
then the system can reach mHz frequencies, (f < 1 Hz). Compact mass binary systems
comprised of black holes, neutron stars, and/or white dwarf stars can emit potentially
detectable gravitational waves as they orbit. For the vast majority of the lifetimes of
these systems, ranging from 107–109 years, the orbits are nearly constant. The orbital
velocity is sufficiently low that the energy lost to gravitational radiation is proportionally
small.

The most well-known periodic source of this type is PSR 1913+16, the Hulse–Taylor
pulsar. Discovered in 1974, this pulsar is part of a binary system in which the orbit is
slowly decaying and its orbital period is decreasing as a result of gravitational wave
emissions (Weisberg et al., 2010). The orbital period of 7.75 hours is diminishing by 76 µs
per year and it is estimated that in 300 million years the system will have lost enough energy
that it will rapidly inspiral and the stars will coalesce. Low frequency detectors, such as
the planned space-based LISA detector (Jafry et al., 1994) (see Section 14.6 below), are
designed to be sensitive to radiation from these stable binary systems. However, advanced
Earth-based interferometers have a low frequency limit around 10 Hz that prevents them
from observing these binary systems until the final few minutes of their inspiral and
coalescence.

For terrestrial based interferometers the only known potential sources of periodic grav-
itational radiation are spinning neutron stars. Neutron stars are formed when massive stars
have exhausted enough nuclear fuel that they can no longer sustain themselves against grav-
itational collapse. The energy released during this collapse results in a brilliant explosion
whose energy output can exceed that of a billion stars. The resulting neutron star typically
has a mass of 1.4 M� and a radius of about 10 km. Conservation of angular momentum
ensures that stars that are slowly rotating prior to a supernova can result in neutrons stars
that are spinning with frequencies approaching 600 Hz.

Typically, these neutrons stars are extremely rotationally symmetric. A spinning neutron
star that has perfect rotational symmetry emits no gravitational waves. However even tiny
amounts of ellipticity can allow a spinning neutron star to generate significant amounts of
gravitational radiation. At current sensitivity levels, a first generation detector is capable of
detecting neutron stars with eccentricities of 1 × 10−7 at 100–300 Hz within 0.2 kpc (Abbott
and The LIGO Scientific Collaboration, 2010).

14.3.2 Compact binary coalescence

Binary systems formed from combinations of black holes and neutrons stars can have rela-
tively stable orbits for millions, or even billions, of years before they eventually lose enough
energy that they begin to appreciably inspiral. As the orbit decays the gravitational wave
frequency and amplitude increase in a characteristic waveform known as a “chirp” (Cutler
et al., 1993). During the final few minutes of a binary neutron star inspiral, the orbital period
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will increase from tens of milliHertz to 1 Hz. The rise from 1 Hz to hundreds of Hertz occurs
during the last few seconds before the masses distort and merge. The predicted gravitational
waveform just prior to merger is well understood using post Newtonian approximations
to General Relativity (Blanchet et al., 1996). However, the merger phase is extremely
complex and numerical relativists have only recently succeeded in making predictions of
the likely waveform of this phase (Baker et al., 2007). Post merger, the resulting body is
most likely a black hole whose quasi-normal modes decay by emitting further gravitational
waves in the form of a damped sinusoid. Studies of short gamma ray bursts have suggested
that these bursts are likely caused by the merging of coalescing compact bodies (Narayan
et al., 1992). Joint searches for gravitational waves and gamma rays from these events are
underway.

14.3.3 Burst sources

Potential burst sources are thought possible from asymmetric supernova explosions and
from cataclysmic events in neutron stars. During the last day in the life of a massive star,
(M ≥ 8M�), the core rapidly fills with the iron produced by silicon fusion. When the mass
exceeds the Chandresekhar limit of 1.4 M�, the gravitational pressure exceeds the electron
degeneracy pressure. The reaction e + p → n + ν collapses the core to nuclear densities,
thus forming a neutron star. The outer shells of the star then fall in towards the now-vacant
core and are heated by the collapse and collisions with the extreme neutrino flux. Variations
in the core collapse and the in-fall of the outer shell can lead to an asymmetry in the energy
production and a non-spherical explosion. Any quadrupole component of the accelerating
matter produces a gravitational wave burst. Given the enormous variability of supernovas,
the exact form of the gravitational wave is difficult to predict beyond estimates of power
and duration.

Rapid changes in the sphericity of neutron stars are also a potential source of burst
gravitational waves. The intense gravity at the surface of a neutron star (1011 g) keeps
the surface uniform to within a few millimeters. Starquakes are thought to form rifts or
mountains of several millimeters that generate gravitational waves from a spinning neutron
star. If the gravitational pressure quickly heals or reduces these deviations, then the wave
is more burst-like.

When matter coalesces or is absorbed into a black hole, it may excite the black hole’s
quasi-normal modes. Quadrupole excitations will produce gravitational waves. However
the interaction of the black hole’s field with the wave’s energy density quickly damps these
oscillations leading to waveforms that look like damped sinusoids.

14.3.4 Stochastic background

The cosmic microwave background is the electromagnetic radiation emitted by the
universe about 300 000 years after the Big Bang, when the universe transitioned from
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being radiation-dominated (opaque) to matter-dominated (transparent). There is expected
to be an analogue of the cosmic microwave background in gravitational waves. In the very
earliest moments of the Big Bang (at the Planck time of 10−43 s), the Universe was opaque
to gravitational waves. The energy-matter density was so high that the waves were emitted
and absorbed at near equal rates. However, as the universe expanded it became transparent
to gravitational waves and thus this background carries information about the universe at the
time of this transition. It is predicted that the universe became transparent to gravitational
waves of a given wavelength when the diameter of the universe exceeded that wavelength.
Thus, the number of gravitational waves of a given wavelength should be proportional to the
energy density. Therefore, by measuring the gravitational wave background as a function of
frequency, the energy density as a function of time during the first seconds of the universe
can be determined.

The gravitational wave stochastic background is extremely weak and it will be a very
long time, if at all, before a single detector will have sufficiently low noise to be able to
observe it directly. However, by using coherence methods to combine the measurements of
two detectors whose noise is uncorrelated it is possible to study the level of the stochastic
background. Current upper limit measurements have already eliminated some theories for
gravitational wave production in the early universe (Abbott and The LIGO and Virgo
Collaborations, 2009).

14.4 Terrestrial gravitational wave detection

The first attempts to detect gravitational waves utilized resonant bar antennas (Weber,
1960; Mauceli et al., 1996). However, it was recognized relatively early that interferometric
detectors had significant advantages including potentially greater sensitivity and bandwidth.
Given the quadrupolar form of gravitational waves, the most straightforward design for a
detector is an L-shaped interferometer. These interferometers detect gravitational waves
by sensing the relative displacement of the mirrors defining the arm length. These mirrors
must be in “free fall”, meaning free to move in the plane of the interferometer. These optics
are independently suspended pendulums, which gives the detectors a wide bandwidth and
the ability to gain sensitivity with increased mirror separation.

In 1972, Rainer Weiss published the first design proposal (Weiss, 1972) for a large-
scale, gravitational wave interferometer. Weiss was quite thorough in describing the detec-
tion scheme, specifying the major system components, and estimating the primary noise
sources, including seismic noise, mechanical thermal noise, laser noise, radiation pressure
noise, and gravity gradient noise. From the kernel of this design grew the research project
that eventually became the modern field of gravitational wave detection. Indeed, most
major systems of current detectors can be traced back to concepts in that paper, including
the vacuum system, seismic isolation, suspended optics, optical cavity arms, stabilized
laser, and feedback control of the optics. In the 39 years since that proposal, Weiss’ hard
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Figure 14.2 The Advanced LIGO sensitivity curve showing the relative importance of quantum
noise, coating Brownian noise, seismic noise, gravity gradient noise, suspension thermal noise,
coating thermo-optic noise, and silica substrate Brownian noise (Harry and The LIGO Scientific
Collaboration, 2010). See also Figure 3.2 for noise curves of other thermal noises.

work and leadership have been a major driving force in the worldwide gravitational wave
collaboration’s success and growth.

14.4.1 Critical noise sources

The sensitivity of gravitational wave interferometers is limited by a number of noise sources.
In this section we will summarize the main ones. The summaries will not be detailed, as
many of the noise sources are covered in other parts of this book. For appreciation of the
frequency bands that these noise sources dominate, see Figure 14.2 for a typical sensitivity
curve of a second generation interferometer. For the first generation detectors most of these
noise sources are higher and their relative importance somewhat alters.

Quantum noise

Quantum noise refers to the uncertainty that arises from the statistical variations of the
laser light in the interferometer. For any period of observation, T , the expected number of
photons produced by the laser is N ± √

N where N = T Pλ/(hc), where P is the laser
power and λ is the laser wavelength. Thus, the noise spectrum of the laser is given by

SP = hcP

λ
. (14.4)
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This uncertainty in photon flux gives rise to two noise mechanisms. At low frequencies,
quantum noise is dominated by radiation pressure noise. At higher frequencies, shot noise is
the dominant component of quantum noise and the major limitation on the high frequency
performance of gravitational wave detectors.

Radiation pressure noise is mirror displacement noise caused by the varying pressure
exerted on an optic by a changing photon flux. When light is reflected off a mirror of mass
m the momentum change of the photons causes an impulse on the mirror that results in
a force. The statistical fluctuations in the arrival times of the photons causes a fluctuating
pressure and a fluctuating displacement of the mirror. The amplitude noise spectrum for an
interferometer of length L is given by

√
Sh,r.p.(f ) = 1

Lmf 2

√
hP

4π4cλ
. (14.5)

Shot noise is due to the reduction in precision of a phase measurement because of the
statistical fluctuations in the light. Interferometers measure the phase shift imposed by a
passing gravitational wave on light. Hence the statistical variations are a fundamental limit
on the ability of light to sense the location of a free body. The amplitude noise spectrum of
the shot noise obeys √

Sh, shot FP(f ) ∝ 1/
√
P . (14.6)

For a given measurement frequency there exists a power level that minimizes the com-
bination of the radiation pressure noise, which scales with the square root of the power,
and the shot noise, which scales as the inverse square root of the power. The displace-
ment level that is achieved for this optimization is called the standard quantum limit (see
Section 1.4). In general, this is a fundamental limit on our ability to detect gravitational
waves with test masses of a given mass. However, the addition of a signal recycling mirror
(see Section 14.4.2 below) or the injection of squeezed light into the interferometer (see
Section 11.3) can reduce the noise below the standard quantum limit. Shot noise drives the
need for having high powers reflecting off the test masses and is a reason why very low
absorption coatings are needed on the test masses (see Chapter 10).

Thermal noise

Thermal noise is the label given to measurement uncertainties that result from fluctuations
driven by thermal energy. An experimental system that is in thermal equilibrium at a
temperature, T , will have thermal energy per degree of freedom of kBT/2, where kB is
Boltzmann’s constant. Microscopically, the thermal energy is expressed as the average
kinetic energy of the atoms.

A thermal bath connected to the experimental system by a dissipation mechanism cre-
ates thermal noise in the system. In a perfectly elastic solid (i.e., no dissipation), the
thermal energy would be completely expressed as a superposition of the normal modes
of the system. The motion of this system would not be noise. If at any time the ampli-
tude and phase of the modes was measured, then the future motion could be calculated.
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Dissipation is a non resonant response that couples energy is or out of a mode of the
system. Although random in time, the effect of dissipation on the power spectral density is
described by the Fluctuation-Dissipation Theorem (Callen and Greene (1952); Callen and
Welton (1952)).

In gravitational wave detectors, thermal noise is important in the test mass suspensions,
substrates, and mirror coatings, all of which can cause displacements of the front face of the
mirror. The primary strategy for reducing this noise is to reduce the mechanical loss, thus
concentrating the thermal excitations in narrow bands around the resonant frequencies. The
thermal noise due to the coatings on the high reflectance surfaces of the mirrors is expected
to be the dominant noise mechanism in second generation gravitational wave detectors.
See Chapter 4 for a detailed discussion of (Brownian) coating thermal noise, Chapters 3
and 9 for other coating thermal noises, and Chapter 7 for a detailed discussion of substrate
thermal noise.

Seismic noise

Earth-based detectors are subject to strong seismic noise from the ground, with micron-
level displacements below about 1 Hz and a sharp drop in noise above 10 Hz. The exact
distribution and amplitude of this noise is location and condition dependent. A series of
masses and springs can isolate the test masses from this seismic noise, but in general, it is
hard to build a low-noise, seismic isolation system below about 10 Hz. The goal for seismic
noise in first generation detectors was to reach 10−19 m/

√
Hz at 40 Hz. Heavy traffic,

trains, construction and logging, and other anthropogenic activity all add to the seismic
background.

Gravity gradient noise

When seismic waves travel through the Earth they cause density fluctuations that alter
the local gravitational field. These variations exert an oscillating force on the test masses.
This noise source will primarily affect third generation detectors. Unfortunately, it is not
possible to isolate against this noise source. Plans to combat this noise include siting the
detectors deep underground, beneath the dominant surface seismic waves, and using local
seismometer data to predict the noise and correct for it.

Laser frequency and intensity noise

Interferometer asymmetries between the two arms make the experiment sensitive to classical
laser frequency and intensity noise. Frequency noise directly mimics the signal from the
motion of a test mass, but would be interferometrically canceled except for asymmetries.
Intensity noise comes from motion of the test masses from radiation pressure. If the
circulating power in the arms is identical, then both interferometer arms experience the
same displacement and no change in light intensity is observed. However, slight differences
in the finesse of the two arm cavities can result in intensity fluctuations being transferred
to the signal.
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Figure 14.3 Schematic of the optical layout of a generalized gravitational wave detector.

14.4.2 Critical components of Earth-based interferometers

In this section we will discuss the main components that make up an interferometric
gravitational wave detector. Detector designs vary so this section is a general descrip-
tion which serves as a basis to which the specific detectors can be discussed in
Section 14.5.

Interferometer topology

The farther the test masses of a gravitational wave interferometer are apart then the larger
the effective displacement that the gravitational wave produces. The finite speed of light
means that the accumulated phase shift imposed on the light is maximized when the round
trip travel time is equal to half a period of the gravitational wave. Longer round trip travel
times mean that the additional phase accumulated starts subtracting from the gravitational
wave interferometer signal. The optimum length for a gravitational wave detector that
has a maximum sensitivity at 150 Hz (a canonical frequency for a binary neutron star
inspiral) is therefore 500 km long. It is clearly not practical to build terrestrial gravitational
wave detectors with such large test mass separations. However, the use of long Fabry–
Perot cavities or delay lines in the interferometer arms can achieve the same accumulated
phase shift on considerably shorter baselines, hundreds or thousands of meters. The only
disadvantage is that the light bounces off many more mirror surfaces and hence the effects
of mirror displacement noise and losses are enhanced.

All current and planned large scale interferometric gravitational wave detectors utilize
variations of the Michelson interferometer. Figure 14.3 shows a schematic of a Michelson
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based gravitational wave detector made up of the two test masses (labeled ETM, for End Test
Mass), the beamsplitter (BS) and the laser. All the other components are used to increase
the sensitivity of the interferometer in an economical way. To simulate the optimum length
of 500 km for the arms, over-coupled Fabry–Perot cavities can be installed by adding input
test masses (ITM) near the beamsplitter. However, the Fabry–Perot cavities do not improve
the signal-to-noise ratio for noise sources arising from the test masses (i.e. thermal noise)
because the cavity reflections increase the phase shifts from these physical displacements
as well.

One of the dominant noise sources is shot noise on the light, as discussed above in
Subsection 14.4.1. This has two implications for the design of a gravitational wave detector.
First, the power incident on the beamsplitter must be high to increase the number of photons
used and thereby increase the signal-to-noise ratio. The limit due to shot noise improves
as the square root of the power incident on the beamsplitter. The second implication is that
the optimum noise performance is achieved when the port opposite to that in which the
laser enters is made intentionally dark from destructive interference of the light. This port is
often referred to as the dark port or the antisymmetric port. Conservation of energy means
that all of the input laser light is then reflected back towards the laser. The purpose of the
power recycling mirror (PRM) is to reflect this potentially wasted light back towards the
beamsplitter. The addition of this power recycling mirror can build up the light incident on
the beamsplitter by up to a factor of 50. Imperfections in the interferometer mean that light
leaks out of the antisymmetric port which increases the background shot noise. The output
mode cleaner is an optical cavity that is designed to spatially filter this unneeded light and
help ensure quantum noise limited performance.

Optics

The optics that have the highest demands placed on them are the test masses that make up
the Fabry–Perot arm cavities. If Fabry–Perot arm cavities are not used, increased demands
are placed on the beamsplitter. The substrates of the optics must be made of a material
that has very low mechanical loss, such as fused silica or sapphire. The high reflectance
coatings that are used on the test masses must have extremely low absorption, excellent,
surface figure, very low scatter, and very low mechanical loss. Low optical losses will
maximize the interferometer’s power recycling gain and reduce shot noise. In addition,
light that is multiply scattered out and back into the interferometer will introduce phase
noise (see Chapter 11). Excellent surface figure is needed to ensure the greatest overlap
of the wavefronts that recombine at the beamsplitter. This condition minimizes the shot
noise and the power leaking out of the dark port. Low absorption minimizes the impact of
thermal lensing on the performance of the interferometer (see Chapter 10). Low mechanical
loss in the coatings and substrates minimizes the motion of the reflective surfaces of the
Fabry–Perot arm cavities due to thermal noise (see Chapters 4 and 7). For more on optics
for gravitational wave detectors see Camp et al. (2002).
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Light sources

Gravitational wave detectors require lasers whose output is extremely spatially pure and
which have very low frequency and intensity noise. The input mode cleaner is a suspended
cavity around 10 m long that filters higher order spatial modes from the input light and
provides a frequency discriminator for reducing the frequency noise. All of the first and sec-
ond generation interferometers use single frequency Nd:YAG lasers operating at 1.064 µm.
The first generation detectors use around 10 Watts of power whereas the second generation
detectors are designed to use around 150 W of laser power. The slight imbalances between
the two arms mean that the frequency noise on the lasers must be extremely low. Typically,
the lasers use the long arms of the interferometer as a frequency reference, meaning that
relative frequency noise is often less than 1 µHz/

√
Hz at 100 Hz. The intensity noise

requirements are also extremely challenging. For second generation detectors the require-
ments are 3 × 10−9/

√
Hz at 10 Hz. For more on lasers for gravitational wave detectors

see Willke et al. (2008).

Control systems

To achieve the build up of power in first the recycling cavity and then the two arms it
is necessary to stabilize the lengths of the arms to less than 100 pm for first generation
instruments and 10 pm for second generation. The control system must achieve this without
injecting significant noise into the gravitational wave band between 10 Hz and 10 kHz.
For second generation detectors to operate at full sensitivity requires in excess of 100
control loops to operate simultaneously. This global control of the interferometer is done
using variations of the Pound–Drever–Hall (PDH) method (see Section 15.2.1). The input
laser beam passes through an electro-optic modulator where the beam is phase modulated
creating frequency sidebands on the light. The intensity modulations that these sidebands
cause when they become unbalanced in either amplitude or phase is detected at various
parts of the interferometer to generate error signals. These are then fed back to a variety
of actuators including electromagnets, electrostatic drives, and even quiet hydraulics to
keep the test masses in their desired locations. For more details on control systems of
gravitational wave interferometers see Acernese and The Virgo Collaboration (2010).

Seismic isolation and suspensions

In order for an interferometer to function as a gravitational wave detector, the mirrors that
define the arms must be free to move in the plane of the interferometer, i.e. in free fall.
Free fall is usually established by having the optics suspended as pendulums, making them
essentially free along the direction of the beam. If this were not the case, then the detector
signal would be convolved with the frequency response of the mirror support structure.
The optics must appear free to the gravitational wave for frequencies in the detection band,
while at the same time being isolated from other external forces and held in an optically
stable “lock” position.
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Seismic isolation systems decouple the test masses from motions of the ground. These
systems use either passive or active techniques or a combination of both. Passive isolation
systems achieve isolation by creating mechanical resonances which decouple the test mass
motion from ground motion for frequencies significantly above their resonant frequencies.
An example of such a mechanical resonance is a simple pendulum. Earth-based gravitational
wave detectors require significantly more isolation than that which is possible with a single
pendulum system. In second generation detectors, typically nine orders of magnitude of
isolation are required at 10 Hz. Often compound pendulums or spring-mass stacks are
used to increase the isolation. Very low frequency mechanical resonators can be made by
utilizing soft springs made from inverted pendulums or nonlinear springs. This system
allows mechanical resonances as low as 30 mHz. Passive isolation techniques often use
mechanical feedback to damp resonances that might cause excess motion in the control
band (generally DC – 10 Hz). The alternative to passive isolation is completely active
isolation. In these systems an optical platform is stabilized by measuring its motion using
inertial sensors such as accelerometers or seismometers. Actuators then move the table
to minimize its motion. These actuators can be electromagnetic or even quiet hydraulic
systems.

The connections between the seismic isolation systems and the test masses must mini-
mize thermal noise. This goal is achieved by making the last attachment of very pliant, low
mechanical loss material such as steel piano wire for first generation detectors and silica
fibers for second generation. See Abbott et al. (2002) and Section 5.3.1 for more on seismic
isolation and suspension thermal noise.

Vacuum envelope

Small scale pressure fluctuations in the air lead to refractive index variations. These refrac-
tive index changes lead to optical path length fluctuations which would completely mask
a gravitational wave signal. This noise source is called residual gas noise. For this reason,
all Earth-based detectors need to operate within a vacuum envelope. Very low pressures
are required and gravitational wave detectors are housed in the largest volume ultra high
vacuum systems ever built. Photographs of vacuum beam tubes and optics chambers are
shown in Figure 14.4. The vacuum in these vessels is sufficiently high that residual gas
noise will not be a limiting noise source until third generation detectors. See Section 5.3.4
for more on residual gas noise.

The vacuum systems are formed by roughly 1 m diameter beam tubes connecting larger
vacuum chambers that house the optics. The chambers contain seismic isolation platforms
that are supported independent of the chambers. These isolation platforms hold all of
the optics and suspension systems. Connecting the corner station to the end station is a
kilometer-scale long beam tube that is formed from low oxygen stainless steel connected
with a single spiral weld. The beam tubes contain a series of baffles with irregularly shaped
edges to block any coherently scattered light. After installation, the vacuum system is



Gravitational wave detection 229

Figure 14.4 The vacuum beam tube covered by a concrete vault (left) and optics chambers in the
corner station (right). These large chambers each house a single optic (beamsplitter or test mass) and
its associated seismic isolation and suspension. Photos courtesy of the LIGO Laboratory.

pumped down and baked. The system is maintained near 10−8 Torr using only cryopumps
and ion pumps during operation.

14.5 Terrestrial gravitational wave detectors

14.5.1 First generation

The construction of the first generation of large scale interferometers began in the last part
of the twentieth century and operation at the design sensitivity was achieved in the first
few years of this century. The main task of these first generation detectors was to develop
and demonstrate the technology needed to operate high performance interferometers over
kilometer length scales. Astrophysical models predicted that detection of a gravitational
wave was possible but unlikely with these interferometers. Therefore, the goal was to pave
the way for gravitational wave astronomy commencing with the second generation. We
here briefly describe the primary first generation gravitational wave detectors.

TAMA 300

TAMA 300 is a gravitational wave detector located on the Mitaka campus of the National
Astronomical Observatory in Tokyo, Japan. In 2001 it was the first of the large scale, first
generation detectors to report sensitivity sufficient to detect a binary neutron-star inspiral
within our galaxy (Ando and The TAMA Collaboration, 2001). TAMA 300 makes use
of arms that are 300 m long; this short arm length compared to LIGO and Virgo (see
below) means that the optimum sensitivity can be achieved using high finesse arms without
power recycling (although power recycling was installed later; see Arai and The TAMA
Collaboration (2008)). The mirrors of the main interferometer are mounted on three stage
seismic isolation platforms that provide over 165 dB isolation at 150 Hz. See Arai and The
TAMA Collaboration (2008) for more on TAMA 300.
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Figure 14.5 Aerial views of the LIGO Hanford Observatory (Left) and the LIGO Livingston Obser-
vatory (Right). Photos courtesy of the LIGO Laboratory.

Initial LIGO

The Laser Interferometer Gravitational-wave Observatory (LIGO) consists of three inter-
ferometers located at two facilities: a 4-km interferometer in Livingston, Louisiana, and
a 4 km and 2 km interferometer nested within a single vacuum system in Hanford,
Washington. Figure 14.5 is an aerial view of the LIGO Livingston and Hanford obser-
vatories. With the exception of their length and location, the interferometers are essentially
identical. The two detectors at the Hanford site provide a diagnostic for distinguishing
site-specific noise from possible gravitational wave signals. The two sites are separated
by 3000 km, which minimizes background noise coherence, and results in a 10 ms timing
separation. The timing resolution of the joint LIGO-Virgo detectors allows for a theoretical
angular resolution of<0.5◦, but typical noise levels and signal uncertainties yield a practical
limit of 5–7◦ (Abbott and The LIGO Scientific Collaboration, 2009; Wen and Chen, 2010).
The Initial LIGO detectors had a design sensitivity of h = 2.5 × 10−22 (�L = 10−18 m) in
the frequency band of 40–4000 Hz. That design goal was achieved during 2006–2007, the
detector’s fifth science run (Abbott and The LIGO Scientific Collaboration, 2009).

The Initial LIGO interferometers were power recycled interferometers with Fabry–Perot
arm cavities. The optics were supported using single piano wire suspensions mounted on
passive isolation stacks. Increased anthropogenic noise at the Livingston Observatory meant
that further seismic isolation was required to achieve continuous operation there. This was
achieved by utilizing an active platform that was actuated using quiet hydraulics. One of
the best sensitivity curves from the Hanford 4 km is shown in Figure 14.6.

Initial Virgo

Virgo is a French–Italian collaboration that operates a 3 km-long gravitational wave inter-
ferometer in Cascina, Italy (Accadia and The Virgo Collaboration, 2010a). The Virgo and
LIGO detectors are of similar design with the greatest difference being the seismic iso-
lation systems. Virgo uses superattenuator towers (Braccini and The Virgo Collaboration,
2005) to isolate its optics, while Initial LIGO used stacks of masses and high loss springs.
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Figure 14.6 Sensitivity of the 4 km Initial LIGO interferometer at Hanford, Washington in 2010. The
large spikes are due to 60 Hz lines, mechanical resonances of the suspension, and other narrowband
artifacts.

The superattenuators allow superior seismic isolation to be achieved at lower frequencies
than the passive LIGO stacks. The Initial Virgo detector has achieved a sensitivity of
h = 10−21/

√
Hz at 20 Hz (Accadia and The Virgo Collaboration, 2010b).

GEO 600

GEO 600 (Lück and The GEO 600 Collaboration, 2006) is a gravitational wave interferom-
eter operated by a British–German collaboration and located outside Hannover, Germany.
The interferometer uses power recycling and an output cavity technique known as signal
recycling (Meers, 1988) but no Fabry–Perot cavities in the arms. This requires an addi-
tional mirror at the output port known as the Signal Recycling (SR) mirror, see Figure 14.3.
Instead of Fabry–Perot arms, GEO 600 uses folded arms that allow a 1.2 km-long opti-
cal path to fit within its 600 m-long vacuum envelope. This shorter interferometer makes
GEO 600 inherently less sensitive than the LIGO or Virgo detectors, particularly at low
frequencies. However, the GEO 600 detector also acts as a test-bed for new technologies.
The smaller-sized facility allows the GEO scientists to more rapidly test and deploy the
technologies that will be used in second generation detectors, including monolithic silica
suspensions (Plissi et al., 2000) and signal recycling. GEO 600 also uses an innovative
corrugated vacuum tube design that is produced with less stainless steel. The combination
of these technologies has allowed GEO 600 to achieve a sensitivity within a factor of four
at 1 kHz of the large scale detectors.
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14.5.2 Second generation detectors

There are currently four second generation gravitational wave interferometer projects in
various states of production. The LIGO and Virgo instruments are being upgraded so
that their sensitivity increases by a factor of ten. A third large scale second generation
interferometer project, the Large-scale Cryogenic Gravitational-wave Telescope (LCGT),
has recently received initial funding and will be built in Japan. In addition, the GEO 600
instrument is being upgraded to a high sensitivity, high frequency instrument.

The distance gravitational wave detectors can detect a given event scales directly with the
sensitivity. So an increase by a factor of ten will result in roughly a thousand-fold increase
in the volume of space sensed, which is roughly proportional to the rate of gravitational
wave events. Accounting for the astrophysical uncertainties, the predicted rate of neutron
star binary inspirals that these advanced interferometers can detect ranges from a few per
year to a few thousand per year (O’Shaughnessy et al., 2010).

Advanced LIGO

Advanced LIGO (Harry and The LIGO Scientific Collaboration, 2010) is the successor to
the LIGO detectors with upgrades to all of the major detector systems, including seismic
isolation, suspensions, optics, and the laser. The original upgrade plan included extending
the 2 km interferometer to 4 km. However, a recent initiative has proposed siting the new
4 km detector in Australia, if that country will agree to fund the necessary facilities and
operations. An Australian detector will significantly improve the angular resolution of the
worldwide array because it is located out of the near-plane formed by the US, European,
and Japanese detectors (Blair and Munch, 2009). This increased resolution is particularly
important when an event requires a follow-up observation by an electromagnetic wave
telescope.

Advanced LIGO will include a new seismic isolation system in each optic chamber
which consists of an optical table with three stages of active isolation. The optical table
supports a four-stage pendulum that ultimately supports the interferometer test masses. The
last stage of the pendulum system consists of silica fibers to minimize thermal noise. This
combination of a four-stage pendulum, active seismic isolation, and silica fiber suspensions
means the sensitivity of Advanced LIGO will not be limited by either thermal noise from
the suspensions or seismic noise in its normal operating mode.

The laser in Advanced LIGO is designed for 180 W of power at 1064 nm. This is a
significant increase over the 10 W achieved in Initial LIGO. Since the signal-to-noise ratio
in the shot noise regime scales as the square root of power, this large of an increase is
necessary to gain sensitivity at higher frequencies. The laser must also satisfy stringent
requirements in intensity and frequency noise.

The test masses in Advanced LIGO have been increased in mass from 10 kg to 40 kg to
minimize the impact of radiation pressure noise (see Section 14.4.1). The coating on the test
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masses will be a test of a coating specifically designed to minimize coating thermal noise,
using titania doped tantala and silica layers (see Chapter 4) and layer thickness optimization
(see Chapter 12).

Advanced Virgo

Advanced Virgo (Acernese and The Virgo Collaboration, 2006), like Advanced LIGO,
is designed to gain a factor of ten in sensitivity over its first generation instrument. For
Advanced Virgo, this sensitivity improvement is brought about by increased laser power,
larger optics suspended from silica fibers, and lower loss mirror coatings.

Large-scale Cryogenic Gravitational-wave Telescope

The Large-scale Cryogenic Gravitational-wave Telescope (LCGT) (Kuroda and The LCGT
Collaboration, 2010) is a 3 km-long interferometer proposed by a Japanese collaboration and
to be built in the Kamioka mine. Building off the work of the Cryogenic Laser Interferometer
Observatory (CLIO) (Yamamoto et al., 2008) test facility, LCGT will be the first kilometer-
sized detector to be built underground and the first large detector to combat thermal noise by
operating some of its mirrors at cryogenic temperatures (see Chapter 8). The test masses are
planned to be made from sapphire to take advantage of the low temperature (see Chapter 7
for more on sapphire substrates). This technology is also being explored for third generation
detectors, see Section 14.5.3 below. A part of the LCGT budget has recently been approved,
with additional funding anticipated in the future.

GEO-HF

GEO-HF (high frequency) (Willke and The GEO-HF Collaboration, 2006) is an upgrade
to GEO 600 that will include higher laser power and light squeezing (see Section 11.3).
These improvements should result in a factor of ten increase in sensitivity at frequencies
above 1 kHz.

14.5.3 Third generation detectors

In excess of 15 years of research was required to bring about the technical developments
needed to design and build the second generation detectors. As the construction of the
second generation detectors is starting, research into the design of third generation detectors
is already commencing. To improve on the performance of second generation detectors
a number of noise sources will need to be overcome. The limiting noise sources for
second generation detectors are coating thermal noise, gravity gradient noise, and quantum
noise. Of the innovations that are being investigated, some are potential add-ons to second
generation detectors while others will require a complete redesign of the interferometer
and its potential relocation. The Einstein Telescope (Punturo and The Einstein Telescope
Collaboration, 2010), a third generation detector being considered in Europe, is the furthest
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along in planning. It is still just at the conceptual stage and many years of research and
planning will be needed before a practical detector will arise.

Coating thermal noise

Nearly all the methods of improving coating thermal noise discussed in this book are
being considered for third generation gravitational wave detectors. These include improved
materials (Chapter 4); changing laser wavelength, Khalili cavities, waveguide gratings,
and improved coating design (Chapter 6); cryogenics (Chapter 8); and beam shaping
(Chapter 13).

Substrate thermal noise

Improvements in substrate thermal noise, as discussed in Chapter 7, are possibilities for
third generation detectors. Both silicon and sapphire are possible substrate materials at
cryogenic temperatures and have thermal noise advantages. At room temperatures, sapphire
has better Brownian thermal noise than silica and its disadvantage with thermoelastic noise
is not limiting at higher frequencies. Silica is still the preferred substrate material at room
temperature and low frequencies, although research into other materials continues.

Quantum noise

The quantum noise that limits a significant fraction of the frequency band of gravitational
wave detectors is caused by vacuum fluctuations entering the interferometer through the
dark or anti-symmetric port. These vacuum fluctuations can be suppressed by injecting
squeezed light into the interferometer through the dark port, as discussed in Section 11.3.
To achieve the full potential benefit of the squeezing it is necessary to minimize optical losses
in the interferometer. This means keeping the scattering losses of coatings to a minimum,
as discussed in Chapter 11. The use of squeezed light can in principle be retrofitted with
minimal changes to improve the performance of any of the second generation detectors.

Gravity gradient noise

At the lowest frequencies, gravity gradient noise will begin to be an issue for second
generation detectors. Various mitigation schemes have been proposed that utilize an array
of seismometers to detect ground motion then subtract the estimated noise as coupled into
the detector. Another alternative being actively pursued would place the interferometers
underground where seismic motion is considerably reduced.

14.6 Space-based detectors

To achieve sensitivity below 1 Hz it is likely to be necessary to put detectors in space.
Gravitational wave detectors in space have two main advantages; seismic noise and gravity
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gradient noise are eliminated and the constraint on length is significantly relaxed. The
increase in arm lengths means the change in test mass separation for a given gravitational
wave strain increases. There are currently three space-based missions in various stages of
maturity: LISA, BBO and DECIGO, which are discussed below.

14.6.1 LISA

The Laser Interferometer Space Antenna (LISA) (Jafry et al., 1994) is a collaborative
mission between the European Space Agency (ESA) and the US National Aeronautical and
Space Administration (NASA) with a current launch date of 2020.5 The LISA mission will
consist of three spacecraft that are separated by a distance of 5 million kilometers and will
orbit around the Sun trailing the Earth by 20◦. The LISA spacecraft are drag free which
means that each one consists of two satellites one inside the other. The inner satellite is
a test mass which is protected from collisions with space particles by the outer satellite.
Micro thrusters orientate the outer satellite such that it maintains its orientation relative to
the test mass. Each of the three LISA spacecrafts transmits a laser beam in the direction
of the other two. This enables the distance between the outer satellites to be measured. An
interferometric measurement between the test mass and the outer satellite then enables the
distance between the test masses to be determined.

The sensitivity band of LISA ranges from 0.1 mHz to 0.1 Hz, limited below 3 mHz by
residual acceleration noise (Jennrich, 2009). The sensitivity above 30 mHz is limited by a
combination of shot noise and nodes in the gravitational wave signal.

14.6.2 Big Bang Observer (BBO)

The design of LISA is such that there still exists a significant hole in the observable
gravitational wave spectrum centered around 1 Hz. Preliminary research has been done on
a mission named the Big Bang Observer (BBO) that will fill in the gap. It is designed to
have enough sensitivity to detect the stochastic background of gravitational waves from the
Big Bang (see Section 14.3.4), hence the name.

An arm length of 50 000 km, a 300 W, 355 nm wavelength laser, and locked arms (unlike
LISA) are all being considered for BBO (Harry et al., 2006b). Of particular interest in this
book is that coating thermal noise will possibly be a limiting noise source if coatings have
not improved by the time of this mission. Many of the technologies proposed for BBO do
not currently exist and significant technical progress will be required before this mission
becomes feasible. However, this mission is not expected to be launched for at least 20 years
so there is time for the technical advances to be made.

5 NASA’s financial support of USA was removed in the proposed Fy 2012 budget. In response, the project is being redefined as
an ESA mission.



236 D. J. Ottaway and S. D. Penn

14.6.3 DECIGO

DECIGO is an advanced space based gravitational wave detector which, like BBO, is
designed to fill in the sensitivity gap (around 0.1 Hz) between ground based interferometers
and the LISA mission. DECIGO stands for the DECI-hertz Interferometer Gravitational
wave Observatory and it is being proposed in Japan. The DECIGO mission is planned to
have three spacecraft, like LISA and BBO, which will be separated by 1000 km. DECIGO’s
launch is planned to be around 2027 with a couple of technology demonstrators missions
to fly earlier (Ando and The DECIGO Collaboration, 2010).
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High-precision laser stabilization via optical cavities

michael j. martin and jun ye

15.1 Introduction

Optical cavities are extremely useful devices in laser-based research. Within the context of
precision measurement, they enable tests of the laws that govern the macroscopic structure
of the universe, embodied in the search for gravitational waves (Abbott and The LIGO
Scientific Collaboration, 2009) (see also Chapter 14). At the other end of the length scale,
cavity-stabilized lasers are powerful tools for precision spectroscopy that probe nature at the
quantum mechanical level, through tests of quantum electrodynamics (QED) (Kolachevsky
et al., 2009). Furthermore, cavities enable high-sensitivity broadband spectroscopy (Thorpe
et al., 2006), which has practical applications in trace gas sensing; exploration of new light–
matter interaction regimes in cavity QED (Miller et al., 2005) (see also Chapter 17); tests
of fundamental physical principles including relativity (Brillet and Hall, 1979; Hils and
Hall, 1990; Eisele et al., 2009), local position invariance (Blatt et al., 2008), and the time
invariance of the fundamental constants of nature (Fortier et al., 2007b); and nonlinear
optics, including coherent light build-up for studies of extremely nonlinear effects (Gohle
et al., 2005; Yost et al., 2009). In general, optical cavities have become indispensable tools
at the heart of many modern experiments.

In conjunction with optical frequency combs, cavity-stabilized laser systems have
enabled the development of highly accurate frequency standards based on neutral
atoms (Sterr et al., 2004; Takamoto et al., 2005; Ludlow et al., 2006; Le Targat et al.,
2006; Ludlow et al., 2008; Lemke et al., 2009) and trapped ions (Diddams et al., 2001;
Madej et al., 2004; Margolis et al., 2004; Rosenband et al., 2008). In recent years, two
ion-based standards (Oskay et al., 2006; Chou et al., 2010), and also a neutral atom-based
standard (Ludlow et al., 2008) have surpassed the fractional frequency uncertainty of the
primary cesium frequency standards that define the SI second (Heavner et al., 2005; Bize
et al., 2005).

In addition to better accuracy, the real power of optical frequency standards is precision
and stability (Hollberg et al., 2005b). Ultrastable lasers paired with ultranarrow atomic
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Figure 15.1 Strontium atoms trapped in a magneto-optical trap at JILA. Florescence from laser
cooling at 461 nm, the first stage in a cooling process that creates optical lattice-trapped samples
at µK temperatures, is visible from the atomic cloud (center). This same fluorescence serves as
the clock readout. Inset: precision spectroscopy of the ultranarrow 1S0 →3P0 clock transition in
87Sr at 429 THz. This is one of the highest Q spectroscopic features ever observed (Ludlow et al.,
2007). (Figure from Zelevinsky et al. (2008), Copyright Wiley-VCH Verlag GmbH & Co. KGaA.
Reproduced with permission.)

transitions in the optical domain (Figure 15.1) have allowed the realization of optical
clocks that are orders of magnitude more stable than current microwave-based frequency
references. With increased stability, highly precise measurements of intricate physical
effects can be made in short periods of time. For example, collisional effects between
ultracold atoms that cause frequency shifts at the 10−16 level can be resolved within a few
hours time (Campbell et al., 2009). This measurement precision is only possible because
the lasers at the heart of the best optical atomic clocks now operate at or below the 1 × 10−15

fractional frequency instability level with a mere 1 s averaging time.
The desire to further improve the stability of optical clocks continues to drive advances

in cavity-stabilized laser systems. However, the cavity mirror coating and substrate thermal
noise limits the stability of these optical systems in a fundamental way. Presently, this noise
is a limiting factor in some of the best optical standards.

15.2 Review of optical cavities

A basic optical cavity is formed by an array of two opposite-facing mirrors (Figure 15.2).
For high-precision frequency stabilization, these mirrors are typically held apart by a rigid
spacer and are kept under vacuum to eliminate a varying intra-cavity index of refraction
due to air. Although more complicated cavity geometries exist, including ring-type cavities
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Figure 15.2 Schematic of an optical cavity in the standing wave configuration. The mirror amplitude
reflectivity and transmission coefficients are given by r and t , respectively. ESS is the steady-state
electric field for a given incident field, Einc. Some of Einc is transmitted as Et, while some is reflected
as Er.

(e.g. a cavity formed from a triangular mirror configuration) where the optical field is a
running wave, we consider only this basic configuration as it is most common for precision
frequency stabilization. For an incident laser of electric field amplitudeEinc, the steady-state
electric field inside such a cavity, ESS, is obtained by enforcing the condition

ESS = ESSe
iϕr2 + Einct. (15.1)

Here, ϕ is the round-trip phase accumulated by the light, t is the mirror field amplitude
transmission coefficient and r is the corresponding amplitude reflectivity. In the absence of
mirror absorption and scatter, it is possible to relate the magnitude of the r and t coefficients
by |r|2 + |t |2 = 1, however we choose to allow for the real-world situation, where mirror
losses are influential, by leaving these distinct. The cavity phase shift, ϕ, can be re-written
in terms of the cavity length, L, and the laser’s optical frequency, ω = 2πν, as

ϕ = 2Lω

c
+ ϕ̃. (15.2)

The term ϕ̃ is due to an additional mode-dependent diffraction phase term. While its
consideration is necessary for finding the longitudinal mode-dependent frequency structure
of an optical cavity, we omit this term for the remainder of this chapter because we will
consider only a single optical mode. We also note that the cavity length, L, includes
the effects of optical field penetration into the mirror coating, which typically requires a
correction to the physical length on the order of an optical wavelength. For macroscopic
cavities, this effect is negligible, but it becomes important for cavities whose size is of the
order of an optical wavelength (Hood et al., 2001).

By solving Equation 15.1 for the steady-state field, we find that the transmitted field
amplitude, given by Et = tESS, is

Et(ν)

Einc(ν)
= eiϕ/2t2

1 − eiϕr2
. (15.3)

Similarly, the reflected field, Er, is given by

Er(ν)

Einc(ν)
≡ R = r

[
1 − eiϕ (

r2 + t2)
1 − eiϕr2

]
. (15.4)
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Figure 15.3 Reflection coefficient and corresponding phase shift of the reflected light incident upon
an optical cavity. If there are no mirror losses, there is a discontinuity in phase as the reflected light
drops to zero. Here, a small mirror loss term has been included, causing the reflection dip to not reach
zero.

The cavity reflection transfer function, R, is plotted in Figure 15.3. As can be seen from
Equations 15.3 and 15.4, the transmission (reflection) is maximized (minimized) when the
round-trip phase is a multiple of 2π . When this condition is met, the cavity is said to be on
resonance. This results in the resonance condition

νn = n
c

2L
, (15.5)

where L is the distance separating the mirrors and c is the speed of light. This condition is
simply the requirement for a standing wave resonance within the cavity. Thus, the modes
are spaced in frequency by c/2L, a quantity known as the free spectral range (�νFSR). By
analyzing the denominator of Equation 15.4, the width of the cavity resonance (i.e. the
width of a dip in |R|2), denoted as �νFWHM, is related to the free spectral range by

F = �νFSR

�νFWHM
= π |r|

1 − |r|2 = π
√
R

1 − R . (15.6)

Here R ≡ |r|2, and is the intensity reflection coefficient. This ratio, F , is known as the
cavity finesse and, as Equation 15.6 shows, depends only on the mirror properties.

15.2.1 Pound–Drever–Hall locking

As seen in the previous section, an optical cavity defines a series of narrow resonances.
A common way to stabilize a laser to such a resonance is through a frequency modula-
tion locking technique. The most commonly used and successful frequency modulation
technique for laser stabilization is the Pound–Drever–Hall (PDH) stabilization scheme
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Figure 15.4 Pound–Drever–Hall sidebands and error signal.

(Drever et al., 1983), where the frequency modulation is performed at a much higher
frequency than the cavity linewidth.

There are several reasons for the widespread adoption of PDH locking. First, there
are no restrictions upon the phase modulation frequency, as long as it is larger than the
cavity linewidth. A higher modulation frequency gives the lock immunity to common
laser amplitude noise offsets and also permits the use of resonant electro-optic modulators
(EOMs). Additionally, in the PDH scheme, the lock bandwidth is not restricted by the cavity
linewidth, allowing extremely narrow cavity resonance features to provide high-bandwidth
stabilization.

Several reviews of PDH locking and laser feedback control theory exist (Day et al.,
1992; Mor and Arie, 1997; Black, 2001; Bava et al., 2006). Here, we briefly discuss the
important results of the PDH locking technique.

In order to measure the PDH error signal from an optical cavity, the laser must first be
phase modulated. A phase modulated signal can be decomposed into a carrier and sidebands
using the Jacobi–Anger expansion (Hils and Hall, 1987):

E0e
−i2πf0t−i�ϕ sin(�t) = E0J0 (�ϕ) e−i2πf0t

+ E0

∞∑
n=1

Jn(�ϕ)
[
e−i(2πf0+n�)t + (−1)ne−i(2πf0−n�)t] . (15.7)

Here, the term�ϕ is the phase modulation depth and� is the phase modulation frequency.
From this expansion, it is clear that the first order sidebands are 180 degrees out of phase
(as are all odd order sidebands), as pictured in Figure 15.4. When the phase modulation
frequency is well outside the cavity bandwidth, these sidebands are sufficiently detuned
from the cavity resonance such that they are promptly reflected from the cavity unaffected.
The carrier, which is near the cavity resonance, is affected by the complex response of the
cavity (as shown in Figure 15.3 and given in Equation 15.4) and interferes with the phase
modulation sidebands upon reflection.



242 M. J. Martin and J. Ye

This interference term can be explored by assuming that the phase modulation side-
bands are completely reflected and finding the time-dependent reflected optical power,
Pref(t), when the carrier is near resonance. Making use of only the first order sidebands of
Equation 15.7,

Pref(t) = 1

2

∣∣Ec, ref + Ese
−i�t − Ese

i�t
∣∣2

= Pc, ref + 2Ps − 2 � {
Ec, refE

∗
s

}
sin (�t) + 2� terms. (15.8)

Here, Ec, ref (Pc, ref) is the reflected electric field amplitude (power) in the carrier and Es

(Ps) is the reflected electric field amplitude (power) in the sidebands. Keeping everything
that oscillates at � or below, and making use of Equations 15.7 and 15.4,

Pref(t) = P0
[
J 2

0 (�ϕ) |R|2 + 2J 2
1 (�ϕ)

]
+ 4P0J0 (�ϕ) J1 (�ϕ) � {R} sin (�t). (15.9)

When the carrier is less than a cavity linewidth from resonance,

� {R} 
 −2 |t |2 F
(1 − |r|2)�νFSR

δν. (15.10)

Here, δν is the laser detuning from cavity resonance given by δν = νlaser − νcavity. The term
in Equation 15.9 that oscillates as sin (�t) is thus given by

Dδν sin (�t) , (15.11)

where we have used the definition

D ≡ −8P0J0 (�ϕ) J1 (�ϕ)

�νFWHM

( |t |2
1 − |r|2

)
, (15.12)

along with the relationship �νFSR/F = �νFWHM to derive Equation 15.12.
Equation 15.11 gives the component of optical power that oscillates at the phase modu-

lation frequency. For small detunings, the amplitude is linear in δν, and can thus be used to
lock the laser to the optical cavity after the optical power has been detected on a photodiode
and demodulated. The degree to which the amplitude changes for a given detuning is char-
acterized by the parameter D, which, as should be expected, varies inversely with cavity
linewidth and is proportional to the product of the zero and first-order Bessel functions.
In passing, we note that this can be used to define an optimal modulation depth, given by
�ϕ = 1.08. By measuring this oscillating RF signal, and demodulating by mixing in the
proper quadrature at the frequency �, a linear error signal can be obtained with which to
feed back upon the laser frequency.

While Equation 15.11 describes the behavior of the error signal near the cavity resonance,
one may go a step further and include the frequency dependence of �{R} to calculate the
shape of the error signal over a broader range, as shown in Figure 15.4 (Mor and Arie,
1997). When this detail is included, it can be shown that the error signal of Equation 15.11
needs to be multiplied by a single-pole low-pass filter function with a corner frequency
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equal to the cavity half-width. This effect can be compensated for by appropriate servo
design, such that the lock bandwidth need not be limited by the cavity linewidth. Physically,
this low-passing effect represents a transition from a regime in which the cavity is sensitive
to frequency fluctuations of the laser to one in which the error signal is proportional to
phase fluctuations of the laser. As expected, this transition occurs at the cavity half-width.

15.2.2 Sources of lock error

There are two important considerations when frequency stabilizing a laser by locking it to
an optical cavity. The first is that the reference cavity optical length must be as stable as
possible and will be discussed in Section 15.3. However, an equally important question is
whether there are any issues that can prevent a laser from precisely tracking the reference
cavity resonance, due to either technical or quantum effects.

The most fundamental but least important source of error in cavity locking systems
is quantum noise (see, e.g., Salomon et al. (1988); Day et al. (1992)). The optical power
spectrum of shot noise on the light at the detector is given by the single-sided power spectral
density

GP = 2hνPopt
[
W2/Hz

]
. (15.13)

Thus, assuming |r|2 + |t |2 = 1, the expected frequency noise due to shot noise in the most
ideal case (and with an ideal demodulator) is

Gν = GP

ηD2
= hν�ν2

FWHM

16ηP0J
2
0

[
Hz2/Hz

]
, (15.14)

where η takes into account the detector quantum efficiency and ν = c/λ is the optical
frequency. Substituting in the very modest parameters λ = 1 µm, P0 = 10 µW, η = 0.5,
and �νFWHM = 10 kHz, the very low shot noise floor of Gν = 4 × 10−7 Hz2/Hz can be
achieved. This can be related to the locked laser linewidth by

�νlocked = πGν, (15.15)

where it is assumed thatGν is white noise. For the parameters given above, this results in a
locked linewidth of 1 µHz. Thus, for high-finesse cavities, the shot noise locking limit is far
below any cavity locking result, even in experiments designed to exclude other technical and
thermal effects (Salomon et al., 1988). This indicates that in practical situations, “technical”
effects are most important.

Residual amplitude modulation (RAM) is a term that collectively describes a variety of
effects that induce amplitude modulation at the phase modulation frequency. For example,
temperature-dependent parasitic etalons within the optical system can induce RAM which
is then demodulated along with the cavity error signal. This causes an offset to be introduced
in the locking system. Other effects that can cause RAM are typically related to the phase
modulation device, most often an electro-optic crystal-based (e.g. LiNbO3, ADP, KDP)
modulator. For instance, stress-induced birefringence in crystal devices can rotate the
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principal crystal axis, creating not only an electric field-dependent phase shift, but also a
corresponding polarization rotation, which can be distributed across the optical wave front.

While in many cases a temperature-controlled electro-optic (EO) crystal has low enough
RAM for acceptable performance, a certain degree of success has been achieved by using
a DC electric field on crystal-based EO modulators to actively servo the RAM (Wong and
Hall, 1985). However, beam pointing deviations can cause slightly different regions of the
crystal to be sampled, causing the phase of the RAM to shift, and limiting the effectiveness
of the active system.

It is important to note that the effect of RAM on laser stability is reduced for cavities
with narrower resonances due to the fact that a given fractional change in RAM results in
a smaller change in frequency for a narrower resonance. Thus, for a given cavity length,
higher cavity finesse is always desirable to help mitigate RAM-induced line pulling.

15.3 Mechanical design of optical reference cavities

Despite the considerable challenges present in building a high-quality cavity locking system
that is free from residual frequency offsets, these effects are not what limit most high-finesse
optical cavity frequency references. Instead, perturbations to the length of optical reference
cavity are ultimately what limit the frequency stability. These perturbing effects fall into
two categories: mechanical and thermal perturbations that are not fundamental, i.e. that
are non-statistical in origin; and fundamental statistical fluctuations in the cavity spacer,
substrate, and coatings that arise from their contact with a thermal reservoir at room (or
cryogenic) temperature.

In this section, we discuss non-statistical perturbing effects and describe methods for
their mitigation. These mechanical effects can be divided into two categories: those caused
by vibrations (accelerations) that structurally deform the cavity, and those that couple
through the coefficient of thermal expansion (CTE) of the cavity materials. Use of finite
element analysis to optimize cavity geometries and choice of materials has drastically
reduced and elucidated these effects.

15.3.1 Vibration sensitivity

Although optical cavity mirrors and spacers are typically made out of a rigid substance,
such as ultra low expansion glass (ULE), the length stability requirements are extremely
stringent for sub-Hz lasers. As can be seen from Equation 15.5, the fractional frequency
change of a cavity resonance is directly related to the fractional length change by

�ν

ν
= −�L

L
. (15.16)

The current world record for cavity stabilization was set in 1999 with 1 s stability at
3 × 10−16 and employed a very impressive vibration isolation scheme in order to keep
the cavity length constant – effectively suspending the entire optical table on giant rubber
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Figure 15.5 Vertical cavity mounting geometry using the symmetric supporting scheme. Finite
element analysis (FEA), figure (a), can be used to fine-tune the mounting geometry.

bands (Young et al., 1999). Although the cavity length we discuss is the effective length
sensed by the optical field, which is averaged over the mirror surface, it is still astounding
that the length stability needed for a sub-Hz laser is sub-fm (10−15 m) – the length scale of
the proton radius! It should come as no surprise that length stability at or below one part in
1015 takes significant engineering effort.

One approach that significantly reduces the dependence on vibration-isolating structures
is to design the cavity spacer such that the mirror–spacer system is insensitive to vibrations.
An intuitive way to achieve this is to mount the cavity at its midplane in the vertical
direction (Notcutt et al., 2005). In this way, the top and bottom mirrors move equal amounts
when subject to vibrations along the vertical axis. However, one can only get so far
exploiting intuitive geometry for the simple reason that the support structure breaks perfect
vertical symmetry. Thus, to finalize any cavity design, finite element analysis (FEA) must
be employed (Chen et al., 2006a). This technique can be applied to a variety of cavity
geometries and tailored to a specific design goal, such as insensitivity in a specific direction.

One system that exploits the benefits of vertical symmetry (Ludlow et al., 2007),
shown in Figure 15.5(b), has a measured vibrational sensitivity in the vertical direction of
30 kHz/

(
m/s2

)
representing a fractional sensitivity of 7 × 10−11/

(
m/s2

)
. A more recent

example of a stable cavity based on a vertical geometry has shown even better vibrational
insensitivity by the FEA technique at the level of 10−11/

(
m/s2

)
(Millo et al., 2009). These

results are quite good given that the highest grade commercial isolation platforms can give
isolation performance at the 50 ng/

√
Hz level, resulting in a vibration-limited frequency

noise performance of order 10 mHz/
√

Hz for the sensitivities exhibited by modern cavities
in the visible spectrum.

In principle, one is not restrained to vertical configurations. In fact, there may be good
reason to choose a horizontal configuration, especially if it is expected that the majority of
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Figure 15.6 Finite element analysis (FEA) of a 40 cm cavity in development at JILA.

vibrations will be in the vertical direction. Through FEA, results comparable to and even
better than those obtained with vertical mounting schemes have been obtained (Webster
et al., 2007; Millo et al., 2009). Other motivating factors include structural stability, espe-
cially for larger cavities, and the experimental ease of access for horizontal geometries.
Most importantly, in the horizontal configuration, the coupling of vertical accelerations to
deviations along the optical axis is reduced by the Poisson’s ratio, representing roughly an
80% reduction in sensitivity. However, horizontal accelerations can still couple into mirror
displacement, although the inherent symmetry in the two horizontal axes limits this effect.
Figure 15.6(a) shows an FEA model of a 40 cm ULE cavity under development at JILA.
Sensitivity to vertical accelerations has been eliminated in the FEA model by choice of
support points. (See Figure 15.6(b).)

15.3.2 Thermomechanical perturbations

The most common cavity spacer and mirror substrate materials for ultrastable reference
cavities are ULE, fused silica (FS), sapphire, and silicon. The coefficients of thermal expan-
sion (CTEs) of these materials are shown in Figure 15.7. Owing to large room-temperature
CTEs, the latter two materials have primarily been used at cryogenic temperatures (Richard
and Hamilton, 1991; Seel et al., 1997; Müller et al., 2003a). See Chapter 8 for more on
cryogenics.

In general, a cavity made of a uniform-CTE material will experience a fractional length
change given by

�L/L = α(T )δT + 1

2
α′(T )δT 2 + O (

δT 3
)
, (15.17)

where α(T ) is the CTE at the operating temperature, T , α′(T ) is its first derivative, and
δT are small temperature variations. Ideally, one operates a reference cavity around a
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Figure 15.7 Temperature dependence of coefficients of thermal expansion (CTEs) of common cavity
spacer and substrate materials. See also Section 7.3.

zero-crossing temperature of a material’s CTE, T0, defined as

α (T0) = 0. (15.18)

In the case of sapphire, which has no zero crossing, optimal operation is at cryogenic
temperatures which reduce the CTE to an acceptable level. Taking Equation 15.17 in the
vicinity of a zero crossing and substituting in α′ (T0) = 1.7 × 10−9/K2 for ULE, it can be
seen that the temperature needs to be stable below 1 mK for relative length stability at the
10−16 level. While this is in principle quite difficult, the large thermal mass of the ULE
spacer tends to limit temperature effects to longer time scales. Mechanical coupling from
the vacuum chamber itself, not the CTE of the spacer material, can introduce the biggest
temperature-dependent frequency shift. Thus, care should also be taken to mechanically
decouple the cavity support structure from the chamber. As seen in Figure 15.5(b), this can
be accomplished with a separate ULE piece (in this case a ring).

In the case of a cavity with a mirror substrate made out of a different material than the
spacer, extra complications arise. The two materials are typically optically contacted very
firmly, such that the mismatch of CTEs causes an auxiliary mechanical effect, effectively
causing the mirror substrate to bend. This modifies the effective CTE,αnet, such that (Notcutt
et al., 1995)

αnet = αspacer + 2δ
R

L

(
αmirror − αspacer

) + �. (15.19)

Here, R is the mirror radius and L is the cavity length. The term δ describes thermo-
mechanical stresses coupling into length change and � accounts for deviations from the
ideal model (Fox, 2009). Thermo-mechanical finite element analysis can be used to find δ
for a given cavity geometry, such that αnet can be found and minimized by operating at the
new zero-crossing temperature (Fox, 2009; Legero et al., 2010).

Finally, it is worth noting that there has been good success tuning the zero cross point by
contacting an additional piece of ring-shaped ULE glass to the back of the mirror substrate,
effectively “sandwiching” the substrate between two equivalent CTE materials. By varying
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the parameters of the ring-shaped piece of glass, one can engineer a more favorable T0

(Legero et al., 2010).

15.4 Statistical thermal noise

The second class of thermally driven length fluctuations in optical cavities are more funda-
mental in origin. These fluctuations have been discussed in Chapters 1, 3, 4, 7, and 9. Here
we apply the developed formalism to the case of optical cavities.

15.4.1 Brownian motion

The first, and typically most important, type of thermal noise for precision optical mea-
surements is the Brownian motion of the constituents of the optical system. In the case of
a cavity, the components of concern are the spacer, mirror substrate, and mirror coatings.
At temperature T , after appropriately weighting the displacement by the beam profile (see
Chapter 1), the one-sided power spectral density of position fluctuations (in units of m2/Hz)
for each of these components at Fourier frequency f are (Harry et al., 2002; Numata et al.,
2004)

Gsubstrate
x (f ) = 2kBT√

π3f

1 − σ 2

wmYs
φs, (15.20)

Gcoating
x (f ) = 2kBT√

π3f

1 − σ 2

wmYs

{
1√
π

d

wm

1

YsYc
(
1 − σ 2

c

) (
1 − σ 2

s

)
× [
Y 2

c (1 + σs)
2 (1 − 2σs)

2 φ‖ + YsYcσc (1 + σs) (1 + σc)
(
φ‖ − φ⊥

)
+Y 2

s (1 + σc)2 (1 − 2σc)φ⊥
] }

, (15.21)

Gspacer
x = 2kBT

f

L

3π2R2
spacer

φspacer

Yspacer
. (15.22)

The parameters are the same as defined previously in Chapters 4 and 7, and are presented
again in Table 15.1 for completeness.

Two qualitative remarks can be made at this point. First, both the substrate and coating
displacement noise power spectral densities, given by Equations 15.20 and 15.21, respec-
tively, do not depend on the length of the cavity. This is due to the fact that the fluctuations
are localized to the mirror surface and this property can be exploited in order to reduce
frequency noise. By increasing the cavity length, the fractional length fluctuations decrease,
resulting in a substrate and coating thermal noise-induced frequency noise spectral density
that is proportional to 1/L2. Secondly, while the spacer thermal noise contribution scales
with length, and inversely with spacer radius, Rspacer, its contribution to the total fractional
length change of the cavity in fact decreases with length. This is due to the conversion
from power spectral densities to fractional frequency fluctuations involving division by
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Table 15.1 Summary of the parameters used in the text.

Definition of parameters

wm Beam 1/e2 intensity radius
d Coating thickness
φs Substrate loss angle
φ⊥(‖) Coating loss angle perpendicular (parallel) to substrate
Ys(c) Substrate (coating) Young’s modulus
σs(c) Substrate (coating) Poisson’s ratio
αs(c) Substrate (coating) coefficient of thermal expansion
κs(c) Substrate (coating) thermal conductivity
Cs(c) Substrate (coating) heat capacity
f sub(coat)

c Substrate (coating) cutoff frequency
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Figure 15.8 Measured frequency noise of the cavity shown in Figure 15.5. The noise frequency
spectrum is thermal noise limited to 10 Hz, where the photon shot noise and detector electronic noise
begin to dominate.

L2. Additionally, longer optical cavities typically have larger radii in order to maintain
favorable mounting geometry, meaning that as L increases, so too does Rspacer.

Current experiments are at or near the expected thermal noise limitations set by the
substrate and coating Brownian thermal noise alone. This is because the spacer contribution
of Equation 15.22 is generally an order of magnitude below mirror thermal noise for typical
cavity aspect ratios. Figure 15.8 shows an example of an experimentally obtained frequency
spectrum taken from a comparison between two ultra-stable lasers (of the type shown in
Figure 15.5), which approximately agrees with the Brownian thermal noise limit (Ludlow
et al., 2007). See also Chapter 5 for direct observations of coating thermal noise in optical
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cavities. Also shown in Figure 15.8 is the vibration-limited frequency noise spectrum, which
is well below the thermal noise floor, indicating that vibration noise does not contribute to
the observed spectrum.

One clear avenue to decrease this noise limit is to decrease the material losses (see
Chapter 4), lower the temperature (see Chapter 8), or do both. However, the situation
is not so simple. For example, the loss angle of fused silica begins to increase sharply
at temperatures below ∼250 K, ultimately suffering an almost four orders of magnitude
increase before it levels off at 50 K, completely eliminating the benefit of operating at these
temperatures (Braginsky et al., 1985; Schnabel et al., 2010). However, crystalline materials
such as sapphire (Braginsky et al., 1985; Uchiyama et al., 1999), calcium fluoride (Nawrodt
et al., 2007a), and silicon (McGuigan et al., 1978; Rowan et al., 2003; Schnabel et al., 2010)
offer the benefits of low thermal expansion and low loss angle at cryogenic temperatures.
Unfortunately, typical coating loss angles exhibit an approximate factor of 3 increase
at cryogenic temperatures (see Chapters 4 and 8), which offsets some of the gains of
operating at low temperatures. We note in passing that there is an active search for low-loss
coating materials or dopants to reduce the mechanical loss of the existing coating materials
(Harry et al., 2006a). It also becomes increasingly difficult to shield cryostat vibrations
at very low temperatures, due to the large cooling powers required. Chapter 8 contains a
more complete discussion of the advantages and disadvantages of cryogenics for thermal
noise.

A powerful alternative approach to reduce Brownian coating and substrate thermal noise
relies not on reducing the temperature, but instead on using specially shaped beams, such as
Mesa, conical, or higher order Laguerre–Gauss beams (Bondarescu et al., 2008). This has
the effect of better averaging the position fluctuations of the mirror surface due to thermal
noise. While one could simply envision working near the stability edge of an optical cavity
with typical spherical mirrors to create larger mode-areas on the mirrors, the input pointing
stability requirements become more stringent in these regimes. Specially shaped beams
have their own challenges, however, especially controlling the manufacturing process to
create satisfactory mirror profiles in the small-scale optics used in optical cavities (Tarallo
et al., 2007) (see also Section 2.7). See Chapter 13 for a detailed discussion of beam shaping
for thermal noise reduction.

15.4.2 Thermo-optic noise

Substrate thermoelastic and coating thermo-optic noise have been studied as a noise source
for gravitational wave detectors (Cerdonio et al., 2001; Braginsky and Vyatchanin, 2003a;
Evans et al., 2008) where it potentially has important sensitivity implications. Substrate
thermoelastic noise is discussed in Chapter 7, coating thermo-optic noise is covered in
Chapter 9, and gravitational wave detectors in general are the topic of Chapter 14. In
contrast to Brownian motion of the mirror substrate and coatings, thermo-optic noise arises
from fundamental temperature fluctuations in the bulk material coupling to the coefficient
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of thermal expansion. These temperature fluctuations can be described by the well-known
expression (Braginsky et al., 1999)

〈δT 2〉 = kBT
2

ρCV
. (15.23)

Here ρ is the material density, C is the heat capacity per unit mass, and V is the volume
over which the temperature fluctuations are considered.

There are two Fourier frequency regimes in the analysis of thermo-optic noise. The first
is where the thermal diffusion length scale is smaller than the laser spot size, allowing an
averaging effect to take place. This regime is known as the adiabatic limit and only applies
to time-domain Fourier frequencies f that satisfy f 
 fc where the cutoff frequency, fc,
is given by

fc = κ

πw2
mρC

. (15.24)

Owing to the small beam sizes (∼100 µm) and interest in the frequency noise spectrum all
the way to DC in cavity-stabilized laser systems, one must be aware that fc is typically in
the 1 Hz range. Thus, consideration of thermo-optic noise in the second regime, at Fourier
frequencies f < fc, is necessary for a complete picture of the various contributions to the
frequency noise of cavity stabilized lasers. See also Section 8.2.5.

Substrate thermoelastic noise

To date, many optical cavities have employed mirrors made from ULE substrates (Ludlow
et al., 2007; Alnis et al., 2008b). As a result, consideration of substrate thermoelastic noise
is not necessary for these systems, as the material CTE is close to zero. (See Chapter 7
for the relationship between CTE and thermoelastic noise.) This approximation has also
been made in the case of fused silica substrates (Numata et al., 2004). In fact, while
alarming predictions for substrate thermoelastic noise can be obtained by extrapolating the
high-frequency behavior of fused silica to DC, using the appropriate expression for the
low-frequency behavior verifies that the substrate thermoelastic noise is at least an order of
magnitude below the Brownian noise of the substrates and coatings.

It has been shown (Braginsky et al., 1999; Cerdonio et al., 2001) that the one-sided
power spectral density of mirror length fluctuations due to the substrate is

GTE,sub
x (f ) = 4√

π
α2

s (1 + σs)
2 kBT

2wm

κs
J [� (f )] . (15.25)

(See Chapter 7 for a full discussion of substrate thermoelastic noise.) Here,� (f ) = f/f sub
c ,

and J [�] is given by

J [�] =
√

2

π3

∫ ∞

0
du

∫ ∞

−∞
dv

u3e−u
2/2(

u2 + v2
) [(
u2 + v2

)2 +�3
] . (15.26)
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While the integral can be evaluated numerically, it is more instructive to calculate thermal
noise in the low and high frequency limits. Specifically,1

GTE,sub
x → 8

√
2

3π
α2

s (1 + σs)
2 kBT

2

√
2πf κsρsCs

, � 	 1 (15.27)

GTE,sub
x → 16√

π
α2

s (1 + σs)
2 kBT

2κs

(2πfρsCs)2w3
m

, � 
 1. (15.28)

These equations indicate that at low frequencies, thermoelastic noise rises less rapidly than
extrapolated from the high-frequency behavior. Qualitatively, this effect can be explained as
a crossover from the regime where the thermal diffusion length is smaller than the spot size
to one where it is larger. Thus, this change in behavior can be thought of as an averaging
effect that is no longer valid at low frequencies (Cerdonio et al., 2001; Braginsky and
Vyatchanin, 2003a).

Coating thermo-optic noise

A second way that optical cavities are sensitive to thermodynamic temperature fluctuations
is through a pair of correlated mechanisms present in the mirror coatings: thermorefractive
and thermoelastic effects, collectively called thermo-optic noise. Thermo-optic noise is
discussed in detail in Chapter 9. It has been shown that the typically opposite signs of these
coherent mechanisms reduces their impact (Evans et al., 2008) and the total effect can be
written as

GTO
x (f ) = G�T (f )

(
ᾱc − β̄c − ᾱs

Cc

Cs

)2

. (15.29)

The term in parentheses is the coherent sum of thermoelastic and thermorefractive effects;
the thermo-optic noise. The parameter ᾱc (ᾱs) is the effective coating (substrate) coefficient
of thermal expansion, and β̄c is the effective coating thermorefractive coefficient. The term
G�T (f ) is the power spectral density of temperature fluctuations given by

G�T (f ) → 2kBT
2

πw2
m

√
πf κρcCc

, � 
 1. (15.30)

15.4.3 Total thermal noise contribution to cavity frequency stability

The total thermal noise is given by

Gtot
x =

∑
L,R

GTO
x +

∑
L,R

GTE
x +

∑
L,R

Gsubstrate
x +

∑
L,R

Gcoating
x + 2Gspacer

x , (15.31)

where the sum over left and right (L, R) takes into account that the beam waist is potentially
different at the left and right mirrors. The factor of two in front of Gspacer

x is because this
term is always equivalent at each mirror.

1 Equation 15.27 differs from Equation 8.4 in the numerical prefactor, but only by less than 10%. The reason for this discrepancy
is under investigation, but the numerical difference should not be significant in most applications.
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Figure 15.9 Thermal noise for a 40 cm-long (approximate radius 7 cm) cavity at 698 nm with fused
silica mirror substrates and 1 m radius of curvature/planar mirror geometry (see also Figure 15.6(a)).
The temperature is 300 K. (i) Sum of mirror substrate and coating, and cavity spacer Brownian noise.
(ii) Substrate thermoelastic noise. (iii) Coating thermo-optic noise. (iv) Sum of coating thermo-optic
and substrate thermoelastic noise contributions. The dotted regions indicate frequency regimes where
f ≤ fc (i.e. frequencies below the adiabatic limit).

Converting the total length fluctuation power spectral density,Gtot
x , into optical frequency

deviations can be accomplished by use of Equation 15.16, which directly relates fractional
length change to frequency fluctuations. We obtain

Gtot
ν = ν2

0G
tot
x /L

2, (15.32)

where L is the length of the cavity and ν0 is the laser’s optical frequency. Current state-
of-the-art systems have a thermal noise floor that is approximately an order of magnitude
above the vibration-limited noise floor (Ludlow et al., 2007). The results of Equation 15.32
are shown in Figure 15.9, detailing the different contributions of the thermal noise for
the specific case of the 40 cm-long JILA ULE cavity with FS mirrors investigated in
Figure 15.6.

15.5 Atomic clock applications of frequency-stabilized lasers

A confluence of two key technologies – femtosecond laser frequency combs and ultrastable
lasers – has enabled a new class of atomic clocks based not upon microwave frequency
transitions but instead upon extremely narrow optical transitions in neutral atoms and
ions. This revolution in precision science continues to progress as the physics behind
minute effects continues to be unraveled and quantum technologies are increasingly being
employed to gain signal size and robustness, further increasing clock accuracy. Additionally,
neutral atom clocks stand to gain an order of magnitude in stability with the advent of next-
generation ultrastable laser systems with lower thermal noise.
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Figure 15.10 Time and frequency representations of a frequency comb.

15.5.1 Frequency combs

No discussion of ultrastable lasers and atomic clocks would be complete without intro-
ducing optical frequency combs. Femtosecond laser-based optical frequency combs have
revolutionized the field of optical frequency metrology (Udem et al., 2002; Cundiff and Ye,
2003). With laser media ranging from bulk Ti:Sapphire and optical fibers to microtoroidal
resonators, the frequency comb revolution shows no signs of slowing down. The spectral
coverage of frequency combs has been demonstrated to span the mid-IR to the vacuum
ultraviolet (Gohle et al., 2005; Yost et al., 2009; Adler et al., 2010).

At the heart of a comb’s utility is the equation that describes the optical frequency of a
given mode, νn, as

νn = nfrep + f0. (15.33)

Here, frep = 1/τ is the comb pulse repetition rate, where τ is the time between successive
pulses. The carrier envelope offset frequency, f0, arises from the group and phase velocities
inside the laser cavity being different. It is related to the pulse to pulse carrier envelope
phase slippage (�φ in Figure 15.10(a)) by

f0 = �φfrep/ (2π ). (15.34)

In principle, frep and f0 are the comb’s only degrees of freedom when describing the
frequency of a given “tooth” in the frequency domain.

By locking a frequency comb to an optical source and stabilizing f0 by the self-
referencing technique (Jones et al., 2000; Cundiff and Ye, 2003), the comb degrees of
freedom are completely constrained and directly related to the optical phase of the ref-
erence laser. By making a heterodyne beat with a second laser, the phase of the two
optical sources can be directly compared (Figure 15.10(b)), often across > 100 THz of
spectral bandwidth (Foreman et al., 2007). This technique can be used to compare optical
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atomic clocks based upon different atomic species to constrain the drift of fundamental
constants (Rosenband et al., 2008), and also allows optical frequencies to be measured
against primary frequency standards with sub-Hz accuracy (Oskay et al., 2006; Campbell
et al., 2008; Lemke et al., 2009).

15.5.2 Precision spectroscopy and optical standards

Optical atomic clocks have now reached unprecedented levels of stability and accuracy.
At the forefront of accuracy, a clock located at the National Institute of Standards and
Technology (NIST), based on a single aluminum ion and probed via quantum logic spec-
troscopy, now has a fractional frequency uncertainty of 8.6 × 10−18 (Chou et al., 2010). A
second clock based on a mercury ion, also at NIST, is at the 2 × 10−17 fractional frequency
uncertainty level (Rosenband et al., 2008). These remarkable advances in ion-based clocks
are followed closely by a new class of optical clocks based on lattice-trapped ensembles
of ultracold neutral atoms, with the most accurate at the level of 10−16 fractional uncer-
tainty (Ludlow et al., 2008; Lemke et al., 2009).

Ions and atoms make good frequency references because they are quantum systems
whose transition frequencies depend very directly on the fundamental laws of physics. An
atom or ion that is considered a good candidate for a clock also exhibits strong immunity
to external perturbations, such as magnetic fields. Additionally, atoms or ions serving as
optical standards are typically trapped sufficiently tightly that problems such as Doppler
broadening and recoil shifts can be mitigated by the tight trap. These traps consist of RF
Paul traps for ions (Jefferts et al., 1995) and magic-wavelength optical lattices for neutral
atom optical clocks (Katori et al., 2003; Ye et al., 2008). In addition to these general
considerations, the transition used for the clock must be sufficiently narrow to provide a
useful correction signal. This last condition is met by using multiply forbidden transitions
in the clock atoms or ions, resulting in extremely long excited state lifetimes (in some cases
>100 s) and correspondingly very narrow resonance linewidths.

Atomic clocks of all types (microwave, optical trapped ion, and optical neutral atom)
all rely on the same principle of operation. An oscillator with good short-term stability, the
local oscillator, is used to interrogate a transition in the ion or atomic ensemble as shown in
Figure 15.11(a). The local oscillator very precisely probes the energy difference of a given
transition, �E. The difference in energy is related to optical frequency by the well known
formula

�E = hν, (15.35)

with the frequency ν being the useful clock signal. Since ν is an optical frequency, a
frequency comb is needed if phase-coherent dissemination of a useful microwave signal is
desired.

While the accuracy of single ion-based clocks is extraordinary, there is a compelling
reason to pursue in parallel standards based upon ensembles of atoms: signal-to-noise.
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Figure 15.11 Spectroscopic feature used to discipline the local oscillator laser to Sr (a) and Allan
deviation of two neutral atom clocks (b).

Roughly speaking, makingN parallel measurements versus one single measurement should
yield a

√
N enhancement of the signal-to-noise ratio (SNR). This enhancement of the SNR

for ensembles of atoms is known as quantum projection noise (Itano et al., 1993). The
quantum projection noise-limited stability of an optical atomic clock based on a quantity,
N , of quantum references (neutral atoms or ions) is given by (Lemonde et al., 2001; Sterr
et al., 2009)

σ (τ ) = χ

Q
√
N

√
Tc

τ
. (15.36)

Here, χ is a constant of order unity that accounts for the details of spectroscopy and fraction
of atoms excited, Tc is the clock operation cycle time, and Q is the fractional line quality
factor, which for optical standards can be >1014. Current neutral atom systems have a
quantum projection noise-limited frequency stability at the sub 10−15/

√
τ level (Ludlow

et al., 2008), and near term advances in both spectroscopic resolution and atom number
make reducing this effect to below 10−17/

√
τ a realistic possibility (Lodewyck et al., 2009).

One roadblock to benefiting from the SNR afforded by thousands of atoms is broadband
laser noise, which ends up contaminating the error signal through the Dick effect. The Dick
effect is a process through which a periodic clock interrogation with spectroscopic dead
time writes noise onto the correction signal, degrading long term stability (Santarelli et al.,
1998; Quessada et al., 2003). For example, for every 1 s of time per cycle a neutral atom
system might spend cooling and trapping atoms in an optical lattice, only 100 ms might be
time during which spectroscopy is being performed. Thus, there is an inevitable dead time
between spectroscopy sequences, resulting in a periodic sampling of the laser phase noise,
and leading to aliasing of higher-frequency laser noise, deteriorating the stability.
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Figure 15.12 Fourier and time-domain (inset) representation of the Dick sensitivity function. With
low duty-cycle clock operation, the sensitivity function covers the entire spectral region over which
the clock laser is thermal noise-limited.

Specifically, it can be shown that the Dick effect-limited Allan deviation due to the
aliasing mechanism is given by (Audoin et al., 1998)

σ 2 (τ ) = 1

τ

∞∑
m=1

|gm|2
g2

0

Gν (m/Tc)

ν2
0

. (15.37)

Here, gm and g0 are given by

gm = 1

Tc

∫ Tc

0
g(t)ei2πmt/Tcdt, g0 = 1

Tc

∫ Tc

0
g(t)dt (15.38)

andGν (f ) is the laser frequency noise power spectral density. The function g(t) describes
the spectroscopic sensitivity to a phase shift in the local oscillator laser. It is zero during
the dead time, during which no spectroscopy takes place, and the details of its shape
during spectroscopy are beyond the scope of this chapter. However, the important point is
that the smaller fraction of the total experimental cycle the spectroscopic probe occupies,
the more harmonics extend into Fourier m-space as g (t) becomes more “comb-like”. A
typical sensitivity function for an optical clock with>90% dead time is shown in the inset to
Figure 15.12. The normalized harmonic content of g (t), |gm/g0|2, is shown in Figure 15.12,
and only begins to roll off after the 10th harmonic in this specific case. Comparing this
result to Figure 15.8, we see that for the experimentally accurate cycle time of 1 s, and
the corresponding Fourier frequency range of 1–10 Hz, the most heavily weighted values
of Gν (m/Tc) are squarely in the thermal noise-dominated portion of the frequency noise
spectrum.

Thus, the stability of current state-of-the-art neutral atom clocks is directly tied to the
thermal noise present in ultrastable cavity mirror coatings and substrates. Advances in
ultrastable laser technology will permit narrower atomic resonance features to be obtained
due to longer laser coherence time, while reducing fractional dead time. This represents a



258 M. J. Martin and J. Ye

triple-sided attack on the effects that currently limit neutral atom clocks: longer coherence
times allow longer probe times, which increase spectroscopic line Q linearly with probe
time, lowering the quantum projection noise limit; decreasing fractional dead time decreases
the harmonic content of gm, sampling less of the thermal noise spectrum; and the thermal
noise level itself is lowered, making it less of a contributing factor. While reducing the
experimental dead time alone is also a critical and very promising step (Lodewyck et al.,
2009), reducing the thermal noise-induced laser frequency noise will have immediate impact
on neutral atom clocks via these three mechanisms.

15.6 Conclusion

Precision laser locking via optical cavities is a valuable scientific tool. With this technique,
extraordinary fractional frequency stabilities as low as 3 × 10−16 have been reached (Young
et al., 1999), limited by fundamental mirror substrate and coating thermal noise. Thus,
cavity-stabilized laser systems are a key enabling technology for optical frequency standards
and precision measurement.

While there is no clear path to easily reducing thermal noise without making other sac-
rifices (e.g. larger cavities or cryogenic systems), the thermal noise-limited performance of
ultrastable lasers seemingly has room for one or two more orders of magnitude improvement
before the limitations of laboratory-scale technology are reached. However, state-of-the-art
optical clocks based on neutral atoms are poised to benefit from even modest reductions in
thermal noise, allowing quantum-limited operation to be realized.

Furthermore, exploration of effects that can degrade clock accuracy, such as density-
dependent shifts (Campbell et al., 2009), can be realized with the short term stability of
lasers alone. By making a series of differential measurements, many residual effects that
limit clock accuracy can be better understood, leading in turn to better clock accuracy.

Thus, as we look towards the next generation of optical references, we can expect
advances in atomic clock technology to go hand in hand. While neutral atom clocks have
the largest stake in the future of stable lasers, all frequency references in the optical domain
stand to benefit from better lasers. As accuracy and precision continue to increase, so too
does our ability to test fundamental physical principles.
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Quantum optomechanics

garrett d. cole and markus aspelmeyer

16.1 Introduction

High-quality optical cavities – and hence optical coatings – have emerged as an indispens-
able tool in physics. One of their key uses is in precision sensing and spectroscopy, where
high-performance coatings bridge a broad spectrum of applications from large-scale grav-
itational wave interferometers (see Chapter 14) to atomic optical clocks (see Chapter 15).
Radiation pressure forces inside of such cavities, i.e. the momentum transfer of photons
onto the cavity boundaries, impose a fundamental limit on their performance, the so-called
standard quantum limit (see Section 1.4), when combined with unavoidable quantum
fluctuations in a laser beam. Another limitation arises from random phase fluctuations that
are induced by the thermal noise of the coating’s mechanical motion (see Chapter 3). With
the improved performance of optical coatings, optical cavities are gradually becoming
sensitive enough to observe these optomechanical effects. Curiously, what is being
considered a nuisance by some fields of research has led within only a few years to the
development of a completely new field of optical physics – cavity optomechanics – that
exploits optomechanical interactions in high-finesse optical cavities as a new interface
between light and matter. A common goal in this field is to exploit the quantum regime
of mechanical devices through quantum optical control. This work has immediate impli-
cations with respect to fundamental questions, such as the quantum-classical transition
of massive objects, and new applications including quantum limited mechanical sensors
or mechanical interfaces for quantum information processing. A prominent example from
this nascent field is the demonstration of laser cooling of mechanical modes close to and
even into the quantum ground state of motion (Gröblacher et al., 2009a; Schliesser et al.,
2006; Park and Wang, 2009; Rocheleau et al., 2009; Teufel et al., 2011; Chan et al., 2011).

In this chapter we will provide an introduction into the basic working principles of
cavity quantum optomechanics. We will discuss the fascinating perspectives of the field
and present proof-of-concept experiments that have been performed with optical coatings
both at room temperature and at cryogenic temperatures. Finally, we will show how the
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required mechanical coating properties for cavity optomechanics experiments have resulted
in new strategies for the development of low-noise optical coatings.

16.1.1 Basic physics of cavity optomechanics

The conjecture that light may show mechanical effects can be traced back at least to
Johannes Kepler, who in his work De Cometis Libelli Tres argued that mechanical forces
from the radiation of the sun are responsible for the inclination of a comet’s tail. The first
theoretical backing for this idea was provided 150 years later by Maxwell who predicted
the effects of radiation pressure within his electrodynamic theory of light. By the turn of the
century, the independent experiments by Lebedev (1901) and by Nichols and Hull (1901)
confirmed this effect in their famous light-mill demonstrations (for more on early history,
see Nichols and Hull (1901)). Of the resulting developments, the most important application
making use of the mechanical effects of light is optical trapping and laser cooling of atoms
and ions.

The idea that the properties of a mechanical object can be modified by radiation pressure
forces inside of an optical cavity goes back to the pioneering works of Braginsky (Braginsky
et al., 1970; Braginsky et al., 2001; Braginsky and Vyatchanin, 2002). In essence, the optical
cavity response to the motion of a mechanical object can lead to forces that depend on both
the position and the momentum of the mechanics (due to the finite cavity lifetime). For
sufficiently strong forces, this results in a modification of the mechanical susceptibility.
This is the underlying mechanism for optical control over mechanical degrees of freedom
and vice versa. Such coupling between the cavity response and the mechanical motion may
be implemented in a variety of ways, either via direct changes in the cavity length (as will
be outlined in the following for a Fabry–Pérot configuration), by dispersion (Thompson
et al., 2008), or by optical near-field effects (Li et al., 2008; Eichenfield et al., 2009).

To introduce the basic concepts we consider a single-sided Fabry–Pérot cavity of length
L, frequency ωc, and linewidth κ with a suspended end mirror of mass m and mechanical
resonance frequency ωm. We will specify frequencies with the angular frequency ω in this
discussion instead of f as in the rest of the book to simplify the presentation. They are
related by ω = 2πf . The general configuration shown in Figure 16.1 covers all essential
features of cavity optomechanics and can be transferred easily to all other optomechanical
geometries. For more detailed descriptions of the variety of cavity optomechanics exper-
iments see Kippenberg and Vahala (2008); Aspelmeyer and Schwab (2008); Favero and
Karrai (2009); Marquardt and Girvin (2009); Genes et al. (2009); Aspelmeyer et al. (2010).

Let us first look at the most fundamental process, the reflection of a single photon.
Within the cavity round-trip time τ = 2L

c
(with c the vacuum speed of light) the photon

will transfer momentum �p = 2h̄k = 2h
λ

(with λ the photon wavelength and h Planck’s
constant) and hence exert a radiation pressure force Frp = �p

τ
= h̄ωc

L
on the cavity bound-

aries.1 This results in a relative mechanical displacement �x
xzp

= Frp
xzpmω2

m
= g0

ωm
and a shift

1 We assume that the photon wavelength is resonant with the cavity and hence 2πc
λ

= ωc .
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Figure 16.1 Radiation-pressure-based optomechanical interactions. (a) Laser light reflected from a
mechanical resonator (in this case a simple cantilever) generates Doppler shifted sidebands at ±
the eigenfrequency of the mechanical resonator, ωm (focusing on a single mechanical resonance for
simplicity). (b) With a second mirror introduced, the filtering response of the optical cavity modulates
the relative strengths of the sidebands. In the example configuration shown, the incident laser is red-
detuned byωm with respect to the optical cavity resonance, suppressing the “heating” Stokes sideband
at −ωm while enhancing the higher frequency Anti-Stokes sideband at +ωm. The higher frequency
photons scattered into resonance with the optical cavity remove energy (in the form of phonons) from
the mechanical system, thus decreasing the effective temperature of the eigenmode.

of the cavity frequency by �ωc = dωc
dx
�x = g2

0
ωm

. Here we have defined the fundamental

optomechanical coupling rate g0 = dωc
dx
xzp as the shift in cavity frequency when the mechan-

ical system is displaced by its ground state size, i.e. �x = xzp. For a Fabry–Pérot cavity
with a mechanically moving end mirror, g0 = xzp

L
ωc. For other optomechanical architec-

tures, e.g. a toroidal microcavity with radial mechanical breathing modes (Armani et al.,
2003), a dispersive mechanical element inside a rigid optical cavity (Thompson et al., 2008),
a free-standing waveguide with near-field interaction to a close-by surface (Li et al., 2008)
or localized mechanical motion inside a photonic crystal cavity (Eichenfield et al., 2009),
g0 has to be computed individually. In general, g0 characterizes the fundamental optome-
chanical interaction between photons in a cavity and the displacement x of the mechanical
element, which is described by the interaction HamiltonianHint = −h̄g0nx (where n is the
intra-cavity photon number).

One can now distinguish the following scenarios. For the case of a resonantly pumped
cavity, i.e. ωL = ωc, where ωL is the optical frequency, the radiation pressure results in
a static displacement �x of the mechanical system. Consequently, an optical bistability
can occur for strong driving when the associated cavity shift exceeds the cavity linewidth
κ (Dorsel et al., 1983). For off-resonant driving of the cavity, i.e. ωL − ωc = � �= 0, two
effects occur. First, the intra-cavity photon number now depends on the position of the
mechanical system which, as a result, experiences a position-dependent radiation-pressure
force. Second, due to the finite cavity lifetime 1/κ , this force is retarded in time and hence
allows work to be performed on the mechanical system. In other words, the radiation-
pressure forces inside of a detuned optical cavity modify the mechanical susceptibility
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according to

χeff(ω) = 1

m

(
ω2
m − ω2 − iωγ − g2

0α
2�ωm

(κ − iω)2 +�2

)−1

. (16.1)

The modification of the real component of the susceptibility, χeff(ω), arises from the
position-dependent force and leads to a modification of the mechanical spring constant to

ωeff(ω) =
(
ω2
m − g2

0α
2�ωm(κ2 − ω2 +�2)

[κ2 + (ω −�)2][κ2 + (ω +�)2]

)1/2

. (16.2)

This effect is also known as the “optical spring” (Sheard et al., 2004; Corbitt et al., 2007;
Cuthbertson et al., 1996). In turn, the modification of the imaginary part is due to the
retardation and leads to a modification of the mechanical damping γ to

γeff(ω) = γ + g2
0α

2�ωmκ

8[κ2 + (ω −�)2][κ2 + (ω +�)2]
. (16.3)

Here α is proportional to the square root of photon number.
For blue detuning, i.e. � > 0, mechanical damping is reduced and additional optical

energy is pumped into the system, which leads to parametric amplification of the mechanical
motion (Cuthbertson et al., 1996; Carmon et al., 2005). For red detuning, i.e. � < 0,
mechanical damping increases while work is being extracted through the radiation field,
which leads to optical cooling of the mechanical motion. This effect of cavity enhanced
radiation-pressure cooling has been discussed theoretically in the context of gravitational
wave antennas (Khalili, 2001) and was first experimentally realized in 2006 (Gigan et al.,
2006; Arcizet et al., 2006; Schliesser et al., 2006).

Besides controlling mechanical degrees of freedom, the optomechanical interaction
resembles an effective Kerr medium and can hence generate strong optical nonlinearities.
These nonlinearities can be exploited for a number of interesting applications, including
quantum nondemolition measurements of light amplitudes (Milburn et al., 1994; Pinard
et al., 1995) and the generation of optical squeezing (Fabre et al., 1994; Mancini and
Tombesi, 1994). It is also very instructive to discuss these effects in a full quantum frame-
work (Marquardt et al., 2007; Wilson-Rae et al., 2007; Genes et al., 2008b). There, the
interaction between cavity photons and the mechanical system leads to scattering of pho-
tons into optical sidebands of higher and lower frequency, analogous to Anti-Stokes and
Stokes scattering processes in atomic physics. By choosing the proper detuning, the cav-
ity can resonantly enhance either the Stokes (� = +ωm) or the Anti-Stokes (� = −ωm)
scattering process while suppressing the other. In the first case, photons can only enter
(leave) the cavity when they generate (annihilate) a mechanical excitation, which results
in an effective interaction H eff

int = a+b+ + ab. Here a and b(a+ + b+) are the optical and
mechanical annihilation operators, respectively. These interactions can be used to gen-
erate strong optomechanical correlations via joint excitations. This interplay resembles
the well-known 2-mode squeezing interaction from quantum optics and forms the basis
for the generation of quantum entanglement between light and mechanics (Vitali et al.,
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2007; Paternostro et al., 2007; Aspelmeyer et al., 2010). In the second case, the effective
interaction H eff

int = a+b + ab+ resembles the quantum optical beamsplitter and describes
the coherent energy exchange between photons and mechanical excitations. In this case,
photons can only enter the cavity by annihilating mechanical excitations and hence cooling
of the mechanics takes place. This cooling mechanism is fully analogous to resolved side-
band cooling of ions (Leibfried et al., 2003; Wilson-Rae et al., 2007) and as in that case,
the cavity-assisted optomechanical cooling method enables the attainment of the quantum
regime of mechanical motion. The ultimate temperature limit for mechanical laser cooling
is nfinal = κ2

16ω2
m

, which is well below 1 in the regime of sideband resolution, i.e. κ < ωm.
One can see from the above discussion that cavity optomechanics allows for full optical

control over mechanical degrees of freedom. In combination with quantum optics, such
interactions enable full quantum control of mechanical resonators allowing for a whole
range of new perspectives. Extending the established technology of mechanical sensing to
the quantum regime of mechanical resonators may allow, for example, new sensing capa-
bilities at or even beyond the quantum limit by utilizing squeezed mechanical states (Mari
and Eisert, 2009; Jähne et al., 2009; Vanner et al., 2011). Another remarkable feature of
micro- and nanomechanical resonators is their versatility in coupling to many different
physical systems, which can be achieved by functionalizing the mechanics. In combina-
tion with their on-chip integrability, such devices are unique candidates for transducers in
quantum information processing, enabling large scale coupling between otherwise incom-
patible quantum systems (Rabl et al., 2010; Cleland and Geller, 2004; Stannigel et al.,
2010). From a completely different point of view, preparing quantum superposition states
of massive mechanical objects (containing up to 1020 atoms) opens up a new avenue for
novel fundamental tests of macroscopic quantum physics (Leggett, 2002; Arndt et al., 2009;
Romero-Isart et al., 2011; Marshall et al., 2003), where spatially macroscopic distinct states
of mechanical quantum systems could serve as a paradigm example for Schrödinger’s cat.

16.1.2 Summary of requirements

Approaching and eventually entering the quantum regime of mechanical resonators through
optomechanical interactions essentially requires the following three conditions to be ful-
filled: (1) sideband-resolved operation in which the cavity amplitude decay rate κ is small
with respect to the mechanical frequency ωm; (2) both an ultra-low noise cooling laser
input and low absorption of the optical cavity field (phase noise at the mechanical fre-
quency can act as a finite-temperature thermal reservoir (Rabl et al., 2009) and absorption
can increase the mode temperature and even diminish the cavity performance); and (3)
sufficiently small coupling of the mechanical resonator to the thermal environment entail-
ing a low environment temperature T and large mechanical quality factor Q. The thermal
coupling rate is given by kBT/h̄Q, where kB is the Boltzmann constant, h̄ is the reduced
Planck constant, and Q is the modal quality factor which depends on the mechanical loss
(Q = 1/φ for a homogeneous resonator). Ultimately, the individual dissipation rates of the
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mechanical and optical system (represented by γ and κ respectively) should be exceeded
by the optomechanical coupling coefficient g0. With micromechanical devices fabricated
directly from optical coatings, as discussed below in Section 16.2, the properties of the
multilayer coating drive the ultimate performance of the mechanical resonator. In this light,
requirements (2) and (3) will eventually be limited by the intrinsic materials properties
(with respect to both the loss angle and absorption) of the coating. Recent experimental
thrusts in quantum-optomechanics simultaneously require structures with both high opti-
cal reflectivity and low mechanical dissipation. Thus, there is an intimate link between
advances in the performance of optical coatings applied to the widely disparate fields
of macroscopic interferometric applications and micro- and nanoscale optomechanical
systems.

16.2 Sculpted mirrors: micromechanical resonators from optical coatings

Microstructures of high mechanical and optical quality have become a leading candidate
to achieve quantum optical control of mechanical systems. Each of these schemes relies
crucially on mechanical structures that combine high optical reflectivity and low mechanical
dissipation of the mechanical mode of interest. In pursuing research in optomechanical
systems, micrometer-scale mechanical resonators are routinely fabricated directly from
multilayer mirrors, thus generating high reflectivity, suspended structures. The multilayer
elements from which these resonators are fabricated consist of alternating high- and low-
index quarter wave (in terms of optical thickness) films that produce a high-reflectivity stop
band over a specific frequency range. At the so called “Bragg wavelength” the individual
interface reflections add constructively to produce a spectral region of high reflectivity, and
in accordance with the underlying mechanism, these structures are commonly referred to
as distributed Bragg reflectors or simply Bragg mirrors. See Chapters 2 and 12 for more on
coating design.

Fabrication of the micro-resonators relies upon the selective removal of an underlying
sacrificial material in order to create free-standing devices (Böhm et al., 2006; Cole et al.,
2008; Gröblacher et al., 2008; Gröblacher et al., 2009a,b; Cole et al., 2010b). Sculpting the
mechanical resonator from the coating itself allows for the development of low mass devices
(with typical mechanical eigenfrequencies in the MHz range) that simultaneously achieve
the desired optical characteristics – including high reflectivity and low optical absorption.
Additionally, such structures represent an ideal tool for probing the intrinsic mechanical
damping of the constituent materials of the Bragg mirror, assuming all other extrinsic
dissipation mechanisms have been accounted for. Micromechanical resonators may be lim-
ited by unique loss mechanisms not experienced by their macroscopic counterparts (see
Chapter 4); important damping mechanisms in these structures will be discussed in Sec-
tion 16.2.3. In the following, we briefly summarize historical results for micromechanical
resonators fabricated from three classes of optical coatings; (1) dielectric coatings based
on silica/titania (SiO2/TiO2) as utilized for the initial demonstration of cavity-assisted laser
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cooling, (2) high-performance ion-beam sputtered silica/tantala (SiO2/Ta2O5) multilayers
which have recently been implemented for the demonstration of ultra-low temperature
mechanics as well as optomechanical strong coupling, and most recently (3) monocrys-
talline AlxGa1−xAs heterostructures that simultaneously achieve excellent reflectivity and
a high mechanical quality factor.

16.2.1 Silica/titania

In 2006 a milestone was achieved in the first demonstration of laser-cooling of microme-
chanical resonators via passive radiation-pressure interactions in a high-finesse optical cav-
ity (Gigan et al., 2006; Arcizet et al., 2006). The implementation detailed here, from Gigan
et al. (2006), relied on an optical cavity using a high reflectivity micro-resonator as one of
the end mirrors. The high-quality resonator was fabricated using a combination of direct
laser writing and gas phase lateral etching. In this process, doubly clamped beams with fun-
damental frequencies near 300 kHz were developed (approximate dimensions of 520 µm ×
120 µm × 2.4 µm) (Böhm et al., 2006). These devices were constructed from SiO2/TiO2

multilayers deposited via ion beam sputtering (see Chapter 2) on a crystalline silicon sub-
strate. Through a process of ultraviolet excimer-laser-based ablation, the dielectric coating
was patterned, generating the sculpted mechanical resonator and exposing the underlying
silicon substrate. In order to free the resonator, a gas-phase pulsed XeF2 etch (Chu et al.,
1997) was utilized in order to remove the silicon from the exposed areas. Given the isotropic
nature of this etch (i.e. an equal etch rate in all directions), the beam was eventually left
free-standing once the underlying silicon had been removed. The mechanical resonators
generated in the fabrication procedure consist solely of the Bragg-mirror materials (TiO2

and SiO2). As can be seen in Figure 16.2, these structures demonstrated mechanical quality
factors approaching 1 × 104 at room temperature (Gigan et al., 2006). However, transmis-
sion losses and finite optical absorption at 1064 nm (potentially from non-optimized TiO2

films or residual materials from the ablation procedure) limited the mirror reflectivity, while
the latter resulted in additional photothermal (i.e. bolometric) effects (Metzger and Karrai,
2004) (see also Section 3.10 for a similar effect). Regardless of the initial limitations,
these devices were successful in demonstrating successful laser cooling, with a final mode
temperature of 8 K realized with 2 mW of detuned laser power.

16.2.2 Silica/tantala

In order to improve the optical performance of the resonators, a second generation of devices
was developed. These structures utilized high performance SiO2/Ta2O5 optical coatings as
pioneered for the precision measurement community (see Chapters 2 and 4). Given the
significant effort towards the optimization of these coatings, this material system exhibits
a number of advantages including ultra-low optical loss resulting from sub-ppm (<10−6)
absorption (see Chapter 10) and Ångstrom-level surface roughness (see Chapter 11) in the
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Figure 16.2 Initial demonstration of cavity assisted laser cooling of a mechanical resonator. (a)
Schematic of the experimental setup: a cavity is formed between the microfabricated cantilever, as
shown in panel (c), with a resonator reflectivity ≈ 99.6% at 1064 nm and a macroscopic concave
mirror of 25 mm focal length and 99.3% reflectivity. With a spot size of ≈ 20 µm this system attains
a measured finesse of 500. To minimize losses due to residual gas damping, the mechanical resonator
was placed in a vacuum chamber maintained at 10−5 Torr. (b) Cooling is realized for a mechanical
mode near 280 kHz with a natural width of 32 Hz, corresponding to Q ≈ 9000 at 300 K. (d) Power
spectrum of the mechanical mode at two detuning levels� of the cavity for an input power of 2 mW.
Experimental points at two different detuning levels (filled points, � = 0; open points, � = 0.44κ)
are displayed along with Lorentzian fits to the data. The areas obtained from the fits correspond to an
initial mode temperature of 300 K, followed by a radiation pressure cooled final temperature of 8 K.

constituent films. Whereas the initial resonators based on SiO2/TiO2 films were limited to
reflectivities ≈ 99.6%, optimized SiO2/Ta2O5 coatings are capable of R values in excess
of 99.99% (see Chapter 12 for more on coating design). The initial devices fabricated from
this materials system were again simple cantilever and fixed-fixed beam geometries, with
resonant frequencies in the 102 kHz range. The reduced absorption in these coatings greatly
improved the optical performance of the resonators, with the most important achievement
being the complete elimination of photothermal effects (as indicated by the linear cooling
curves shown in Figure 16.3).

Experiments carried out with these devices utilized cryogenic operation of the resonator
(with an optical cavity constructed in a continuous flow 4He cryostat); see Chapter 8 for
more details on cryogenic optical cavity systems. As with the previous experiment, the input
coupler of the Fabry–Pérot cavity is a concave massive mirror with a radius of curvature
of 25 mm (reflectivity at 1064 nm: 99.93%) that is, in this case, attached to a ring piezo
(PZT) in order to actively modify the optical cavity resonance for locking purposes. Here
the total cavity length is slightly shorter than for the semi-concentric case (L = 25 mm)
in order to have a stable cavity and a small cavity-mode waist wm on the micromirror
(wm ≈ 10 µm). Within the cryostat, a 3-axis translation stage allows precise positioning
of the micromirror with respect to the cavity beam. Using an external imaging system
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Figure 16.3 Radiation-pressure cooling in a cryogenic high-finesse cavity. (a) Cross-sectional
schematic of the cryogenic cavity. Here the optical cavity is constructed inside a continuous-flow 4He
cryostat. In this configuration the sample chip rests on a small copper mount thermalized with the
cold finger and atop a 3-axis attocube positioning stack. The input coupler is also contained within
the cryostat but is thermally insulated from the cold finger (see details in text). (b) Scanning electron
micrograph of a subset of the Ta2O5/SiO2 resonators, in this case consisting of cantilevers 50 µm
wide with lengths varying between 50 µm and 500 µm. (c) Plot of the effective temperature Teff

and the effective damping γ in a detuned cavity for various laser powers (corresponding to different
symbols), while values of detuning (in units of ωm) are encoded in the gradient scale shown in the
upper right. The use of cryogenic pre-cooling results in a final effective mode temperature of 290 mK
(or 〈n〉 = 1 × 104), limited by the attainable finesse and mechanical quality factor.

it is possible to monitor both the position and size of the cavity mode. In operation, the
cryostat is first evacuated to 10−6 Torr. Cryogenic cooling is achieved by a continuous
flow of helium in direct contact with the cold finger. The additional cryogenic freeze-
out reduces the pressure to below 2 × 10−7 Torr. On cooling the cryostat from room
temperature to approximately 6 K (measured temperature at the cold finger), the thermal
contraction of the cavity can be compensated by the translation stage. This implementation
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results in a measured sample holder temperature of approximately 20 K (compared with
a measured cold-finger temperature of 6 K). Furthermore, an initial resonator temperature
(bath) of 35 K was realized, which is inferred from the calibrated power spectrum of the
micromirror motion at zero optical detuning. The temperature gradient present in the system
was attributed to heating of the sample by blackbody radiation from the input coupler, which
was kept at ≈295 K only a few centimeters away from the sample, in combination with
finite thermal conductivity between sample, sample holder and cold finger. Both at room
temperature and at cryogenic temperatures stable locking of the cavity was maintained for
a finesse of up to 8000.

Although these microresonators were found to exhibit excellent optical characteristics
(i.e. high reflectivity and low absorption), it was found that the mechanical quality factor of
the free-standing Ta2O5/SiO2 resonators is limited to an order of magnitude of ≈103. Note
that the modal quality factor of a microresonator comprised solely of a coating is related
to the coating mechanical loss by Q = 1/φcoat in the absence of external losses. Particular
Q values were found to be between 3000 and 6000 (Gröblacher et al., 2008; Brodoceanu
et al., 2010), with little improvement seen at cryogenic temperatures. A lack of geometric
dependence on quality factor points towards a materials limited phenomenon dominating the
overall damping in these structures (in contrast with anchor losses or thermoelastic damping
processes that would display unique frequency, temperature, and geometric dependencies
as discussed in detail in Section 16.2.3). The low Q-value recorded in these resonators is
consistent with the coating loss angles observed in Harry et al. (2002, 2006a) and discussed
in Chapter 4.

This damping is most likely dominated by the Ta2O5 layers, which unfortunately display
severe acoustic attenuation. As investigated previously, dielectric multilayer coatings based
on this materials system exhibit particularly large acoustic damping as a consequence
of their intrinsic amorphous materials structure (Harry et al., 2002, 2006a). The lack
of a periodic ordering of the constituent elements (as in a crystalline material) allows
for the presence of 2-level fluctuators, atoms may be mechanically excited between two
equilibrium positions in an asymmetric double-well potential (Anderson et al., 1972).
Tunneling transitions between these two stable configurations may be driven by thermal
phonons, thus attenuating mechanical vibrations in the coating, resulting in an enhancement
in the dissipated mechanical energy in the system. As discussed in Chapters 1 and 4,
mechanical losses are directly related to thermal fluctuations via the Fluctuation–Dissipation
Theorem, and thus the limiting thermal noise in an interferometer (Callen and Welton, 1951;
Callen and Greene, 1952).

In order to minimize mechanical damping introduced by the Ta2O5 layers, a specifically
engineered mechanical resonator was devised that separated the mechanical and optical
functionality of the device. As can be seen in Figure 16.4, these resonators effectively
decouple the optical and mechanical requirements of the structure; in this case employing a
mechanical resonator based on chemical vapor deposited (CVD) low-stress silicon nitride
(SixNy) (see Chapter 2), carrying a high reflectivity, low-absorption SiO2/Ta2O5 mirror
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Figure 16.4 High-performance dielectric micro-optomechanical resonator. (a) Scanning electron
micrograph of the hybrid mechanical system, which is formed by a doubly clamped SixNy beam
supporting a circular, high-reflectivity Bragg mirror. The Bragg mirror consists of a low-absorption
dielectric stack based on alternating Ta2O5/SiO2. (b) Displacement spectra shown as noise power
spectra of the readout-beam phase quadrature for a locked and an unlocked cavity. The fundamental
mode at fm ≈ 945 kHz and all higher mechanical modes are identified by finite element modeling
(FEM). For the cases that involve large Bragg mirror displacements, the simulated mode profile
is provided. (c) Calibrated noise power spectra for the fundamental mechanical mode at 5.3 K
environmental temperature with small cavity cooling (top) and at maximum cooling (bottom). The
thermal energy is reduced from ≈ 53 000 quanta at 7 µW laser power to 32 ± 4 quanta at 7 mW. The
vertical axes in both plots are logarithmic. (d) Plot of the calibrated effective temperature Teff versus
the observed damping γeff for various power and detuning values of the cooling beam. No deviations
from the theoretically expected power-law dependence (solid line, generated using expressions taken
from Genes et al. (2008a)) can be observed. The inset shows the mean thermal occupation as a
function of detuning for maximal laser power. Cavity instability prevents detunings arbitrarily close
to resonance. The solid curve is a simulation that uses only experimentally obtained parameters.
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pad (Gröblacher et al., 2009a,b). Mechanical damping from the Ta2O5 is reduced as the
strain generated via displacement of the resonator is primarily confined in the SixNy .
This device exploits standard microfabrication techniques and thus does not require
serial assembly of the individual components. Using this separately optimized hybrid
design, a reflectivity >99.99% was realized, while simultaneously boosting the quality
factor of the resonator to ≈3 ×104 at cryogenic temperatures. Beyond the improve-
ment to the mechanical design of the microresonator, the experimental system was fur-
ther improved by including the use of a properly thermalized input coupler and exten-
sive radiation shielding, allowing for base temperatures near 5 K. With this updated test
setup, the fundamental mode of the doubly clamped SixNy resonator (eigenfrequency
near 1 MHz) was utilized for the demonstration of a mechanical system with an ultra-
low final phonon occupation of ≈30 (Gröblacher et al., 2009a), as well as the first
demonstration of strong coupling between an optical field and a mechanical resonance
(Gröblacher et al., 2009b). Similar results have been obtained in different optomechanical
architectures (Teufel et al., 2011).

16.2.3 Monocrystalline optomechanical resonators

Attacking this problem from an entirely different angle, two generations of mechanical
resonators have additionally been realized in a novel materials system from the perspective
of the precision measurement community. For these devices the resonators are fabricated
directly from a single-crystal Bragg reflector, utilizing ternary alloys of AlxGa1−xAs (where
aluminum is a substitutional alloying element on a Ga lattice site in zinc-blende GaAs, or
vice versa for high Al content structures) as the mirror material. For simplicity, from
this point on the compound will simply be abbreviated as AlGaAs. This materials system
allows for a relatively high index contrast (with refractive indices of 3.480 41 for GaAs
and 2.938 33 for AlAs at 1064 nm at 300 K) and thus high reflectivity for a reasonable
number of layer pairs. Furthermore, AlGaAs offers transparency for wavelengths greater
than the intrinsic band edge of 1.424 eV (871 nm) for binary GaAs at 300 K (shifting to
1.519 eV (817 nm) at 4 K), enabling the development of low absorption Bragg mirrors at
1064 nm, with the potential for transparency out to ≈ 4 µm. Here, the long wavelength
cutoff is limited by significant free-carrier absorption for photon energies less than 0.3 eV
(Spitzer and Whelan, 1959). Using epitaxial growth techniques such as molecular beam
epitaxy (MBE) (Parker, 1985; Herman and Sitter, 1989; Tsao, 1993) or metalorganic
chemical vapor deposition (MOCVD) (Ludowise, 1985; Stringfellow, 1989) (see also
Chapter 2), almost arbitrarily thick multilayers of these materials may be grown while still
retaining a single-crystalline structure. A concise review of the properties, applications,
and growth techniques for AlGaAs may be found in Davies (1998). The initial impetus
for the development of AlGaAs-based devices was to investigate the limits of mechanical
dissipation in crystalline resonators, specifically via the removal of the loss originating
from two-level fluctuators thought to dominate the damping in high-performance dielectric
coatings (see Section 4.2.6).
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Figure 16.5 Monocrystalline optomechanical resonators fabricated from an epitaxial AlGaAs multi-
layer. (a) Scanning electron micrograph of a set of completed cantilevers fabricated from a 32 period
Al0.12Ga0.88As / Al0.92Ga0.08As Bragg stack. The beams shown have a width of 50 µm and vary in
length between 50 and 500 µm. (b) Measured cavity resonance using the microresonator as a cavity
end mirror. The observed linewidth (∼ 1.1 MHz) corresponds to a finesse of 5500. (c) Fundamental
mechanical mode of a 150 µm long doubly clamped resonator at 300 and 4 K, central frequencies
are 731 and 697 kHz, respectively. The corresponding quality factors are 2200 and 12 000. (d) First
harmonic of the same resonator resulting in quality factors of 5000 and 20 000 for frequencies of
1.997 and 1.971 MHz at 300 and 4 K, respectively.

The use of an epitaxially grown AlGaAs Bragg mirror has resulted in significant
improvements in the achievable mechanical quality factor – corresponding to a signifi-
cant reduction in the coating loss angle – for the optomechanical microresonators. The
initial AlGaAs devices consisted of 32.5 periods of alternating Al0.12Ga0.88As (high index)
and Al0.92Ga0.08As (low index) with nominal layer thicknesses of 79 nm and 90 nm, respec-
tively, grown via MBE (Cole et al., 2008). Resonators fabricated from this material system
utilized an identical geometry to the early dielectric devices (again employing simple dou-
bly and singly clamped beams) and exhibited nearly an order of magnitude improvement
in the mechanical dissipation as compared with Ta2O5-based devices of similar geometry,
as shown in Figure 16.5. These resonators displayed Q-values greater than 2 × 104 at
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Figure 16.6 Free-free monocrystalline resonators based on MOCVD-grown AlGaAs. (a) Close-up
view of a single completed resonator with the auxiliary beams near the ideal nodal position (for the
fundamental flexural mode of the central resonator). (b) Envelope of the measured ringdown response
and accompanying exponential fit for the free-free resonance of a 130 × 40 µm2 resonator fabricated
from a 40.5 period mirror stack. This measurement was performed at ≈ 20 K and 2.0 × 10−7 Torr
in a custom cryogenic fiber interferometer described in Cole et al. (2010c). For the eigenmode at
2.44 MHz, the extracted exponential decay time (t = 0.012 s) yields aQ value exceeding 90 000. The
inset displays the frequency response of the resonator when driven with a white noise signal.

eigenfrequencies up to 2 MHz at cryogenic temperatures for the first harmonic of a doubly
clamped beam (Cole et al., 2008). Further investigation of the limiting damping mechanism
in these devices indicated that the quality factors were limited by support-induced losses for
the geometries studied. In addition to the significant improvement in the achievable quality
factors, the AlGaAs Bragg mirrors simultaneously exhibited promising optical proper-
ties. Building an optical cavity using a curved macroscopic input coupler (similar to that
described in the cooling experiments discussed in Section 16.2.2) a reflectivity (intensity) of
99.975% was extracted for the 32.5 period AlGaAs Bragg mirror. Atomic force microscopy
(AFM) characterization of the surface quality yields RMS roughness values below 2 Å,
verifying the excellent quality of the MBE-grown films and in this case the maximum
reflectivity was found to be limited solely by transmission loss through the mirror.

Moving to a novel free-free resonator design in order to minimize phonon tunneling
losses to the surrounding substrate (Cole et al., 2010a), the total damping of the resonators
is now beginning to approach the intrinsic mechanical loss of the multilayer. Recently
recorded cryogenic quality factors approach 105 (9.5 × 104 at 2.4 MHz) (Cole et al.,
2010c), as shown in Figure 16.6. These devices utilize an updated materials system with
a total of 40.5 mirror periods in order to reduce transmission losses through the mirror.
The epitaxial multilayer used for the fabrication of these devices employs a nominally
identical composition and layer thicknesses as described previously, although in this case
the films are deposited via MOCVD. This growth method was utilized in order to take
advantage of the excellent in situ layer-thickness control afforded by modern chemical
vapor deposition systems, as pioneered in the manufacturing of vertical-cavity surface-
emitting lasers (VCSELs) (Zorn et al., 2002).
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Cryogenic operation is required for the micromechanical resonators to minimize ther-
moelastic damping, which limits the room-temperature quality factor to below 104 for the
current geometry and operating frequencies. For more details on thermoelastic damping
in coatings see Chapter 9 and in substrates see Chapter 7. Cavity-based measurements of
the optical performance of the 40.5 period mirror yield a reflectivity greater than 99.99%
(Cole et al., 2010c). This reflectivity essentially matches that achieved in the SiO2/Ta2O5

microdevices (e.g., using an input coupler with an amplitude reflectance of 99.995%, a
finesse of 3.0 × 104 is realized for the dielectric Bragg mirrors compared with 2.7 × 104

for the microfabricated AlGaAs mirror).
Recently, AlGaAs-based resonators employing the free-free mechanical design have

been employed for an in-depth experimental effort aimed at quantifying the effects of
support-induced damping, a key dissipation mechanism in high-quality-factor micro- and
nanomechanical resonators. Such studies are vitally important not only for optomechanical
experiments, but additionally for pushing the limits of mechanical loss, as such resonators
have emerged as ubiquitous devices for use in advanced technological applications. Unfor-
tunately, the performance of these devices is in many cases limited by the negative effects
of mechanical damping, which is further confounded by the lack of quantitative under-
standing of many damping mechanisms. As can be seen in Figure 16.7 the free-free design
provides an ideal platform to isolate and measure phonon tunneling dissipation. Altering
the attachment position of the auxiliary beams allows for a significant variation in geometry,
while approximately preserving the frequencies and effective surface-to-volume ratios of
the resonators. As these characteristics are kept constant, one can rule out the influence of
additional damping mechanisms on the variation in Q and hence isolate support-induced
losses. To further remove extraneous damping mechanisms, characterization of the res-
onator quality factor is carried out at cryogenic temperatures (20 K) and at high vacuum
(10−7 Torr) in order to remove thermoelastic damping and residual gas damping, respec-
tively.

With the AlGaAs resonators, thermoelastic damping is found to be the limiting loss
mechanism at room temperature. As described in Chapters 7 and 9, this mechanism is a
coupled thermomechanical process involving the scattering of thermal phonons with the
acoustic phonons responsible for the vibrations of the resonator. From a continuum point
of view, flexural vibrations produce alternating regions of tensile and compressive strain
on opposite sides of the neutral axis of the resonator. These strains in turn generate a
thermal gradient in the structure, and energy is dissipated through irreversible heat flow.
For the case of a simple flexural mode, this heat flow occurs through the thickness of the
multilayer. Damping is especially problematic when the frequencies of the thermal and
vibrational modes overlap. The center frequency of the thermal mode is controlled by the
thickness and thermal properties of the structure. For the free-free resonators fabricated
from the AlGaAs Bragg mirror (with a nominal central resonator size of 130 µm ×
40 µm × 7 µm) the maximumQ at 300 K (≈4500 at an average frequency of 1.9 MHz up to
≈8000 near 4 MHz) is accurately described using analytical expressions derived for flexural
vibrations in Zener (1937). For more complex geometries, a numerical solver employing the
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Figure 16.7 Mapping out phonon-tunneling dissipation in a free-free resonator. (a) Schematic dia-
gram of the resonator geometry. (b) Scanning electron micrograph highlighting a single suspended
structure. (c) Simulated dissipation as a function of the attachment point (ya) of the auxiliary beam.
Values corresponding to 8 discrete geometries were calculated here with the resonator thickness
t = 6.67 µm, auxiliary beam width ws = 7 µm, central resonator width w = 42 µm, central res-
onator lengthL = 132 µm, outer radiusR = 116 µm, and undercut distanceLund = 27 µm – the line
is simply a guide for the eye. The FEM calculated mode shapes correspond to the three extreme exam-
ples of the resonator design. The theoretical clamping loss limit, 1/Qth, for nodal positioning is always
finite with the geometry closest to this position (indicated by the arrow) yielding 1/Qth ≈ 2 × 10−7.
(From Cole et al. (2011).)

finite element method has been developed (Duwel et al., 2006). The thermoelastic limited
quality factor has an inverse temperature dependence and thus thermoelastic damping can
be minimized through cryogenic operation of the optomechanical system. Fortunately, this
is the typical operating environment for the majority of cavity optomechanics experiments.

To numerically predict support-induced losses in micro- and nanoscale mechanical
resonators an efficient FEM-enabled numerical solver has recently been developed (Cole
et al., 2010a). Employing the recently introduced “phonon-tunneling” approach (Wilson-
Rae, 2008), this solver represents a substantial simplification over previous approaches.
A key feature of this method is to combine a standard FEM calculation of the resonator
mode, allowing for the investigation of complex geometries, as well as taking proper
account of interference effects between the radiated waves. The results highlighted here
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establish the first systematic test of phonon tunneling dissipation in mechanical resonators.
In combination with existing models for other relevant damping channels (e.g. residual gas
and thermoelastic damping), the phonon-tunneling solver makes further strides towards the
accurate prediction ofQ in micro- and nanoscale mechanical resonators.

16.3 AlGaAs as a macroscopic mirror material

Through investigations of micro-structured optical coatings, it appears that monocrystalline
AlGaAs Bragg mirrors exhibit extremely promising characteristics for use not only in micro
and nanomechanical resonators (particularly in optomechanical experiments), but also for
the precision measurement community as a whole. This materials system is especially
beneficial with regards to the significant enhancement in the achievable mechanical quality
factor (or equivalently, a low coating loss angle), while maintaining excellent reflectivity.
Given these exceptional results, AlGaAs is an interesting candidate for minimizing phase
noise in ultra-high sensitivity interferometric applications. By employing monocrystal-
line materials as the reflective elements of the cavity end mirrors, the deleterious effects of
mechanical dissipation – arising from limitations in the amorphous constituents of currently
employed materials systems – may be minimized. Simultaneously, sufficient reflectivity
in a standard configuration can be maintained with no significant changes to the overall
interferometer being required, unlike the use of gratings (see Sections 6.5.2 and 11.4) or
total internal reflection techniques (see Section 6.5.1).

The development of high-performance monocrystalline Bragg mirrors builds upon
the vast knowledge-base of epitaxially grown mirror materials previously generated
for the development of active optoelectronic devices, including vertical-cavity surface-
emitting lasers (VCSELs) (Iga, 2008; Wilmsen et al., 1999), vertical-cavity semicon-
ductor optical amplifiers (Bjorlin et al., 2004; Cole et al., 2005), semiconductor disc
lasers (SDLs) (Kuznetsov et al., 1999), and semiconductor saturable absorber mirrors
(SESAMs) (Keller et al., 1996). Over the previous 25 years a wealth of experience has
been gained in the construction of high performance single-crystal Bragg mirrors for these
applications. The most mature materials system for producing high-quality single-crystal
Bragg stacks consists of lattice-matched ternary alloys based on AlGaAs. These materials
may be epitaxially grown as crystalline heterostructures via MOCVD or MBE on a suitable
lattice matched substrate, enabling the production of arbitrary stacks of high index-contrast
materials that maintain nearly perfect crystalline order.

Recent measurements have focused on the absorption of AlGaAs Bragg mirrors, both the
initial 32.5 period MBE-grown material (Cole et al., 2008) and the 40.5 period Bragg mir-
rors deposited via MOCVD (Cole et al., 2010c). These experiments have yielded absorption
values of <10 ppm for the MBE-grown material while the absorption is currently greater
than 50 ppm for the MOCVD-derived material. These measurements were performed
using a photothermal common-path interferometry system (Alexandrovski et al., 2009)
(see also Section 10.1.1) employing a continuous wave pump operating at power levels
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Figure 16.8 Comparison of experimental measurements performed at T = 20 K with theoretical
dissipation values for the free-free mode of resonators with measured central dimensions of 132 µm ×
42 µm and radius R = 116 µm. Both ringdown and spectrally derived data are included, with values
averaged over two nominally identical chips. The plot includes both raw simulated data as well as
fitted data (continuous lines are simply a guide to the eye) incorporating a constant offset representing
the background material’s damping and denoted as 1/Q∗. Electron micrographs with overlaid CAD
models are shown for the three extreme geometries as depicted in Figure 16.7. It is important to
note that this model only captures support-induced losses, while this background dissipation channel
still contributes to the overall damping 1/Qtot. However, the fact that the experiment utilizes sets of
resonators for which the frequencies and effective surface-to-volume ratios are kept approximately
constant implies that any additional damping mechanism that is relevant at low temperatures and
high vacuum, but is insensitive to the variation in geometry, should contribute a constant offset.
In this heteroepitaxial materials system (Cole et al., 2010b) the extracted offset is found to be
1/Q∗ = 2.41 × 10−5. Although the exact nature of the corresponding dissipation mechanism is
currently unknown, it appears to be caused by materials losses in the resonator epitaxial structure.
(From Cole et al. (2011).)

up to 2 W (optical spot size of 70 µm), with no polarization or power dependence seen
in the AlGaAs mirrors. Combined with the calculated optical penetration depth of 196
nm this leads to a maximum absorbance, α, of 1.8 cm−1, comparable to previous mea-
surements on GaAs-based optical microcavities (extracted value of 2.6 cm−1 at 980 nm)
(Michael et al., 2007). Note that the absorbance, given in units of cm−1, is simply found by
dividing the absorption value by the total interaction length, in this case twice the penetra-
tion depth. The source of the excess absorption in the MOCVD-grown mirrors is currently
unknown, but most likely originates from impurities incorporated in the structure during
the growth process, with the most likely candidate being carbon. In MOCVD, carbon is
incorporated as a decomposition product of the metalorganic reactants. MBE typically
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exhibits lower unintentional dopant concentrations as the process operates at ultra-high
vacuum (total pressure <10−10 Torr) and with elemental sources (Wilmsen et al., 1999).

In contrast, the MBE grown samples yield an absorbance of ≈ 0.2 cm−1, nearly an order
of magnitude less than that found in the MOCVD material with the same composition.
This level of attenuation approaches the best values found in the literature, with the lowest
AlGaAs Bragg mirror absorbance reported to date of 0.15 cm−1 (Reitzenstein et al., 2007)
for MBE-grown AlGaAs microcavities. For comparison, state-of-the-art dielectric coatings
are capable of sub-ppm absorption values at 1064 nm (see Chapter 10). Note that all optical
measurements have been performed at 300 K while there is interest in measuring absorption
at cryogenic temperatures. Even if the background absorption can be fully eliminated, at
sufficient optical intensities AlGaAs will be susceptible to two-photon absorption effects.
Characterization of GaAs single crystals show two photon coefficients of approximately
0.03 cm/MW (Kleinman et al., 1973; Boggess et al., 1985). Fortunately, the small pene-
tration depth into these mirrors helps to reduce the total absorption in the system (Obeidat
et al., 1997). Nonetheless, care must be taken in the system design in order to maintain the
probe laser intensity below the threshold for significant levels of two-photon absorption.

In terms of the substrate selection, in order to generate single-crystal multilayers via
epitaxial growth, two stringent conditions must be met: (i) the deposited films must have
the same crystal symmetry as the underlying substrate, and (ii) the materials should have a
nearly identical lattice parameter. Requirement (i) is typically satisfied for most relevant III–
V semiconductor compounds (and also the common elemental semiconductors). As luck
would have it, in the AlGaAs materials system, requirement (ii) is fulfilled over the entire
composition range with a total lattice constant variation of less than 0.15% for all values
of the aluminum content of the alloy. This minuscule variation in lattice constant is readily
apparent in Figure 16.9. This allows for the growth of high index-contrast multilayers lattice-
matched to crystalline GaAs substrates. The current maximum commercially available
substrate diameter is 200 mm, with typical thicknesses between 500 µm and 1 mm. It
is also possible to realize high quality AlGaAs structures on germanium wafers (Ting
and Fitzgerald, 2000), although this hetero-epitaxial system is still in nascent research
stages when compared with homo-epitaxial growth of AlGaAs on GaAs. Unfortunately,
the choice of materials with this epitaxial materials system is quite limited, as opposed to the
plethora of choices with dielectric mirrors. The ion beam sputtering process (see Chapter 2)
enables deposition of high quality dielectric multilayers onto nearly any substrate, including
sapphire, fused silica, and silicon. This enables the use of these mirrors in a wide variety
of experimental architectures.

Rather than developing complex crystal growth techniques to realize epitaxial AlGaAs
multilayers on foreign substrates, it may be possible to transfer these coatings to an arbitrary,
ideally transparent, mirror substrate. This would significantly enhance flexibility in the
application of monocrystalline Bragg mirrors. The envisioned fabrication procedure would
entail separating the epitaxial layers from the original growth substrate via well-developed
chemo-mechanical substrate removal or epitaxial lift-off processes (Konagai et al., 1978;
Yablonovitch et al., 1987; Schermer et al., 2006; Yoon et al., 2010; Cole et al., 2010b). This
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Figure 16.9 Bandgap versus lattice constant for common III–V semiconductor alloys. The x-axis
highlights the typical substrate compositions (binary wafer materials including GaAs, InP, etc.), while
the y-axis displays the bandgap energy and corresponding bandgap wavelength of the desired com-
pound. Solid lines between the binary compounds denote ternary alloys, while quaternary compounds
fall within the enclosed areas. Reproduced from Schubert (2003).

would be followed by direct wafer bonding of the Bragg mirror to the desired component.
One interesting aspect of AlGaAs Bragg mirrors is the nearly identical coefficient of
thermal expansion with c-axis oriented single-crystal sapphire. The absence of thermal
strain in this materials combination has enabled successful large area direct bonding (over
a 3 inch wafer) of GaAs to sapphire (Kopperschmidt et al., 1997), with thermal cycling
between room temperature and 77 K. However, these experiments were performed with flat
structures, radius of curvature = ∞. Further investigation will be necessary to determine
the limitations on radius of curvature attainable with this procedure.

An additional, and potentially interesting, advantage of epitaxial AlGaAs Bragg mirrors
is the ability to modulate the conductivity through doping as demonstrated in a variety
of electrically injected active optoelectronic devices. Complex doping schemes previously
investigated for the constituent epilayers of electrically injected VCSELs, can be used to
produce conducting films (even the intrinsic, or unintentionally doped, semiconducting state
may be useful). For historical reference, all-epitaxial current injected microcavity lasers
were first demonstrated in 1989, see Jewell et al. (1989). Although electrical conductivity
is typically realized at the expense of enhanced absorption due to free carrier effects,
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tremendous advancements have since been made in the development of low optical loss
and simultaneously low series resistance (i.e. vertically conducting) mirrors. A review of
such structures can be found in Wilmsen et al. (1999). Design rules developed for conducting
mirrors for electrically injected VCSELs should be readily applicable for efforts related
to charge mitigation in high performance optical interferometer applications. For more on
charge and precision measurements see Sections 3.5 and 10.1.2.

Currently, the fundamental reflectivity limits of AlGaAs materials system are unex-
plored. Although there have been innumerable devices developed, the limiting absorption
has yet to be seriously investigated. Future research efforts should be aimed at further
reducing the optical absorption and also at exploring the intrinsic limits of mechanical
damping in this materials system.

16.4 Summary and conclusions

Quantum optomechanics is a rapidly growing interdisciplinary field focused on the ultimate
goal of achieving quantum optical control of massive mechanical resonators. Employing a
Fabry–Pérot configuration as described in the preceding chapter, the ultimate performance
of such systems is dependent upon the development of high quality factor, high reflectivity
micromechanical resonators, leading to very similar requirements to the optical coatings
utilized by the precision measurement community. The requirements include low absorp-
tion, low mechanical loss, low surface roughness, and low transmission loss. Here we have
reviewed the basic underlying physics as well as a number of experimental examples of
resonators that have been implemented in this nascent field. In the course of this work,
a promising alternative materials system has been explored – AlGaAs monocrystalline
multilayers – that demonstrate very promising characteristics for overcoming the current
challenges facing existing dielectric coating formulations.
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Cavity quantum electrodynamics

tracy e. northup

Cavity quantum electrodynamics (cavity QED) describes the interactions of single atoms
and single photons in a resonator. In the laboratory, state-of-the-art experiments are able
to observe the dynamics of these simple yet fundamental quantum systems. The recent
development of quantum information science has also introduced a new role for cavity
QED systems as quantum interfaces, in which information can be coherently mapped
between photonic and atomic quantum bits.

Groundbreaking optical cavity QED experiments in the past twenty years would not have
been possible without the technological development of mirror coatings with extremely low
scatter and absorption losses. Thermal noise has typically played a smaller role in cavity
QED experiments but in certain instances is nevertheless important to consider.

In this chapter, we begin with an overview of optical cavity QED experiments and
some of the central questions that they address. It is hoped that this description, while by
no means exhaustive, will provide a window for the nonspecialist into basic techniques
and motivations in the field. We then turn to focus on the roles played by scattering and
absorption loss and mechanical loss. We discuss how these losses have set limits on feasible
experiments and the extent to which improvements may be possible.

17.1 Experimental realizations of cavity QED systems

An idealized cavity QED system consists of one atom placed between two highly reflective
mirrors (Figure 17.1). In this model, a single atomic transition interacts with photons in a
single cavity mode; the atom is often pictured at an antinode of the cavity standing wave,
where it has a maximal dipole interaction with the cavity field. For the purpose of this
book, we limit ourselves to experimental systems whose cavities conform quite closely to
this model, i.e., resonators constructed from high-finesse mirrors with multilayer dielectric
coatings in the optical range. However, it is worth noting that the earliest cavity QED
research was carried out with Rydberg atoms in spherical microwave cavities (Raimond
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g

Figure 17.1 A model cavity QED system, in which a single atom is centered at the point of maximum
interaction with a single cavity mode. The atom and the cavity field coherently exchange an excitation
at rate 2g. Spontaneous atomic decay occurs at rate 2 γ , and intracavity photons exit the cavity at
rate 2 κ . In practice, the atom may be localized in the cavity mode via an optical or radiofrequency
trap, or it may be traversing the cavity with some velocity that limits its interaction time.

et al., 2001) and that many cavity QED experiments today incorporate more exotic res-
onators including stripline microwave resonators (Girvin et al., 2009), photonic bandgap
structures, and microtoroidal resonators (Vahala, 2003). The atom, meanwhile, may be a
neutral atom or an ion but may also be an artificial structure, such as a quantum dot. It
may even be an ensemble of atoms, each interacting with the cavity. In practice, one must
account for the multiplicity of levels present in a realistic atom as well as for the possibility
of coupling to multiple cavity modes.

This model allows us to identify relevant rates of the atom–cavity system. Specifically,
interesting quantum dynamics occur via the coherent interaction (typically a dipole cou-
pling) between the atom and the cavity mode. The rate of this interaction is identified as g
and is compared with the incoherent channels present in the system, including spontaneous
emission of the atom (at rate γ ) and cavity field decay (at rate κ). The strong coupling
regime is defined by the condition

g 
 κ, (17.1)

g 
 γ , (17.2)

where coherent interactions dominate the system dynamics. The single-atom cooperativity
parameter,

C = g2

2κγ
, (17.3)

is thus much greater than 1, indicating that the presence of just one atom significantly
modifies the intracavity field. If C 
 1 but the cavity decay is now the dominant rate,

κ >
g2

κ
> γ , (17.4)
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then the system is in the bad cavity regime. Here, the cavity field dynamics can be adi-
abatically eliminated, and atomic decay is now described by the cavity-enhanced rate
γ ′ = γ (1 + 2C).

Furthermore, in the laboratory, a (non-artificial) atom cannot simply be placed within
a cavity. Rather, a neutral atom or ion may be confined between the cavity mirrors using
electromagnetic fields, or one can think of the model as representing a snapshot in which
the atom (which has some velocity due to its nonzero temperature or due to the influence
of gravity) interacts with the cavity field for a brief interval of time as it transits the cavity
mode.

Below, various realizations of laboratory cavity QED systems are summarized, with the
intention to highlight advantages and limitations of specific approaches and to touch on
recent developments in the field.

17.1.1 Neutral atoms in cavities

Early cavity QED experiments in the optical domain used a collimated beam from an atomic
source which intersected the mode of the optical cavity (Rempe et al., 1991; Thompson
et al., 1992). In order to approach the regime in which a single atom interacted with the cav-
ity, the average atom number, N̄ , in the cavity could be tuned to approximately 1 via the tem-
perature of the source. However, inherent Poissonian fluctuations in N̄ obscured some fea-
tures of the quantum interaction. In addition, due to the temperature of the atoms, the period
of interaction with the cavity lasted only about 1 µs. This latter problem was addressed in
the next generation of experiments, in which newly developed laser cooling and trapping
techniques were incorporated in order to slow down the atoms. Cold atoms were trapped just
above a cavity and released to fall under gravity through the mode (Hood et al., 1998), or the
cavity was placed at the turning point of an “atomic fountain” (Münstermann et al., 1999).

More recent experiments have extended these interaction times by several orders of
magnitude by trapping atoms within a cavity. The atoms are confined in an optical dipole
trap which may be along the cavity axis at a secondary wavelength supported by the
cavity (Ye et al., 1999) or may be a standing wave perpendicular to the cavity (Sauer et al.,
2004; Nußmann et al., 2005; Khudaverdyan et al., 2009); the trap wavelength may be red-
detuned from the atomic transition, in which case atoms are localized in the standing-wave
maxima, or it may be blue-detuned, in which case atoms are located in the minima and
multiple spatial modes may be necessary for three-dimensional confinement (Puppe et al.,
2007). The period of atom–cavity interaction may now be tens of seconds long, limited by
background gas collisions (Hijlkema et al., 2007). However, the complete Hamiltonian for
the atom-cavity system must take into account the specific trap properties. For example,
one must consider the relative positions of the trapping potential minima (where atoms
are localized) and the cavity mode (which determines the strength of the atom–cavity
interaction), as well as the temperature and thus the spatial extent of an atom in the trap.
For a dipole trap supported by the cavity, an atom will be tightly confined along the cavity
axis, but as the atomic wavelength and trap wavelength are incommensurate, the atom’s
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coupling to the cavity depends on the standing wave minimum in which it is confined. In a
perpendicular dipole trap, the trap waist typically extends across several half-wavelengths of
the cavity. In both cases, data which is averaged over many atoms will also be averaged over
various positions and thus various couplings. Furthermore, owing to AC Stark shifts from
the trapping field, atomic transitions may be modified and thus spatially dependent (van
Enk et al., 2001).

Experiments with trapped atoms have also been able to address the problem of fluc-
tuations in atom number, that is, to work with exactly one atom rather than just a very
small value of N̄ . It is possible, for example, to transport exactly one atom into the cavity
mode (Fortier et al., 2007a), or to load an indeterminate number of atoms but to identify
when exactly one is present (Weber et al., 2009).

A separate class of experiments is concerned not with single-atom interactions but rather
with the interaction of an ensemble of atoms with the cavity mode. This may be a cloud of
cold atoms falling through a cavity mode (Chan et al., 2003) or an ultracold gas or Bose–
Einstein condensate which is prepared and then transported into the cavity (Brennecke
et al., 2007; Colombe et al., 2007).

17.1.2 Trapped ions in cavities

We have seen that it is challenging to localize a single atom at a precise position with respect
to the mode of an optical cavity. By working with ions rather than with neutral atoms, some
of these challenges can be addressed. Individual ions can be stored for up to weeks at a time
in a radiofrequency-Paul trap or ring trap. Trapped ions can be cooled to their motional
ground state in three dimensions, resulting in a localization on the order of �x ∼ 10 nm,
i.e., much smaller than the spatial structure of the cavity mode and thus of the atom–cavity
coupling, which is defined along the cavity axis by the half-wavelength of the optical
transition and in the perpendicular direction by the cavity waist. Furthermore, as a result of
recent progress in ion-based quantum information processing, a sophisticated toolbox for
coherent manipulation of ions’ electronic and motional states has been developed (Wineland
et al., 1998; Häffner et al., 2008).

Ion traps have been successfully integrated with high-finesse optical cavities in multiple
experiments (Guthöhrlein et al., 2001; Mundt et al., 2002; Russo et al., 2009; Leibrandt
et al., 2009; Herskind et al., 2009). To date, however, only neutral atoms in cavities have
reached the single-atom strong coupling regime (Equations 17.1 and 17.2). One limitation
to achieving strong coupling with ions lies in the fact that ion traps, unlike optical or
magneto-optical traps for neutral ions, are three-dimensional physical structures which
must be integrated with the cavity mirrors. Moreover, the coupling rate g is inversely
proportional to the cavity waist w0 and to the square root of the cavity length L. The cavity
waist w0, in turn, is a function of cavity length L and mirror radius of curvature R through

w0 =
((

λ

2π

)2

L(2R − L)

)1/4

. (17.5)
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Thus, we see that stronger coupling can be achieved with a short cavity where the mirrors
have a small radius of curvature. However, the presence of a large dielectric surface close
to an ion will alter the trapping potential experienced by the ion. In addition, stray charges
on mirror surfaces may cause time-dependent shifts to this potential. Weighing these con-
siderations, ion-trap cavity QED experiments to date have been constructed with relatively
long cavities, settling for weaker coupling in order to ensure stable ion trapping and good
optical access to the ion.

With trapped-ion systems, we again face the problem that we encountered with optical
dipole traps for neutral atoms: how well does the trap minimum coincide with an antinode
of the optical cavity? While optical traps can be steered from outside a vacuum chamber,
the ability to adjust the position of an ion in a Paul trap is limited. Specifically, the trapping
minimum lies along the axis of the Paul trap, perpendicular to its radiofrequency and
ground electrodes. An ion can typically be translated for millimeters along this minimum
by tuning the DC voltages that provide on-axis confinement. However, in the two orthogonal
directions, micron-scale displacements will cause heating of the ion. One approach is to
incorporate ultra-high-vacuum piezo stages within the chamber in order to adjust the relative
positions of trap and cavity. This adjustment capability means that the ion-cavity coupling
can be tuned in situ: a single ion can be brought from a place of minimum to maximum
coupling (Mundt et al., 2002). In-vacuum piezo stages can also be useful because ion-trap
experiments may choose a near-concentric cavity geometry (near the edge of the stability
diagram, discussed further in Chapter 13) in order to minimize the waist and maximize
coupling. Given this choice of geometry, in which the spot size at the cavity mirrors is quite
large, an ion must be centered exactly between the mirrors in order to experience maximum
coupling. Figure 17.2 shows a cavity QED apparatus, including a linear Paul trap mounted
from above and a piezo assembly beneath the cavity.

17.1.3 Emerging themes

The mirror coatings used in cavity QED experiments have typically been applied to BK7
or fused silica substrates, which may be machined afterwards on a lathe to smaller dimen-
sions (Hood, 2000). As discussed in the previous section, it is advantageous to minimize
both the mirror radius of curvature R and the cavity length L. For standard mirrors, the
minimum R is constrained by the radius at which substrates can be superpolished to sub-
Ångstrom roughness (a few centimeters). For a given R, the minimum L is then limited
by the mirror diameter, since a nonzero gap between the two spherical cavity mirrors is
necessary both for an atom to enter and for optical access. The mirror diameter is in practice
constrained by the machining process to ∼ 1 µm.

An interesting new development bypasses superpolished substrates entirely, enabling
smaller values of both R and the mirror diameter: the demonstration of optical-fiber-based
mirrors for cavity QED experiments (Trupke et al., 2005; Steinmetz et al., 2006). The
highest-quality mirrors have been fabricated by first centering a cleaved optical fiber in
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Figure 17.2 The current ion-trap cavity QED experiment in Innsbruck, an example of a high-finesse
cavity integrated with a linear Paul trap. The Paul trap is suspended from above; sandwiched between
two macor pieces are four blades at right angles for confinement in the xy-plane, two endcaps for
confinement along the z-axis, and four thin wires to compensate micromotion of the ion. The cavity
mirrors are 2 cm apart and are placed behind pairs of trap blades, which help to shield the ion from
the dielectric mirror surface. As the cavity mode is near-concentric and thus has a short Rayleigh
length, lenses for collimating the input and output beams are placed in vacuum. The cavity can be
translated with respect to the ion trap via slip-stick and shear-mode piezos (Russo et al., 2009).

the focus of a pulsed CO2 laser. A short pulse ablates the fiber surface, which is then both
extremely smooth and spherical over a certain diameter. The ablated fibers can afterwards
be coated in a custom jig using ion-beam sputtering (see Chapter 2). Pre- and post-ablation
fibers as well as a cavity assembled from coated fibers are shown in Figure 17.3. Uncoated
fiber surface roughness has been measured at 2 Å, near the limit of atomic force microscope
measurements (Hunger et al., 2010). Recent finesse measurements comparing cavities built
with fibers and substrates from the same coating run have demonstrated that additional
scatter attributed to the fiber surface may be as low as 3 ppm. Radii of curvature as
small as 40 µm have been demonstrated, enabling realistic possible waists as small as
1.3 µm (Hunger et al., 2010). With such a steep value of R on a conventional substrate, it
would not be possible to build short cavities before the mirrors came into contact, but here
one has the advantage that the diameter of a standard fiber is only 125 µm, and the diameter
of the spherical ablation is just 20–40 µm.

The small size of the fibers permits integration into a miniaturized device such as an
atom chip, on which Colombe et al. (2007) have guided a Bose-Einstein condensate into
the mode of a fiber cavity. Several projects for integration of fiber mirrors with ion traps
are currently in development. A promising initial step has been the integration of uncoated
fibers as light collection devices in surface ion traps; ions have been trapped as near as
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(b)(a)

(c)

Figure 17.3 High-finesse, fiber-based mirrors, which are attractive for cavity QED experiments
because of their high radius of curvature and potential for integration into small and perhaps scalable
devices. (a) Microscope image of a cleaved fiber surface before laser ablation. (b) Concave fiber
surface after laser ablation. (c) After dielectric mirror coatings have been sputtered onto the fibers,
a cavity can be constructed from two fiber-based mirrors. The cavity length in this photograph is
approximately 200 µm.

80 µm to the dielectric fiber surface (VanDevender et al., 2010; Brady et al., 2011). Fiber
mirrors could also potentially be incorporated in cavity QED experiments with artificial
atoms such as quantum dots, in which a distributed Bragg reflector fabricated beneath the
dots would serve as the second cavity mirror (Muller et al., 2010).

Another new theme in cavity QED research incorporates optical resonators with the
quantized motion of nanomechanical oscillators, discussed in Chapter 16. Rather than
coupling the electronic state of an atom to the optical mode of a cavity, the proposed
experiments would use the cavity mode as a conduit to couple the atom and an oscillator,
such as a thin membrane suspended in the cavity (Hammerer et al., 2009). High-stress SiN
films, for example, have been shown both to have excellent mechanical quality factors and
to be compatible with high-finesse cavities (Wilson et al., 2009).

17.2 Representative experiments

A central theme of cavity QED is the coherent exchange of individual quanta between
atom and field in the presence of decoherent processes. Experiments in the field have thus
focused on characterizing this light–matter interface, evaluating its nonclassical behavior,
and demonstrating increasing control over various aspects of the quantum system.
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The interaction of Figure 17.1 is described by the Jaynes–Cummings Hamiltonian in the
rotating-wave approximation (Jaynes and Cummings, 1963),

HJC = h̄(ωc − ωp)â†â + h̄(ωa − ωp)σ̂+σ̂− (17.6)

+ h̄g(â†σ̂− + âσ̂+) + h̄εâ + h̄ε∗â†,

where â is the photon annihilation operator, σ̂− is the atomic lowering operator, ωa is the
atomic transition frequency, ωc is the cavity resonance frequency, ωp is the frequency of a
classical field driving the cavity, and ε is the Rabi frequency of this field. Additional terms
can be included in order to account for multiple cavity modes or atomic levels, a classical
field which drives the atom, or the presence of multiple atoms, in which case it is known as
the Tavis–Cummings Hamiltonian (Tavis and Cummings, 1968).

In the absence of a driving field, the Jaynes–Cummings Hamiltonian can be diagonalized.
When the cavity is resonant with the atomic transition, the first eigenstates above the ground
state are symmetric and antisymmetric superpositions of one photon in the cavity and one
atom in its excited state. The frequency splitting between the symmetric and antisymmetric
states is given by 2g and is known as the vacuum Rabi splitting. It can be probed by
introducing a weak cavity driving field and scanning the frequency of this field across the
atom–cavity resonance. The ability to resolve the vacuum Rabi splitting spectroscopically
is a hallmark of the strong coupling regime, and observation of this splitting was thus a
milestone in early experiments (Thompson et al., 1992). More recently, a complete vacuum-
Rabi spectrum has been measured for a single atom confined in a dipole trap (Boca et al.,
2004).

In the strong coupling regime, saturation of the atomic transition occurs for photon num-
bers 	1, and it is possible to use just one intracavity atom as a laser gain medium (McKeever
et al., 2003). While the output of a conventional laser is a coherent state, the output state of
this single-atom laser is nonclassical, as evinced by antibunched and sub-Poissonian photon
statistics. By tuning the strength of the atom–field coupling via a Raman transition, the path
from quantum to classical behavior in a single-atom laser has been mapped out (Dubin
et al., 2010). A single-atom laser can be operated in a pulsed regime as a single photon
source, and sources based on both neutral atoms and ions have been shown to be deter-
ministic, that is, to generate photons inside the cavity with near-unit efficiency (McKeever
et al., 2004; Keller et al., 2004; Hijlkema et al., 2007; Barros et al., 2009).

Given a suitable atomic level structure, pairs of sequential single photons can be gen-
erated which are polarization-entangled, where the two polarizations correspond to the
two orthogonal cavity modes. The entanglement is mediated by the intracavity atom (Wilk
et al., 2007). Separately, it has been shown that a photonic state can be mapped coher-
ently onto a trapped atom in a cavity (Boozer et al., 2007). Both experiments represent
important steps towards quantum networks, where an entangled state stored in an intra-
cavity atom could be mapped onto a photon, distributed over long distances, and trans-
ferred to a remote atom (Kimble, 2008). Such a network is depicted schematically in
Figure 17.4.
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Figure 17.4 A model for a cavity-QED-based quantum network. Quantum information is stored and
manipulated as a superposition of two long-lived atomic states. The information is then coherently
mapped onto a photon polarization or number state for transport to a spatially separated atom. Such
a network would enable distributed quantum computing, but for the mapping process to be efficient,
transmission must dominate scatter and absorption losses in the cavity mirrors.

Recent work has achieved control not only over the atom–photon coupling process as
above, but also over various other aspects of the system. Cavity-mediated cooling has been
demonstrated, first for atomic ensembles (Chan et al., 2003) and subsequently for individual
atoms and ions (Maunz et al., 2004; Leibrandt et al., 2009). The trajectory of an atom within
the cavity can be monitored via the cavity transmission and controlled in real time via a
feedback laser (Kubanek et al., 2009). Feedback is also an important theme in the collective
coupling of an atomic ensemble to the cavity field, in which the density excitation of the
atoms functions as a mechanical oscillator in a cavity optomechanics model (Brennecke
et al., 2008).

17.3 Optimizing cavity design

While researchers across the field share a common set of goals, there is no one ideal
cavity design for cavity QED experiments, as the constraints of a particular experiment will
dictate specific choices. The only constant is that for any experiment, it is advantageous to
minimize scatter and absorption losses in the mirror coatings.

17.3.1 Transmission, absorption, and scatter losses

Advances in ion-beam-sputtering technology were critical in enabling access to the strong
coupling regime. The demonstration of mirrors with total transmission, absorption, and
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scatter losses of only 1.6 ppm at 850 nm – corresponding to a cavity finesse F = 1.9 × 106,
with inferred scatter and absorption losses of 1.1 ppm – remains unsurpassed 20 years
later (Rempe et al., 1992). (See Table 10.1 for a comparison of these results with state-of-
the-art mirrors at 1064 nm and Chapter 2 for a discussion of dielectric coating technology.)
Such low optical loss meant that it was possible to build short cavities which still had
long decay times, or equivalently, small decay rates κ . Short cavities, as we have seen, are
necessary to minimize the cavity waist w0 and thus to maximize the coupling g. If one
can build a cavity with g 
 γ , the atomic decay rate, while still maintaining κ 	 g, then
Equations 17.1 and 17.2 has been satisfied. In the first vacuum-Rabi splitting observation, for
example, the system rates were given by (g, κ, γ ) = 2π × (3.2, 0.9, 2.5) MHz (Thompson
et al., 1992).

Minimizing total optical losses results in cavities with the highest finesse and, for a
given length, the smallest κ . However, if the total optical loss is dominated by absorption
and scatter, then it will be very difficult to extract any signal from the cavity.

The cavity finesse can be written as F = π
√
R

1−R , where R is the fraction of intensity
reflected by each cavity mirror, assuming that the mirrors are identical (see Equation 15.6).
Similarly, scatter, absorption, and transmission at a single mirror can be described by
coefficients S, A, and T , such that

R + S + A+ T = 1. (17.7)

(See Chapters 10 and 11 for more detailed discussions of absorption and scatter, respec-
tively.) For a high-finesse cavity, where R 
 {S,A, T }, the finesse in the case of identical
mirrors reduces to

F = π

S + A+ T = π

L , (17.8)

where L represents total optical loss. For nonidentical cavity mirrors, a more general
expression is

F = 2π

Sin + Sout + Ain + Aout + Tin + Tout
, (17.9)

where the subscripts refer to input and output mirrors.
Given a photon in the cavity mode, the chance that it will exit the cavity through the

output mirror is given by

Pout = Tout

Sin + Sout + Ain + Aout + Tin + Tout
. (17.10)

The same expression describes the time-reversed process of coherently mapping a single
photon into a cavity (Boozer et al., 2007). Thus, applications which require mapping
photonic states into and out of a cavity with high efficiency require the total optical loss
L to be dominated by the transmission component. For example, proposals which rely on
a cavity as an interface to transfer quantum information between photons and atoms in a
quantum network assume that this transfer process will be nearly lossless. The first step is
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thus to decide what value of Pout is tolerable and then to assess what scatter and absorption
values are likely to be at the wavelength of interest, where we have seen that in the infrared
range, 1–2 ppm represents the current state of the art. Target values for Tin,out can then be
found which satisfy the requirements for Pout, and a coating run can be designed in order
to meet these targets. As additional dielectric layers are added to the coating in order to
reduce the transmission, the variation in transmission as a function of wavelength becomes
increasingly steep. (This variation over wavelength is known as a “coating curve”; sample
data and a theoretical model can be found in Hood et al. (2001).) It may be necessary to
evaluate the coating properties at the desired wavelength in a test run before a final coating
run, if possible with a laser that is tunable over a range of tens of nanometers.

The preceding discussion has focused on meeting the requirements of the strong coupling
regime, where the intention is to maximize the time interval in which atoms and photons
can interact coherently. Sometimes, however, it may be desirable for photons to exit the
cavity as quickly as possible. For example, one can take advantage of the bad cavity regime
defined in Equation 17.4 to collect spontaneous emission from the atom efficiently, or to
generate a deterministic single-photon source with a high repetition rate. In this case, one
can select a target transmission (thus adjusting κ) as well as a target cavity length (thus
adjusting both κ and g) in order to satisfy both inequalities.

We have emphasized that absorption and scatter losses are constrained by the mirror
coating process and the surface quality of the substrate, but that transmission is a controllable
parameter of the coating. Meanwhile, the atomic decay rate γ (as well as g, which scales
as

√
γ ) is determined by the choice of atomic species and the particular atomic transition.

This choice is constrained by several factors, including the availability of lasers for cooling,
trapping, addressing, and possibly ionizing the atom; the suitability of the atomic structure,
such as whether it possesses cycling transitions, magnetic-field-insensitive states, or long-
lived transitions for quantum logic; and the quality of mirror coatings available at the
atomic transition frequency. (Specifically, losses in optical coatings at blue and ultraviolet
wavelengths are typically much higher than in the infrared.) Finally, the cavity length, and
thus κ and g, may be limited by geometric constraints such as integration with an ion trap
or the need for optical access between the mirrors.

As discussed in Chapters 10 and 11, particle contamination of the mirror surface increases
the optical loss. In addition to the cleaning methods discussed in these chapters, a wafer
spin cleaner or spin coater has been shown to be an effective method for cleaning mirrors
from 7.75 mm to 1 inch diameter. The mirror is held in place via suction as it is spun, and
spectrophotometric-grade solvents (first water, then acetone, then isopropyl alcohol) are
applied with a squirt bottle. As each solvent is applied, a cleanroom cotton swab is swept
gently from the center of the optic to the edge and rotated as it is swept. Ten to twenty
seconds of spinning without solvent or swab is sufficient to dry the mirror at the end of the
cycle.

Optical losses may also include clipping losses of the cavity mode at the edge of the
mirror (see Chapter 13). Clipping losses are important to consider for mirrors applied
to laser-ablated fibers, where the concave surface is only spherical over 20–40 µm. In
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Innsbruck, we have recently succeeded in ablating structures with a diameter of 60–80 µm
by using fibers with a 200 µm cladding diameter instead of the industry-standard 125 µm.
It appears that the additional fiber surface enables better heat transport during the laser
pulse. We intend to use these larger structures for fiber cavities integrated with ion traps,
with a target ion–fiber distance of 100 µm.

Annealing is typically used as a final step to reduce absorption losses after ion-beam
sputtering (see Section 10.1.2). Because we initially believed that annealing under air (as
is standard practice) would cause oxidization problems with copper-coated fiber cavities,
we have recently tested annealing Ta2O5/SiO2 coatings under vacuum at 450 ◦C. This pro-
cess, however, substantially increased the optical losses. The finesse could be recovered –
and improved due to the desired annealing effects – after subsequent annealing under air.
This behavior persisted during subsequent vacuum and air annealing cycles. We attribute
the losses to depletion of oxygen from the surface layer of Ta2O5, a conjecture which
is supported by comparative x-ray photoelectron spectroscopy (XPS) measurements of
vacuum- and air-annealed mirrors. This finding suggests that although a high-temperature
bakeout is typical for an ultrahigh-vacuum apparatus, it may be problematic for cavity QED
experiments.

17.3.2 Asymmetric cavities

We have referred above to “input” and “output” cavity mirrors, implying a directionality
in the process of coupling light into and out of the cavity. This simplification is, of course,
artificial. In order to collect every possible photon emitted by a cavity, one should place
detectors outside of both mirrors.

Nevertheless, it is often much simpler to designate one cavity mirror as the output port,
as this avoids the technical challenge of combining the two output paths and also allows
the other port to be used for locking, trapping, or cavity drive fields. In order to maximize
the fraction of the intracavity field transmitted at the output port, given by Equation 17.10,
one can choose Tin 	 Tout, i.e. an asymmetric or “single-sided” cavity. However, assuming
that Tin 
 {Sin,out, Ain,out} has been chosen in order to ensure a reasonable transmission
efficiency, the increased value of Tout will compromise the cavity finesse and κ; thus the
ratio Tin

Tout
is a compromise between detection efficiency and cavity coupling parameters.

17.3.3 Birefringence

In addition to the optical loss, other mirror properties play a role in atom–cavity inter-
actions. While the simplest cavity QED model considers an atom interacting with just
one cavity mode, a three-dimensional cavity supports two degenerate modes of orthogonal
polarization. To the extent that the cavity mirrors are birefringent – that is, that the index
of refraction in the mirror is anisotropic, so that different polarizations of light experience
different effective cavity lengths – the mode frequencies will be nondegenerate. Some bire-
fringence may be acquired during the mirror coating process (see Chapter 2), but the main
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contribution to the cavity birefringence occurs through stress during mounting, gluing,
or baking. The birefringent splitting between mode frequencies �ν relative to the cavity
linewidth κ is given by

�ν

κ
= δ

2π2
F , (17.11)

where δ is the phase shift per round trip. Because the cavity amplifies the phase shift with
each round trip, birefringence represents a particular challenge for high-finesse cavities (Ye
and Lynn, 2003).

For cavity QED experiments, the simplest cases occur when no birefringence is present
(two degenerate cavity modes), or when the birefringent mode splitting is much larger
than the relevant rates {g, κ, γ }, so that an atom effectively interacts with just one cavity
mode. (Note, however, that this second case precludes experiments in which entanglement
is generated between atomic states and photon polarization, or in which a coherent atomic
superposition is mapped onto a superposition of polarization states. A quantum state could
be stored instead as a photon number state.) The most complicated situation lies somewhere
in between, when the frequency of the birefringent splitting is on the order of {g, κ, γ }.
In this case, the splitting must be carefully measured so that it can be incorporated into
simulations of the system dynamics, in which photons can be transferred from one mode
to another via an atom.

17.3.4 Co-resonant optical frequencies

Another consideration is whether multiple optical frequencies are present in the cavity, and
if so, how the mirror coating curve varies over these frequencies. It is usually necessary
to actively stabilize the cavity length via a Pound–Drever–Hall lock (see Section 15.2.1).
Thus, the cavity is not only (near-)resonant with the atomic transition frequency but also
must support a stabilization laser at a separate longitudinal mode. For cavities with length
on the order of 10 µm, the wavelengths of neighboring longitudinal modes are separated
by tens of nanometers.

Additional lasers at other longitudinal modes may be introduced for a red- or blue-
detuned on-axis dipole trap or to drive Raman transitions between atomic states (Boozer
et al., 2006). On one hand, the finesse of the mirrors at these wavelengths should be high
enough to support a cavity mode. For dipole traps, for example, a higher finesse corresponds
to a deeper trapping potential for a given input power. On the other hand, if the finesse is too
high, thermal noise issues may introduce fluctuations within the system, see Section 17.4
below.

17.4 Thermal noise

Thermal noise is not an issue when cavity fields are on a single-photon level. In fact,
some cavity QED experiments do not drive the cavity with any classical field near the
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atom–cavity resonance. Atoms may be driven directly from the side of the cavity at
another transition frequency, and cavity-resonant photons are then generated from the
vacuum.

However, thermal fluctuations may come into play at the higher field strengths used
for actively stabilizing a cavity and for trapping atoms inside it. For example, the ini-
tial attempts of Ye et al. (1999) to confine atoms in an intracavity dipole trap were
plagued by relatively short trapping lifetimes of 28 ms. These lifetimes could not be
explained by background gas collisions (which should occur on a timescale of seconds)
and were attributed to parametric heating at the trapping frequency; that is, frequency
fluctuations in the trapping field were converted by the cavity to fluctuations in inten-
sity, and the component at twice the trapping frequency heated atoms out of the trap.
Brownian motion of the cavity mirrors was found to be a significant source of inten-
sity fluctuations. In order to reduce this noise, which scales as F2, the trapping fre-
quency was shifted by tens of nanometers to a frequency at which the cavity finesse
was much lower; this shift was an important component in achieving ∼3 s trap lifetimes
(Buck, 2003).

In order to diagnose Brownian motion in this experiment, the spectral density func-
tion for the cavity was measured and found to be in reasonable agreement with cal-
culations in which finite element analysis was used to calculate the eigenmodes of
the mirrors. The sensitivity of the mechanical system was found to be 1.24 × 10−19 m
(Buck, 2003).

This finite element analysis has recently been refined, with the result that it now repro-
duces cavity displacement noise spectra with much higher accuracy (see Figure 17.5). A
thorough understanding of these spectra is important for optomechanics experiments in
which a cavity field is used to cool a membrane suspended between the cavity mirrors
at room temperature. As the membrane approaches the thermal ground state, its displace-
ment amplitude becomes comparable with displacement resulting from substrate thermal
noise (Wilson et al., 2009). One possible approach to reduce the thermal noise background
consists of active feedback to the laser driving the cavity in order to counteract pho-
tothermoelastic noise (see Section 3.4). A second approach would be to choose membrane
and cavity properties carefully to avoid resonant frequency overlap. Future cavity-QED
optomechanics experiments (Hammerer et al., 2009), in which the cavity field would
enable coupling between the resonator and a trapped atom, would be confronted with the
same challenges.

Thermal expansion in mirror coatings is also seen in frequency scans of high-finesse
cavities, where in one scan direction, this expansion can lead to self-locking behavior as the
change in effective cavity length maintains the resonance condition (Poirson et al., 1997).
Hunger et al. (2010) have used the frequency over which self-locking takes place to infer
the mirror absorption in a high-finesse fiber cavity. This gives results which are consistent
with ringdown, transmission, and surface roughness measurements. (See Chapter 10 for
further discussion of absorption measurement techniques.) In addition, a power threshhold
for this bistability effect is extracted.
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Figure 17.5 Measured and calculated thermal noise spectrum due to Brownian motion of the cavity
mirror substrates used in Wilson et al. (2009). The BK7 substrates are 3 mm in diameter and 4 mm in
length, with the front face chamfered to a mirror diameter of 1 mm. The model spectrum is obtained
via finite element analysis (COMSOL 3.0) and treats the mirrors as free masses. Figure courtesy of
D. J. Wilson, K. K. Ni, and H. J. Kimble.

17.5 Open questions

Several research groups are currently constructing ion traps with tightly integrated optical
fibers or dielectric mirrors; for example, Herskind et al. (2011) have recently demonstrated
a planar trap microfabricated on top of a high-finesse mirror, in which ions are confined
<200 µm above the mirror. Thus, the next few years will bring important findings about
the limits of this integration. One interesting question is whether it is possible to fabricate
special mirror coatings which screen ions from the dielectric surface without compromising
the mirror reflectivity. A candidate material for such coatings would be indium tin oxide, as
thin layers are both electrically conductive and transparent at optical wavelengths. However,
it is questionable whether an indium tin oxide layer that was thick enough to be conductive
could be incorporated into a multilayer coating while maintaining high finesse.

A more general question concerns the extent to which quantum networking applications
with atoms, ions, and cavities are in fact realistic. Cavity QED experiments to date have been
proof-of-principle demonstrations and will continue to be so in the decade ahead. If this
fundamental physics is to be implemented in long-distance networks connecting quantum
computers via optical fiber, then quantum-interface schemes will have to be tolerant to
the intrinsic scatter and absorption losses of cavities, and the process of constructing
optical cavities will have to be streamlined from the complex and time-intensive activity
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which it is today. It may be that atomic physics experiments are precursors to solid-state
implementations in which artificial atoms are fabricated within cavity structures.

Meanwhile, cavity QED experiments in the optical domain continue to provide a fas-
cinating window into quantum mechanics at its most fundamental. On the surface, these
experiments may seem quite distant from kilometer-long cavities built from kilogram-scale
mirrors and driven by high-intensity laser fields. However, as we have seen, the technical
challenges faced by precision measurement experiments often persist from the smallest
scales to the largest.
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Bélanger, P.-A., and Paré, C. 1991. Optical resonators using graded-phase mirrors. Optics
Letters, 16(July), 1057–1059.

Bennett, Jean M., Pelletier, Emile, Albrand, G. et al. 1989. Comparison of the properties
of titanium dioxide films prepared by various techniques. Applied Optics, 28(16),
3303–3317.

Benthem, Bruin, and Levin, Yuri. 2009. Thermorefractive and thermochemical noise in the
beamsplitter of the GEO600 gravitational-wave interferometer. Physical Review D,
80(6), 062004.

Berry, B. S., and Pritchet, W. C. 1975. Vibrating reed internal friction apparatus for films
and foils. IBM Journal of Research and Development, 19, 334–343.

Berthold, J. W., and Jacobs, S. F. 1976. Ultraprecise thermal expansion measurements of
seven low expansion materials. Applied Optics, 15, 2344–2347.

Betzweiser, J., Kawabe, K., Rakhmanov, M., and Savage, R. 2005. Summary of recent
measurements of g factor changes induced by thermal loading in the H1 interferometer.
LIGO-G050111-00-W.

Beyersdorf, Peter. 2001. The polarization Sagnac interferometer for gravitational wave
detection. Ph.D. thesis, Stanford University.

Bignotto, M., Bonaldi, M., Cerdonio, M. et al. 2008. Low temperature mechanical dissi-
pation measurements of silicon and silicon carbide as candidate material for DUAL
detector. Journal of Physics: Conference Series, 122(1), 012030.

Binh, L. N., Netterfield, R. P., and Martin, P. J. 1985. Low-loss waveguiding in ion-assisted-
deposited thin films. Applications of Surface Science, 22–23(Part 2), 656–662.

Bize, S., Laurent, P., Abgrall, M. et al. 2005. Cold atom clocks and applications. Journal
of Physics B: Atomic, Molecular and Optical Physics, 38, S449–S468.

Bjorlin, E. S., Kimura, T., Chen, Q., Wang, C., and Bowers, J. E. 2004. High output power
1540 nm vertical cavity semiconductor optical amplifiers. Electronics Letters, 40(2),
121–123.

Black, E. 2001. An introduction to Pound–Drever–Hall laser frequency stabilization. Amer-
ican Journal of Physics, 69, 79–87.

Black, Eric D., Villar, Akira, Barbary, Kyle et al. 2004a. Direct observation of broadband
coating thermal noise in a suspended interferometer. Physics Letters A, 328, 1–5.

Black, Eric D., Grudinin, Ivan S., Rao, Shanti R., and Libbrecht, Kenneth G.
2004b. Enhanced photothermal displacement spectroscopy for thin-film character-
ization using a Fabry-Perot resonator. Journal of Applied Physics, 95(12), 7655–
7659.

Black, Eric D., Villar, Akira, and Libbrecht, Kenneth G. 2004c. Thermoelastic-damping
noise from sapphire mirrors in a fundamental-noise-limited interferometer. Physical
Review Letters, 93(Dec), 241101.

Blair, David, and Munch, Jesper. 2009. The Australian international gravitational observa-
tory. Australian Physics, 46(4).

Blair, D., Cleva, F., and Man, C. N. 1997. Optical absorption measurements in monocrys-
talline sapphire at 1 µm. Optical Materials, 8, 233–236.



300 References

Blanchet, Luc, Iyer, Bala R., Will, Clifford M., and Wiseman, Alan G. 1996. Gravita-
tional waveforms from inspiralling compact binaries to second-post-Newtonian order.
Classical and Quantum Gravity, 13(4), 575.

Blatt, S., Ludlow, A. D., Campbell, G. K. et al. 2008. New limits on coupling of fundamental
constants to gravity using 87Sr optical lattice clocks. Physical Review Letters, 100(14),
140801.

Boca, A., Miller, R., Birnbaum, K. M. et al. 2004. Observation of the vacuum Rabi spectrum
for one trapped atom. Physical Review Letters, 93(23), 233603.

Boggess, T., Smirl, A., Moss, S., Boyd, I., and Van Stryland, E. 1985. Optical limiting in
GaAs. IEEE Journal of Quantum Electronics, 21(5), 488–494.
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Review of Scientific Instruments, 58, 1406–1412.
Hils, D., and Hall, J. L. 1990. Improved Kennedy–Thorndike experiment to test special

relativity. Physical Review Letters, 64(15), 1697–1700.
Hirakawa, Hiromasa, and Narihara, Kazumichi. 1975. Search for gravitational radiation at

145 Hz. Physical Review Letters, 35(6), 330–334.
Hirota, Hidenobu, Itoh, Mikitaka, Oguma, Manabu, and Hibino, Yoshinori. 2005. Tempera-

ture coefficients of refractive indices of TiO2-SiO2 films. Japanese Journal of Applied
Physics, 44, 1009–1010.

Ho, C. Y., Powell, R. W., and Liley, P. E. 1972. Thermal conductivity of the elements.
Journal of Physical and Chemical Reference Data, 1, 279–421.

Hollberg, L., Diddams, S., Bartels, A., Fortier, T., and Kim, K. 2005a. The measurement
of optical frequencies. Metrologia, 42(3), S105–S124.



310 References

Hollberg, L., Oates, C. W., Wilpers, G. et al. 2005b. Optical frequency/wavelength
references. Journal of Physics B: Atomic, Molecular and Optical Physics, 38(9),
S469–S495.

Hood, Christina J. 2000. Real-time measurement and trapping of single atoms by single
photons. Ph.D. thesis, California Institute of Technology, Pasadena, CA.

Hood, C. J., Chapman, M. S., Lynn, T. W., and Kimble, H. J. 1998. Real-time cavity QED
with single atoms. Physical Review Letters, 80(19), 4157–4160.

Hood, Christina J., Kimble, H. J., and Ye, Jun. 2001. Characterization of high-finesse
mirrors: Loss, phase shifts, and mode structure in an optical cavity. Physical Review
A, 64(3), 033804.

Hunger, D., Steinmetz, T., Colombe, Y. et al. 2010. A fiber Fabry–Perot cavity with high
finesse. New Journal of Physics, 12(6), 065038.

Iga, Kenichi. 2008. Vertical-cavity surface-emitting laser: Its conception and evolution.
Japanese Journal of Applied Physics, 47(1), 1–10.

Ignatchenko, V. A., and Laletin, O. N. 2004. Waves in a superlattice with arbitrary interlayer
boundary thickness. Physics of the Solid State, 46, 2292–2300.

Ikushima, Y., Li, R., Tomaru, T. et al. 2008. Ultra-low-vibration pulse-tube cryocooler
system – cooling capacity and vibration. Cryogenics, 48, 406–412.

Inci, M. N. 2004. Simultaneous measurements of the thermal optical and linear thermal
expansion coefficients of a thin film etalon from the reflection spectra of a super-
luminescent diode. Journal of Physics D, 37, 3151–3154.

Inci, M. Naci, and Yoshino, T. 2000. A fiber optic wavelength modulation sensor based on
tantalum pentoxide coatings for absolute temperature measurement. Optical Review,
7, 205–208.

Itano, W. M., Bergquist, J. C., Bollinger, J. J. et al. 1993. Quantum projection noise:
Population fluctuations in two-level systems. Physical Review A, 47(5), 3554–3570.

Jackson, W. B., Amer, N. M., Boccara, A. C., and Fournier, D. 1981. Photothermal deflection
spectroscopy and detection. Applied Optics, 20(8), 1333–1344.

Jacobs, S. F. 1986. Dimensional stability of materials useful in optical engineering. Optica
Acta, 11, 1377–1388.

Jafry, Y, and Sumner, T J. 1997. Electrostatic charging of the LISA proof masses. Classical
and Quantum Gravity, 14(6), 1567–1574.

Jafry, Y. R., Cornelisse, J., and Reinhard, R. 1994. LISA – A laser interferometer space
antenna for gravitational-wave measurements. European Space Agency Journal, 18,
219–228.

JAHM software, Inc. 1998. Material Property Database (MPDB software).
Jähne, K., Genes, C., Hammerer, K. et al. 2009. Cavity-assisted squeezing of a mechanical

oscillator. Physical Review A, 79, 063819.
Jaynes, E. T., and Cummings, F. W. 1963. Comparison of quantum and semiclassical

radiation theories with application to the beam maser. Proceedings of the IEEE, 51,
89–109.

Jefferts, S. R., Monroe, C., Bell, E. W., and Wineland, D. J. 1995. Coaxial-resonator-driven
rf (Paul) trap for strong confinement. Physical Review A, 51(4), 3112–3116.

Jellison, G. E., and Modine, F. A. 1996. Parameterization of the optical functions of
amorphous materials in the interband region. Applied Physics Letters, 69, 371–373.

Jennrich, O. 2009. LISA technology and instrumentation. Classical and Quantum Gravity,
26(15), 153001.

Jewell, J. L., Scherer, A., McCall, S. L. et al. 1989. Low-threshold electrically pumped
vertical-cavity surface-emitting microlasers. Electronics Letters, 25(17), 1123–1124.



References 311

Jiang, Y., Fang, S., Bi, Z., Xu, X., and Ma, L. 2010. Nd:YAG lasers at 1064 nm with 1 Hz
linewidth. Applied Physics B: Lasers and Optics, 98, 61–67.

Jiang, Y. Y., Ludlow, A. D., Lemke, N. D. et al. 2011. Making optical atomic clocks more sta-
ble with 10−16 level laser stabilization. Nature Photonics, doi:10,1038/nphdcon.2010.
313.

Joe, M., Kim, J.-H., Choi, C., Kahng, B., and Kim, J.-S. 2009. Nanopatterning by multiple-
ion-beam sputtering. Journal of Physics: Condensed Matter, 21(22), 224011.

Jones, David J., Diddams, Scott A., Ranka, Jinendra K. et al. 2000. Carrier-envelope phase
control of femtosecond mode-locked lasers and direct optical frequency synthesis.
Science, 288(5466), 635–639.

Jonscher, A. K. 1964. Semiconductors at cryogenic temperatures. Proceedings of the IEEE,
52, 1092–1104.

Kajima, Mariko, Kusumi, Nobuhiro, Moriwaki, Shigenori, and Mio, Norikatsu. 1999. Wide-
band measurement of mechanical thermal noise using a laser interferometer. Physics
Letters A, 264(4), 251–256.

Kalb, Austin. 1986. Neutral ion beam sputter deposition of high-quality optical films. Optics
News, 12(8), 13–17.

Kalb, A., Mildebrath, M., and Sanders, V. 1986. Neutral ion beam deposition of high
reflectance coatings for use in ring laser gyroscopes. Journal of Vacuum Science and
Technology A, 4, 436–437.

Kamp, Carl Justin, Kawamura, Hinata, Passaquieti, Roberto, and DeSalvo, Riccardo. 2009.
Directional radiative cooling thermal compensation for gravitational wave interfer-
ometer mirrors. Nuclear Instruments and Methods in Physics Research Section A:
Accelerators, Spectrometers, Detectors and Associated Equipment, 607(3), 530–537.

Karow, H. H. 2004. Fabrication Methods for Precision Optics. Wiley-Interscience.
Katori, H., Takamoto, M., Pal’chikov, V.G., and Ovsiannikov, V.D. 2003. Ultrastable optical

clock with neutral atoms in an engineered light shift trap. Physical Review Letters,
91(17), 173005.

Kaufman, H. R., Cuomo, J. J., and Harper, J. M. E. 1982. Technology and applications of
broad-beam ion sources used in sputtering. Part I. ion source technology. Journal of
Vacuum Science and Technology, 21(3), 725–736.

Kawamura, Seiji. 2010. Ground-based interferometers and their science reach. Classical
and Quantum Gravity, 27(8), 084001.

Kawamura, Seiji, and Chen, Yanbei. 2004. Displacement-noise-free gravitational-wave
detection. Physical Review Letters, 93(21), 211103.

Keller, M., Lange, B., Hayasaka, K., Lange, W., and Walther, H. 2004. Continuous genera-
tion of single photons with controlled waveform in an ion-trap cavity system. Nature,
431, 1075–1078.

Keller, U., Weingarten, K. J., Kartner, F. X. et al. 1996. Semiconductor saturable
absorber mirrors (SESAM’s) for femtosecond to nanosecond pulse generation in
solid-state lasers. IEEE Journal of Selected Topics in Quantum Electronics, 2(3), 435–
453.

Khalili, F. Ya. 2001. Frequency-dependent rigidity in large-scale interferometric
gravitational-wave detectors. Physics Letters A, 288(5–6), 251–256.

Khalili, F. 2005. Reducing the mirrors coating noise in laser gravitational-wave antennae
by means of double mirrors. Physics Letters A, 334, 67–72.

Khazanov, E., Andreev, N. F., Mal’shakov, A. et al. 2004. Compensation of thermally
induced modal distortions in Faraday isolators. IEEE Journal of Quantum Electronics,
40, 1500–1510.



312 References

Khudaverdyan, M., Alt, W., Kampschulte, T. et al. 2009. Quantum jumps and spin dynamics
of interacting atoms in a strongly coupled atom-cavity system. Physical Review Letters,
103(12), 123006.

Kimble, H. J. 2008. The quantum internet. Nature, 453(7198), 1023–1030.
Kimble, H. J., and Levin, Yuri, and Matsko, Andrey B., and Thorne, Kip S., and Vyatchanin,

Sergey P. 2001. Conversion of conventional gravitational-wave interferometers into
quantum nondemolition interferometers by modifying their input and/or output optics.
Physical Review D, 65(2), 022002.

Kimble, H. J., Lev, Benjamin L., and Ye, Jun. 2008. Optical interferometers with reduced
sensitivity to thermal noise. Physical Review Letters, 101(26), 260602.

Kippenberg, T. J., and Vahala, K. J. 2008. Cavity optomechanics: Back action at the
mesoscale. Science, 321(5893), 1172–1176.

Kittel, C. 1995. Introduction to Solid State Physics. 7th edn. Wiley.
Kleckner, D., and Bouwmeester, D. 2006. Sub-kelvin optical cooling of a micromechanical

resonator. Nature, 444, 75–78.
Kleckner, Dustin, Marshall, William, de Dood, Michiel J. A. et al. 2006. High finesse opto-

mechanical cavity with a movable thirty-micron-size mirror. Physical Review Letters,
96, 173901.

Kleinman, D. A., Miller, R. C., and Nordland, W. A. 1973. Two-photon absorption of Nd
laser radiation in GaAs. Applied Physics Letters, 23(5), 243–244.

Knudsen, S., Tveten, A. B., and Dandridge, A. 1995. Measurements of fundamental thermal
induced phase fluctuations in the fiber of a Sagnac interferometer. IEEE Photonics
Technology Letters, 7, 90–92.

Kogelnik, H., and Li, T. 1966. Laser beams and resonators. Applied Optics, 5(10), 1550–
1567.

Kolachevsky, N., Matveev, A., Alnis, J. et al. 2009. Measurement of the 2S hyperfine
interval in atomic hydrogen. Physical Review Letters, 102(21), 213002.

Konagai, Makoto, Sugimoto, Mitsunori, and Takahashi, Kiyoshi. 1978. High efficiency
GaAs thin film solar cells by peeled film technology. Journal of Crystal Growth, 45,
277–280.

Kondratiev, N. M., Gurkovsky, A. G., and Gorodetsky, M. L. 2011. Thermal noise and
coating optimization in multilayer dielectric mirrors. Physical Review D, 84, 022001.
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Le Targat, R., Baillard, X., Fouché, M. et al. 2006. Accurate optical lattice clock with 87Sr
atoms. Physical Review Letters, 97(13), 130801.

Lebedev, P. 1901. Untersuchungen über die Druckkräfte des Lichtes. Annalen der Physik,
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Madej, A. A., Bernard, J. E., Dubé, P., Marmet, L., and Windeler, R. S. 2004. Absolute

frequency of the 88Sr+ 5s2S1/2–4d2D5/2 reference transition at 445 THz and evaluation
of systematic shifts. Physical Review A, 70(1), 012507.

Majorana, E., and Ogawa, Y. 1997. Mechanical thermal noise in coupled oscillators. Physics
Letters A, 233(3), 162–168.

Mancini, S., and Tombesi, P. 1994. Quantum noise reduction by radiation pressure. Physical
Review A, 49(5), 4055–4065.

Margolis, H. S., Barwood, G. P., Huang, G. et al. 2004. Hertz-level measurement of the
optical clock frequency in a single 88Sr+ ion. Science, 306(5700), 1355–1358.

Mari, A., and Eisert, J. 2009. Gently modulating optomechanical systems. Physical Review
Letters, 103, 213603.

Markosyan, Ashot, Armandula, Helena, Fejer, Martin M., and Route, Roger. 2008. PCI
technique for thermal absorption measurements. LIGO-G080315-00.



References 315

Marquardt, F., and Girvin, S. M. 2009. Optomechanics. Physics, 2, 40.
Marquardt, Florian, Chen, Joe P., Clerk, A. A., and Girvin, S. M. 2007. Quantum theory

of cavity-assisted sideband cooling of mechanical motion. Physical Review Letters,
99(9), 093902.

Marshall, W., Simon, C., Penrose, R., and Bouwmeester, D. 2003. Towards quantum super-
position of a mirror. Physical Review Letters, 91, 130401.

Martin, I. 2009. Studies of materials for use in future interferometric gravitational wave
detectors. Ph.D. thesis, University of Glasgow.

Martin, I., Armandula, H., Comtet, C. et al. 2008. Measurements of a low-temperature
mechanical dissipation peak in a single layer of Ta2O5 doped with TiO2. Classical
and Quantum Gravity, 25, 055005.

Martin, I. W., Chalkley, E., Nawrodt, R. et al. 2009. Comparison of the temperature
dependence of the mechanical dissipation in thin films of Ta2O5 and Ta2O5 doped
with TiO2. Classical and Quantum Gravity, 26(15), 155012.

Martin, I. W., Bassiri, R., Nawrodt, R. et al. 2010. Effect of heat treatment on mechanical
dissipation in Ta2O5 coatings. Classical and Quantum Gravity, 27(22), 225020.

Martin, P. J., and Netterfield, R. P. 1989. Handbook of Ion Beam Processing Technology.
Noyes. Chap. Ion-assisted dielectric and optical coatings.

Matsko, A. B., Savchenkov, A. A., Yu, N., and Maleki, L. 2007. Whispering-gallery-mode
resonators as frequency references. I. Fundamental limitations. Journal of the Optical
Society of America B, 24, 1324–1334.

Mauceli, E., Geng, Z. K., Hamilton, W. O. et al. 1996. The Allegro gravitational wave
detector: Data acquisition and analysis. Physical Review D, 54(2), 1264–1275.

Maunz, P., Puppe, T., Schuster, I. et al. 2004. Cavity cooling of a single atom. Nature, 428,
50–52.

McClelland, D. E., Camp, J. B., Mason, J., Kells, W., and Whitcomb, S. E. 1999. Arm cavity
resonant sideband control for laser interferometric gravitational wave detectors. Optics
Letters, 24(15), 1014–1016.

McGuigan, D. H., Lam, C. C., Gram, R. Q. et al. 1978. Measurements of the mechanical
Q of single-crystal silicon at low temperatures. Journal of Low Temperature Physics,
30, 621–629.

McIvor, G., Waldman, S., and Willems, P. 2007. Analysis of LIGO test mass internal modes
as a measure of coating absorption. LIGO-G070636-00.

McKeever, J., Boca, A., Boozer, A. D., Buck, J. R., and Kimble, H. J. 2003. Experimen-
tal realization of a one-atom laser in the regime of strong coupling. Nature, 425,
268–271.

McKeever, J., Boca, A., Boozer, A. D. et al. 2004. Deterministic generation of single
photons from one atom trapped in a cavity. Science, 303, 1992–1994.

McLachlan, D. Jr., and Chamberlain, L. L. 1964. Atomic vibrations and melting point in
metals. Acta Metallurgica, 12, 571–576.

McSkimin, H. J. 1953. Measurement of elastic constants at low temperatures by means of
ultrasonic waves – data for silicon and germanium single crystals, and for fused silica.
Journal of Applied Physics, 24, 988–997.

Meers, Brian J. 1988. Recycling in laser-interferometric gravitational-wave detectors. Phys-
ical Review D, 38(8), 2317–2326.

Melliar-Smith, C. M., and Mogab, C. J. 1978. Thin Film Processes. Academic Press. Chap.
Plasma-assisted etching techniques for pattern delineation.

Melninkaitis, Andrius, Tolenis, Tomas, Mažulė, Lina et al. 2011. Characterization of
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Applied Physics Letters, 89, 111110.
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